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ABSTRACT. A multispecies, collisionless plasma is modeled by the Vlasov-Poisson system. Assuming the
plasma is neutral and the electric field decays with sufficient rapidity as ¢ — oo, we show that solutions can
be constructed with arbitrarily fast, polynomial rates of decay, depending upon the properties of the limiting
spatial average and its derivatives. In doing so, we establish, for the first time, a countably infinite number
of asymptotic profiles for the charge density, electric field, and their derivatives, each of which is necessarily
realized by a sufficiently smooth solution and exceeds the established dispersive decay rates. Finally, in each
case we establish a linear L°° scattering result for every particle distribution function, namely we show that
they converge as t — oo along the transported spatial characteristics at increasingly faster rates.

1. INTRODUCTION

We consider a plasma comprised of a large number of charged particles. If there are N € N distinct
species of particles within the plasma, then those of the ath species (for « = 1, ..., N) have charge ¢, € R,
mass mg > 0, and are distributed in phase space at time ¢ > 0 according to the function f<(t,z,v) where
x € R3 represents particle position and v € R? particle velocity. Assuming that electrostatic forces dominate
collisional effects, the time evolution of the plasma is described by the multispecies Vlasov-Poisson system
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with prescribed initial conditions f*(0,z,v) = f§(x,v) > 0 for each o = 1,..., N. Here, E(t,x) represents
the electric field induced by the charged particles, and p(t, z) is the associated density of charge within the
plasma. A quantity that will play a significant role throughout this paper is the total net charge

(1) M= /p(O,CL‘) dx = az]j:l// Qo f§ (x,v) dvdx

which, in fact, is preserved at later times ¢ > 0.

It is well-known that given smooth initial data with either compact support in phase space or finite
moments, (VP) possesses a global-in-time smooth solution [26, 33, 35]. Though well-posedness has been
intensely studied, the large time behavior of solutions to (VP) has only recently become better understood.
Partial results for the Cauchy problem are known in some special cases, including small data [2, 13, 22, 23, 39],
monocharged and spherically-symmetric data [21, 30], and lower-dimensional settings [3, 6, 16, 17, 18, 37].
Additionally, an understanding of the intermediate asymptotic behavior was obtained in [5], namely that
there are solutions for which the L norms of the charge density and electric field can be made arbitrarily
large at some later, finite time regardless of their initial size. For general background concerning (VP) and
associated kinetic equations, we refer the reader to [15, 34].
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Due to the dispersive properties imparted upon the system by the transport operator 0; +v -V, and the
velocity averaging inherent to the observables, one generally expects that the charge density and electric field
decay to zero like t=3 and t~2, respectively, as t — oo for all smooth solutions of (VP). In fact, both small
data and spherically-symmetric solutions have been shown to exhibit exactly this behavior, and it is known,
at least in lower dimensions, that the Cauchy problem does not possess smooth steady states [19]. In the
periodic case (z € T?), phase mixing can further drive these quantities to decay exponentially fast to zero,
depending upon the regularity of the solution, by creating filamentation through a process known as Landau
damping [27], and this has been shown for perturbations of a neutral plasma around a spatially-homogeneous
equilibrium on the torus. In contrast, the results concerning Landau damping for (VP) with z € R3 remain
somewhat limited [24] and do not prove decay of the maximal electric field faster than ¢t=2. Indeed, as shown
in [31, Theorem 1.1], non-neutral plasmas (M # 0) cannot experience decay that is faster than the rates
provided by the dispersive mechanisms in the system. Though, via Theorem 1.2, this same paper determined
that faster rates can occur in a neutral plasma (M = 0) should the limiting charge density vanish.

The current paper significantly extends this idea to demonstrate that solutions attain decay rates of
any polynomial order greater than those attributed to the dispersive properties of the system. Namely,
we show for the first time that neutral plasmas may attain decay rates of any integer order between the
dispersive regime (E ~t~2 p ~t~3) and the phase mixing rates (E, p ~ e~ v > 0), which closes the gap
between the behavior attributed to solutions in the whole space in comparison to those of the periodic or
screened [4] system. In this way, we demonstrate that the system allows for infinitely many different regimes
of asymptotic behavior, though the scattering behavior of the distribution function can only assume two
distinct states (linear and modified).

Of course, the dynamical behavior of the system depends intrinsically upon establishing decay of the
electric field. To date, the best a priori rate known [40] for the electric field stemming from arbitrary
solutions of (VP) is

IE@®)]lo < C(L+8)71C,

and this is derived from precise estimates of the growth of the maximal velocity on the support of f(¢),
from which the estimate of ||E(t)||« is deduced. Unfortunately, this resulting estimate is far from what is
believed to be the optimal decay rate. Additionally, while maximal velocity support estimates have been
beneficial to improving the field decay rate [12, 29, 36], even a sharp estimate (i.e, a uniform bound) on the
support cannot allow one to conclude a sharp decay rate of the field. So, it appears that we are quite far
from obtaining precise a priori estimates of the field. Therefore, the goal of the current work is to estab-
lish the precise large-time dynamical behavior of solutions to (VP) whenever the electric field is known to
decay with sufficient rapidity and demonstrate the wide variety of asymptotic behavior displayed by solutions.

Organization of the paper. Section 1 is dedicated to the introduction of the problem and the statement
of our main results, as well as an overview of previous results and the strategy of the proofs. In Section
2, we prove some preliminary lemmas that provide asymptotic bounds (as ¢ — oo) on the charge density
p(t, z) and electric field F(t,x), as well as their derivatives. Then, these bounds are used to prove the two
main theorems in Section 3. A rather long argument establishing asymptotic bounds for derivatives of g% is
postponed until Section 4 in order to facilitate the exposition.

1.1. Overview. Due to the global existence theorem, all quantities of interest are bounded for finite time;
thus, we are only concerned with large time estimates. Hence, we use the notation

At) 5 B(t)

to represent the statement that there is a constant C' > 0, independent of ¢, such that A(t) < CB(t) for all
t sufficiently large. Furthermore, the notation
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Field decay assumption. We assume that the dispersive effects or other physical phenomena, such as
charge cancellation, in the system induce a strong decay of the electric field, namely that

(A) dp> g such that: [|[E(t)]|e St7P.

We note that this assumption is known to be satisfied for monocharged, spherically-symmetric initial data
[21, 30] and for all previously constructed perturbative solutions (e.g., [2, 23]) regardless of the number or
type of species involved.

Though we will assume compactly-supported initial data, this may not be necessary as velocity, spatial,
and transported moments [11, 12, 26, 28, 29] have all been used in lieu of this assumption to develop the
existence theory. Due to the Taylor series expansion we will employ later, the use of transported moments
would be very natural in the context of understanding the large time behavior. In addition, the regularity
assumptions on initial data may be weakened to arrive at similar convergence results in weaker topologies
(see [23]). The novelty herein is that solutions are obtained with faster field and charge density decay rates
than previously exhibited in the whole space, and the precise asymptotic profile of the electric field, its
derivatives, and the charge density are obtained for each associated solution. Additionally, our methods
display the crucial dependence on the spatial support and velocity derivatives of the distribution function
when translated along free-streaming spatial characteristics. Finally, our results apply directly to general
conditions that may be satisfied by any neutral plasma and not merely to small data solutions.

1.2. Review of Previous Results. To facilitate the presentation of our novel theorems, we first quote
some recent results which serve as a starting point for our findings.

1.2.1. Modified Scattering. Under the assumption (A), we first summarize the previous results of [31] that
the scaled charge density and field converge to limits based upon the limiting spatial average, namely

Theorem 1.1 ([31]). Consider a solution f& € C?((0,00) x R®) of (VP) with initial data f§ € C2(RS).
Assume that (A) holds. Then, we have the following:

(a) For each a =1, ..., N there exists F0 € CL(R3) such that the spatial average
FoOt,v) = /f("(t,x,v) dz
satisfies F*0(t,v) — F20(v) uniformly as t — oo with

10 (1) = FClloe St I (2).

Moreover, the net density

N
polt.a) = 3 aa PO (1,7
a=1 t
converges at the same rate to
N
x z
moe (7) = a2 (7).
a=1
which satisfies
2) [ et o=,

where M is given by (1).
(b) Define Eg oo(v) = V4 (Ay)™1po.0o(v). Then, we have the self-similar asymptotic profiles

sup [t*E(t,x) — Ej (E)‘ <t l ln4(t)7
rER3 t
sup 3V, E(t,x) — Vo Eo,00 (f)‘ <t ! lnG(t)7
TER3 t
sup [0t ) — poe (5)| S 71 %0,
z€R3 t
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(¢c) For each a=1,...,N there is f& € CL(RC) such that

f (t, T+ vt — e In(t)Ep o0 (v), v) — & (z,v)

Ma

uniformly as t — oo, namely we have the convergence estimate

7 <t, T+ vt — bo In(t) Ep,00 (v), v) — S (z,0)

(03

sup <ttt (¢).

(z,v)€ERS

Furthermore, for alla=1,..., N we have
FOv) = /fg“o(x,v) dx.

If the plasma is non-neutral, i.e. M # 0, then pg o # 0 due to (2) and these estimates are sharp, up
to a correction in the logarithmic powers of the error terms. Hence, [|p(t)||sc, [V2E(t)[oo ~ O (t73) and
[E(t)|oc ~ O(t™%). However, when the plasma is neutral, i.e. M = 0, it is possible that the limiting
density po oo (and hence, the limiting field Ey o) is identically zero, which implies stronger decay of || p(¢)|| o,
IE®)|loos IV&E(t)|lco, and related quantities. Indeed, as we will show these quantities can decay at any
polynomial rate greater than the above powers, depending upon the behavior of the limiting charge density.
Note that a nontrivial neutral plasma is necessarily comprised of more than one species of charged particles,
so that N > 2 in what follows.

Theorem 1.2 ([31]). Under the assumptions of Theorem 1.1, if additionally M =0 and po oo =0, then the
asymptotic behavior described above is altered in the following manner:

(a) We have the improved estimates
[FO(t) = Fs'loo St72 a=1,..,N, B St72
IVoE)]loo St In(2), )l S 4, Go(t) + Gy 0(t) S 1.
(b) The distribution functions scatter linearly, namely for each a = 1,...,N there is f& € CL(R®) such that
et x4+ vt,v) = f&(x,v)
uniformly as t — oo with the convergence estimate

sup |f(t, @ + vt 0) = fo(z,0)] St
(z,v)ERE

Of course, the upper bounds listed above do not guarantee a sharp rate of decay or an identification of the
correct asymptotic behavior of these quantities. For instance, p(t,x) = E(t,x) = 0 satisfy these estimates
and can be constructed from a rudimentary initial profile in a neutral plasma, for example, in which the
distributions of all positive and negative charges overlap everywhere in phase space. Therefore, we now turn
our attention to stating new results that every order of decay is actually attained by some solution of (VP).

1.2.2. Polyhomogeneous Ezxpansions. Recently, a growing interest has emerged in understanding the precise
asymptotic behavior of small data solutions to (VP), e.g. in [10, 23, 38]. More specifically, authors have
focused on studying expansions of the charge density and field that include higher order terms beyond pg o
and Ey o defined above. As in previous works, one key tool is a change of reference frame, defining

3) g%t x,v) = f(t, 2 + vt, v)

for « = 1,..., N. In this new frame the charge density and field can be expressed, respectively, as

N
_ o T —
(4) p(tax) =t SZQQ/RSQ (t7ya ty> dy:
a=1

1 & £ o T—y
(5) E(tal‘)—waz_:l%//w g (tayvt_g) dydg.
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To arrive at these representations, one merely replaces f* (¢, z,v) by ¢*(¢,z — vt,v) within these quantities,
institutes the change of variables y = x — vt in the v integrals, and for the field, further implements a change
of variables in the convolution kernel [23, 31] of the form £ = 23%. Roughly speaking, in [10, 38] the authors
show that for large times, the expressions (4) and (5) allow one to expand

(6) t3p(t,x) ~ pO(tv‘r) + tilpl(tvx) +ot tikpk(ta ;L‘) +o
and
(7) t?E(t,x) = Eo(t,z) + t 'Ey(t,z) + -+t FEp(t,z) + - -

where the functions p; and Ej are uniformly bounded and possess limits as t — oco. Here, we will identify
the structure of these limits and determine conditions which ensure that each term within the expansion
vanishes up to a chosen order. In particular, these expressions will result by implementing within (4) and
(5) the following multi-dimensional Taylor expansion of g% of order ¢ € N:

8 g (t v, ) Z v C tmﬁ' )’ ps (b 3)+ X §e+1?3,Dﬂ a(jij—f@ﬂy)

m=0|8|=m |Bl=£+1

for some 6% € [0, 1].

1.3. Notation. We define Ny = {0,1,2,...}, whereas N={1,2,...}. As we have seen in Theorem 1.1, the
quantity F0(t,v) = [ f*(t,z,v) dx plays a crucial role, as does its limit as ¢ — oo, namely F2°(v). In
order to perform and rigorously justify an expansion as in (6) and (7), we shall require spatial moments of
velocity derivatives of g* (or, equivaulently7 derivatives of fo‘) to be well defined. Let K € N be given and
assume that f* € CX. Forany a=1,...,N and £ =0,..., K we let

(9) Foh(tv) =y B'/ )’ DJg"(t,y,v) dy,

|Bl=¢

where = (01, B2, 83) with 8; € Ny and |8] = 81 + B2 + 3. These quantities generalize the spatial averages
F*0(t, v) via insertion of (8) up to order £ and upon removing powers of t. As usual, we have D] = 97195207
as well as (—y)? = (—y1)?* (—y2)% (—y3)?2, and B! = B1!82!B85!. With this, we define

(10) pelt,a) = zN: gaF" (t, %) .

For each term, py, in the expansion of the particle density, we can define the associated term in the expansion
of the field by

Eé(tvx) = VCE(AI) Pf t 1' an/ |§|3 ozé t 7_5) dg.

It will be shown that F®¢(t,v), pe(t,z), and Ey(t,z) converge, respectively, to

(11) F&i(v) =) ﬁ,/ y)° Dy 5 (y.v) dy,

|Bl=¢

(12) péoc ZQaFaZ

and
(13) By oo(v) ==V, (Av)71 Pe,oo(V),
with the latter two limits occurring along v = 7 and where f$ are the limiting functions introduced in

Theorems 1.1 and 1.2. In order to write an expansion of the form (6) precisely, we introduce notation for
the bounds that we will obtain for remainder terms, which involve derivatives of the translated distribution
functions; namely, for every k € N we define

k() . Jepe
(14) Gh(t) =1+ max > [Dig"(t)]
|Bl=k
5



and

k - By o

.....

whenever these derivatives exist. In particular, we note that in (15) the quantity G% (¢) includes kth order
-derivati 1 D) g“ .
z-derivatives, namely omax l;k 1D2g% (t) oo
’Y =

1.4. Main Results. We are now ready to present our main results, which extend the asymptotic behavior
described by Theorems 1.1 and 1.2 to higher order expansions and close the estimates with bounds on higher
order velocity derivatives of g¢.

Theorem 1.3. Let m € Ny be given. There exist nontrivial f& € C™+1 ((O, 00) X Rﬁ) for everya=1,.... N
satisfying (VP) such that (A) holds, M =0, and
lp)lloc ~ 772,
[E®) oo ~t7™ 2
If m =0, then we have
IVaE(#)lloo ~ 77
and for every a =1, ..., N there is f& € C™(R®) such that

sup <ttt (1),

(z,v)ERS

fe (t, x4 ot — Jo In(t) Ep,00 (v), v) — 9 (z,0)

Mq

In contrast, for m > 1 we have for every k =1,....,m
IVEE®) ]| ~ 772,
and for every a = 1,..., N there is f& € C™(R®) such that

sup |fY(t,x +vt,v) — fE(x,0)] ST
(z,v)ERS

Remark 1.1. To the best of our knowledge, Theorem 1.3 is the first result to demonstrate decay rates of
the charge density and electric field that are nontrivial (i.e., p, E # 0) and faster than the dispersive rates
(of t=3 and t2, respectively) for (VP) in R3.

Theorem 1.3 will be implied by the following result (taking m = n + 1 and pp41,00 # 0) when m > 1,
which, in turn, will be established inductively.

Theorem 1.4. Let n € Ny be given. Consider initial data f§ € CP2(RS) launching solutions f& €
C™2((0,00) x R®) of (VP) fora=1,...,N. If

Pl =0 for every £ € {0,...,n},

then for every a = 1,..., N there is & € CPT(RC) with F&™ ) pri1 .00 and By 0o defined by (11), (12),
and (13), respectively, such that

sup [t" " p(t, ) = pny1,00 (E)‘ St
z€R3 3
sup [t"TPE(t, ) — Eny1.0o (f)} St
2ER3 t
with
T
(16) sup [t"TVEE(t2) — VEE, 11 oo (;)‘ <t h

z€R3
Gro(t) +Gy(1) S 1
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for every k € {1,....n+ 1}, and

sup |t" TV T2E(t x) — V' Ep o (fﬂ <t 'n(t),
z€R3 ' t

Gob?(t) +GrH2 (1) S L.
In each of these cases, we further have
sup [ (t, @ +vt,v) = f&(z,0)| St

(z,v)€ERE

and o o ‘
sup }V;V{)f‘)‘ (t,z + vt,v) — VL, VI f (x, v)‘ < max {tfnfl, tJ*"*Q}
(z,v)ERS

fori,jeNgwithl <i+j<n+41.

Remark 1.2. As mentioned above, Theorem 1.4 will be proved by induction. We note that we may lose
decay on the spatial derivatives of E(t,z) at every step of the induction argument. For instance, within the
base case (n = 0) and focusing on k = 1, one could attempt to replace (16) with the sharper estimate

sup |tV E(t,x) — VoE1 00 (E)‘ <t L
z€R3 t

In fact, because Ep ~, = 0 in such a case, one would expect convergence of the field and its derivatives to the
next order limit, namely F; . However, establishing a convergence result like this would require estimates
of higher-order derivatives of g%, e.g., G2(t) < 1. More generally, at the nth step of the induction argument
we estimate G"T2(t) in order to obtain a sharp rate of decay for p(t,z) and E(t,z). However, in order to
achieve the optimal rate of decay for kth-order derivatives of these quantities, one would require estimates
of GF*"+2(¢), which would further necessitate an estimate of |[VE*"*2E(t)||,. Thus, sharp estimates of
derivatives require even greater regularity and lead to a loss of closure in the argument.

Remark 1.3. Throughout the proof of Theorem 1.4, we will establish and utilize the functions F%¢(v), which
will be initially understood only as the large time asymptotic limits of the functions F**(t,v). However,
at the end of the proof we will justify the regularity needed to assert the ultimate relationship between
the limiting distributions f.o(z,v) and the limiting spatial moments F%¢(v) given by (11). Hence, this
relationship is not needed to establish our results. Only the existence of the limits F.%¢(v) = lim;_, o F**(¢,v)
will be necessary, independent of an explicit formula for the limiting functions.

Remark 1.4. It appears that the main physical mechanism that generates further decay of these quantities
is charge cancellation within the density p(t, x), rather than dispersion or phase mixing, the latter of which
occurs in the case of Landau damping [4, 24, 27]. If we think of a plasma comprised of two identical,
yet oppositely charged, species, this means that the decay comes from the distribution of the two species
overlapping with one another in physical space asymptotically as t — oco. The precise rate of decay, then, has
to do with how quickly they overlap. To put this into a more concrete context, one may consider a two-species

(N = 2) plasma with ¢+ = 41, limiting Gaussian distributions f£ (z,v) = W exp (—%) ¢(v) for

some smooth ¢ # 0 with f ¢(v) dv =0, ux € R, and o4 > 0. In this case the following possibilities arise:
o If py # p_ and o4 # o_, then the distributions don’t overlap much at all, though pg . = 0 from
(11) and (12) due to the normalization of total positively/negatively charged particles.
e Instead, if uy = p— and o # o_, then these distributions share the same mean position, and hence
their first moments cancel, yielding pg o = p1,00 =0, but p2 - # 0.
o Finally, if py = p— and o4 = o_, then these distributions overlap identically, which yields pg 0o =0
for all k € Ny and p(t,z) =0 for all t > 0, x € R>.
Such cancellation can be extended to an arbitrary number of moments, rather than merely the first or second,
and this is implemented within the proof of Theorem 1.3 (Section 3). Moreover, this idea is reminiscent of
the behavior of electric dipoles or multipoles [25], in which charges of opposite sign located an infinitesimal
distance apart lead to an atypical dominant term within the multipole expansion of the electric field, thereby
generating field behavior that possesses faster spatial decay than generic solutions of Poisson’s equation (e.g.,
|E(t, )| ~ || =3 for |z| sufficiently large). Of course, if particle positions generally disperse at linear rates in
time, this increased spatial decay transforms into time decay (e.g., |[E(t)||oo ~ ¢t~ for t sufficiently large).
7



Remark 1.5. The assumption (A) was first used in [31, Lemma 2.2], where it was shown that it implies the
dispersive rates of ||E()]|co < t72 and ||p(#)]|co < t73. This was established via an estimate on the spread

of the spatial characteristics. The exponent p = 5/3 appearing in (A) is the result of a simple algebraic
constraint, and while it is conceivable that it could be relaxed, this is not the focus of the present article.

Remark 1.6. Our methods are not constrained to dimension d = 3 and could be used to arrive at similar
decay results concerning small data solutions of (VP) for d > 4 [32].

Remark 1.7. We believe that by combining the tools of [7] with the methods developed herein and the
scattering map of [9], Theorems 1.3 and 1.4 can be extended to achieve analogous decay rates and self-similar
expansions for small data solutions of the relativistic Vlasov-Maxwell system (see also [8]).

1.5. Strategy of the Proof. To prove the theorems we reformulate the original problem within a dispersive
reference frame that is co-moving with the particles. More specifically, defining g¢ as in (3) and applying
the aforementioned change of variables (see (4) and (5)) to the field and charge density, (VP) becomes
Org”™ — q—atE(t,;L" +ot) - Vo9 + qiE(t,:L’ +vt) - Vug¢ =0, a=1,..,.N
Me, m

(63

R -
E(tw):WZ:lqa//é g (t,yvxty—£> dydg

(VPy)

with

N
p(tw):t’San/ o [ty ) dy
a=1 R3 t

and the initial conditions ¢*(0,z,v) = f&(z,v). As shown within [31], the spatial support and velocity
derivatives of g® can grow logarithmically in time or become uniformly bounded, depending upon the rate
of field decay (see Lemmas 2.1, 3.1, and 3.2), while the corresponding spatial support and v-derivatives of
f* grow at least linearly in time. Moreover, the Taylor expansion in (8) and the dependence of the charge
density on spatial integrals of ¢g* within (9) and (10) inherently demonstrate the need to control the growth
of the spatial support and velocity derivatives of these translated distribution functions in order to gain
an extra power of time decay within each term of the expansion. Finally, capturing the exact asymptotic
behavior, rather than mere decay estimates, at each step of the induction argument within the proof of
Theorem 1.4 enables us to establish the next order limiting distribution of F®(¢,v) and propagate the
convergence of the charge density and electric field to their precise limits from one step to the next.

2. PRELIMINARY LEMMAS

This section is dedicated to a sequence of lemmas concerned with estimates of the field, the charge density,
and their respective derivatives. As these lemmas will be used to prove Theorem 1.4, we will assume that
M =0 and pg,oc = 0 throughout this section. Hence, the result of Theorem 1.2 applies immediately.

2.1. Further Notation and Preliminary Estimates. Prior to stating the lemmas, we first introduce
some notation related to the translated distribution functions. As mentioned previously, we let

g% (t,a,0) = F*(t,z + 0t v)

and note that [|g%(t)|lco < [|f§]|oc for all ¢ > 0 due to (VP,). As our approach relies heavily upon the growth
of the support of g%, we define the sets

vt >0, S(t) = {(z,v) € RS : go(t,z,v) # 0},

and

vt > 0,Vv € R, S3(t,v) ={z e R3: g*(t,z,v) # 0}
and the quantity

u(t) = max sup [S7(t,v)].
a=1,...,N ,cRr3

We also introduce some notation related to multi-indices, as these can become cumbersome. In the
forthcoming discussion, the Greek letters # and - shall denote multi-indices of length 3, with a subscript
clarifying whether they belong to derivatives acting on the x variable or the v variable. They are always

8



elements of N}, i.e. their entries can take the values {0,1,2,...}. Hence, for 8, = (Bu.1,Bv.2,50,3) and
Bz = (Be1, Bu2, Bu,3) we write derivatives as follows:
Dfv =901 90v200vs  and  DPr = 9P 90290,
These can be concatenated, so that D5 D is given by
DIv DB+ = 98v1 90029003 90r 19022005

In the case of a vector E = (E1, Ea, E3), the derivatives are applied to each coordinate separately and the
result remains a vector, i.e.

DS+E = (D% Ey, DS Es, DY E3) .
We can further define a relation < on multi-indices. More specifically, for 3, € N3 we write

v =B whenever v < pB; foralli=1,2,3,

and, in this case, we define

B—7:=(B1—71:B2— 2,83 — 13),

which is also an element of N3. Lastly, the magnitude of a multi-index is the sum of its elements; namely,
for 6 = (/817 62753)7 we define

|B] = B1 + B2 + Bs.
Note that for n < v < 8 we have
3 3 3
1B=+1y—nl= Z(ﬁi — %) + Z(%‘ —ni) = Z(Bi —m) =1[8—nl
i=1 i=1 i=1

Occasionally, we use an integer superscript, such as D¥, where k € N. This symbol means that we are

taking an arbitrary kth order derivative: that is, for j € {1,...,k} and some choice i; € {1,2,3},
DF = Oz, ++ O

fik .
This holds similarly for an arbitrary kth order derivative DF in the v variable.

Prior to diving into our sequence of lemmas, we begin by recalling some important properties of the
translated distribution functions from [31]. First, we note that the measure of the phase space support of
each g” is preserved in time and recall an estimate on the spatial support of each ¢g® that will ultimately
provide a uniform-in-time bound.

Lemma 2.1 ([31]). For every a =1,...,N andt > 0, we have
15(1)] = [5*(0)]-

Additionally, the measure of the maximal spatial support satisfies

w5 (1+ [ ()] d)

Proof. The proof in [31] follows from an analysis of the evolution of g% in phase space; specifically, the
divergence-free property of the Vlasov flow implies the first statement. The result for u(¢) simply follows
from estimating the rate at which the translated spatial characteristics separate. O

Due to the assumption that pg .. =0, we find

IE®)] < t7°

~

from Theorem 1.2. Because the field is bounded on any bounded time interval, inserting this estimate within
Lemma 2.1 gives

(17) u(t) S 1.
Hence, both the phase space support and spatial support of g%(t) are uniformly bounded for every & = 1, .., N.
Next, we state an important (and well-known) estimate for the electric field.

Lemma 2.2. For any ¢ € C.(R3), there is C > 0 such that

IV(A) 4llos < Cll¢lloo-
9



Proof. First we note that for ¢ € C.(R?), we have

9]l < Isupp(@)] [[#llcc < Cli¢lloo

due to the compact support of ¢. Finally, the proof is completed by using this within the classical estimate
(cf. [20], Lemma 4.5.4)

IV(A) 6]l < Cllol?ll6)122°
for any ¢ € C.(R?) C L'(R?) N L>(R3). O

With this, we note that, as the spatial support of g%(¢,z,v) is uniformly bounded in time by (17), the
lemma implies

IE®) o = IVa(82) " p()lloc < llo(t)lloo

with analogous results for field derivatives and any function dependent upon the spatial support of a particle
distribution.

2.2. Preliminary Bounds on the Particle Density and the Field. The next lemma provides an initial
estimate of kth order field derivatives in terms of the kth order derivatives of the distribution function. In
order to precisely capture this dependence, we first define the function

In* () = {ln(:c), z>1

0, z < 1.
Lemma 2.3. For any k € N, if G-=1(t) < 1, then
V5B < 072 (1 (o 19500 ) )

Proof. We begin by taking any kth-order derivative with respect to x of the field representation (5) so that

1 3 zT—y
DEE(t,2) = —— o | DF —= ¢ dyd
B, @) 47”2%/5'32(1/ vg” ( ; E) y dg,
or written another way

FDEE( ) = - [0 A (n ] —€) de

for some ¢ € {1,2,3} where

N
Alt,2) =) qa/fo’lg“ (t,yyz - %) dy
a=1

and the kth order derivative is decomposed into the composition of first and (k—1)st order derivatives via
DF = 9,,DF~1. Because g*(t, =, v) has bounded support in x due to (17) and in the phase space (z,v) due
to Lemma 2.1, we find

(18) [A@ 1 + Al < [ max D5 g ()lloe S G~ (1) S 1
and
(19) 10:;A() |0 & max IIV “()]loo-

Then, using the identity



with an integration by parts away from the singularity and taking some 0 < d < R < oo to be chosen later,

we find
2+k | pk i N T d & dS
PR )] |/.<d|£|3 A7) e+ /| AT —¢)ase
E] > X (fj ) x
O, Alt, d O, Alt,——€&)d
* /d<|£<R <|§|3 ( t §> &+ |€|>R |f‘3 (t t f) §
= I+ IIT+1IT+1V.

The estimate of I merely uses (19) so that
IS dl|o: Ao Sd_max [[Vyg™(#)]|oo-

We use (18) to estimate II, IT1, and IV, which yields

115 AW e ( /. |a-2dsg> <1
< -3 T < < R)
s [ RA(n g —¢) desi () 1ole i ()

IV < SBA(L L _¢)ae <R3 < RS,
s [ JEA(e] -e)des ROIAWIL S

respectively. Collecting these estimates yields

and

R
P DEE() o S14d max ||v’;ga<t>||oo+1n()+R-3.
a=1,...,N d

-1
d(t) = min {1, ( max ||V5ga<t>||oc) } .

=1,...,

We choose R = 2 and

Then for all t > 0, we have

and

so that the previous estimate yields

t?*’“DiE(tuosmn*( max (V% <>||oo).

1,....N

Finally, we have obtained the same bound for every such derivative of the field, yielding the stated result. [
Next, we control derivatives of the charge density in terms of those of the distribution function.
Lemma 2.4. For every k € N, we have
IVar®ll o S 77705 @).
Proof. Taking any kth order derivative with respect to x of p(t,x) via the representation (4) yields

r—y
D p(tﬁC+Ut 7t 3= kZQQ/Dvg <tay7v+t>dy7

and, as the spatial support of g¢ is uniformly bounded for each o = 1,..., N by (17), we take supremums so
that the gradient satisfies
< t_3 kgk( )

oo N

Ve

11



2.3. Bounds on Derivatives of F'. In order to estimate field derivatives later, we will first need to deter-
mine the large time rate of convergence of higher-order derivatives of F*°(t,v).

Lemma 2.5. For every a =1,..., N and k € Ny, we have
o k
TR N A S [ V45 o8| G2s) + VA9 E(s)| gg,'“(s)] ds.
t 50

under the assumption that the integral on the right side is finite.

Proof. We first take the time derivative of F*:°(t) and write 9;g* using (VP,) to find
0, F*O(t,v) = /atgo‘(t,x,v) dx

= / bo [tE(t,x +ot) - Vog*(t,z,v) — E(t,z + vt) - vao‘(t,x,v)} dz.

Ma
Integrating by parts within the first term, the z-derivative is transferred from g% to F and simplified using
V- E(t,x) = p(t,x).

The boundary term is zero due to the compact spatial support of g* from (17), and this first term becomes
/tE(t, x+ut) - Veg®*(t,z,v)de = —/tp(t, x + vt)g¥(t,z,v) dz.
Next, we take any kth order velocity derivative, denoted by D? with |3| = k, of the original equality, yielding

Oy DPF*O(t,v) = 751—0‘ / {th (p(t,z 4+ vt)g*(t, z,v)) + D? (E(t,x +vt) - Vog(t,z, v))} dz

k
Qo k - -
:—m—a/g (]) E [th Tp(t,z +vt) D) g*(t, z,v) + DP 'VE(t,J:—i—vt)~D;’va°‘(t,x,v)}dm
j=0

lvl=3
Y28
k
Go k [1+|5—\ B— a
== t NDP= T p(t t)D) g™ (t
[y 2 gl + o)D" (1,7,0)
J=0 [v1=j
v=8

+ P DEVE(t, & 4 vt) - DYV g% (t, x, v)] dz.
Taking the supremum over z,v € R3 and using |8 — 7| = k — j, we find
k
[0: DI FO@B) o S D {t“k‘j IV p(0)|, g1t +77 [ Vi B, Qi“(t)}
3=0

Hence, for 7 > t we can write

| DS FO(t) — DEF>O(7)| =

/ O DPF*0(s) ds
t

< /T |0: D5 F*(s)]| _ ds.
o0 t

Then, as long as the integrand decays sufficiently fast as s — oo, we let 7 — oo and find
oo k
HD?F“’O(t) — DEF;’OHOO < / Z sh=i [s HV];_jp(S)HOO GI(s) + HV;ﬁ_jE(s)HOo gf;“(s)} ds.
.

Summing over all such derivatives with |3| = k gives the desired result for any a = 1,..., N. O

Lemma 2.6. For everya=1,...,N, k € Ny, and £ € N, the spatial density VifFa’e(t,v) satisfies

oo k+¢
||V5Fa’e(t) _ VfFfé’ZHoo < / Zsk+f*j HVI;Hij(S)HOO (59521(5) + QZJFI(S)) ds
t 520

under the assumption that the integral on the right side is finite.
12



Proof. Taking a time derivative of F*¢(¢,v) and using (VP,), we find

O F> (L, v) = Z/ 2)’DPo,g%(t,x,v) dx
|Bl=¢

=2 57 [ 002 [Bttw 4 vt) - (19.29° 00,0) = Vo7 (t2,0)) | di
“ 18l=¢

Next, we apply any v-derivative of order k to this equation yielding
O DEFt(t,v) = % Z /(fx)BDEDf [E(t,:c + vt) - (tvzga(t,:c,v) — VUgo‘(t,:E,v))} dx.
“18l=¢
Applying these derivatives to the product and using the bounded spatial support of g from (17), we find
k42
0. DEF0)]| , S DT VAT B 195 @) + 6 ()]

Jj=0

where j = 0,...,k + ¢ represents the number of derivatives applied to the distribution function within the
product. Taking 7 > ¢, we can write
/ 6 DkFa é

’|D§Fa7£( ) DkFocf

/ "aDEEt(s)| ds.
t

Letting 7 — 00, we have
0o ke
| DEF>*(t) — DEFY| N/ Zs’“” T VEHTE(s)|| (sggﬁ;l(swrgi“(s)) ds,

and summing over all such derivatives provides the desired result. O

2.4. Improved Bounds on Gradients of the Particle Density and the Field. The following lemma
allows us to estimate lower-order field derivatives.

Lemma 2.7. For any k € Ny and ¢ € N, we have

sup |¢ VLB () = ViBe (7)) 2 Zt‘z P+ VA1) — V5
z€R3

4+t 1g5+€+1(t).
In the case £ = 0, this reduces to

sup [t"2VEE(t2) — ViBoo (7)| S max [[VEF©O(t) = VEFL | + ¢G5 (1)
2E€R3 a=1,...,

for any k € Ny.

Proof. We begin by taking any kth-order derivative with respect to =, denoted by D¥, of the jth component
of (5), subtracting the corresponding kth order v derivative, denoted D¥, of the limiting field given by (13),
13



and using the Taylor series expansion (8) of g%, we find

) . €T
2 DEE (1, 2) — DYE] (Z)

i |5|3 (“/D’“ ( x_tw—ﬁ)dw—DfFé’o’g(?—f))dg
( |£|SZ%{ZZW” / ~w)" DD g (0, % — €) duw

m= 0\5\
+BZ€5,/ w)?DFDP a(twf g)dw D F‘”<f g)
> %/(—w)ﬁDfoga (t,w,x _faw —5) dw] dg)
|Bl=¢+1 """

for some 6 € [0,1]. Next we estimate this expression. To estimate the first two terms on the right side,
we use the definitions (9) and (10) of F** and py, respectively. To estimate the integral within the Taylor
remainder term (the last on the right side) we use the uniform-in-time bound on the spatial support of g*
n (17). We thus obtain

Db 1) - DEE] (3] £ Ztﬂ PV ()7 Phpn ()

LSy (w (05~ piree ()

a=1
+t! Jmax HVﬁMJrlgo‘(t)H

.....

oo

=IT+I1I+1II.

To estimate I, we merely use Lemma 2.2 so that

I< th VEpm ()]

We write the term I1 as

1 [&
’ e (8

T
t

¢) d&’
where A(t,v) is defined by

N

Z (DkFM (t,0) — D’;F;»l(v)).

Using Lemma 2.2 again, we find

I Vu(A0) T AW S TAD N £ max [[VEF*4(1) = VEFL| .

.....

ooN

Lastly, the Taylor remainder term in /71 satisfies
ITT <t 1gh+e1(y).

Finally, collecting these estimates and summing over all kth order derivatives yields the first result. The
proof of the second (¢ = 0) result is identical with the exception that no Taylor expansion is required, and
hence, the first term in the right side of the estimate does not appear. |

As an intermediate step to estimating field derivatives, we must also control derivatives of the approxi-
mations to the charge density.
14



Lemma 2.8. For any k,{ € Ny, we have

X
sup [t"VEpe(t,2) = Viproo (5 )| S max |[VEF©(t) - VEFS
zER3 t a=1,...,N

Proof. Taking any kth-order derivative of the representation for py(t,z) in (10) gives
a x
DEpy(t,x) =t7F oDFFt (t 7) .
:vpé( J}) az::lq v "t

Hence, multiplying by t* and subtracting the proposed limit, given by the derivative of (12), yields

> [orre (o) -t ()

S max [ViF®(t) - ViFg

a=1,...,

T
t* D pe(t, ) — DY pr.oo (?)‘

and upon summing over all such derivatives, this provides the stated result. O

The following lemma allows us to estimate higher-order field derivatives using fewer v-derivatives of F®*
than within Lemma 2.7 with the addition of a In(t) factor.

Lemma 2.9. For any k,f € N, we have

£—1

sup [(42VE (0, 2) VB (D)| £ 30 1 Ik gD+ 1ne) e[V (1)
rER3 t a=1,...,N

m=0

+ t71 (gf+f(t) + gf+£+1(t)) )

Furthermore, in the case £ = 0, we have

sup [t2VEE(t @) — VEEp o (x)‘gm(t)( max Vﬁ_lF“’o(t)—Vﬁ_lF;’o(t)|oo+t_1g,’f(t)>.
2ER3 t a=1,...,.N

for any k € N.
Proof. To prove the first result, we proceed as in the proof of Lemma 2.7. Hence, we begin by taking any

kth order derivative with respect to = of the jth component of (5) and use the same Taylor series expansion
of g so that

DA (1,2) - DYEY . ()

|£|3Z% (¢ [ Pl (025" - €) v piret (7-9) )
wZ%[Z S oy [ il (e - €) i

m=0p|=
w)? Dk DB g _ pkpal (T
+|ﬁzgﬂ'/ DEDBg (twt g)dw Dk e (t g)
1 _ «
+tt Z @/(—w)ﬁDﬁngo‘ <t,w,x1:910—§) dw} d¢
18]=t+1""

15



for some 6* € [0,1]. Using the bounded spatial support of g* established in (17) to estimate the integral
within the Taylor remainder term, this becomes
-1
2K DEEI (1) — DEE] (%)‘ <SS VL (A) T Vo ()

éfg Z (DZ?FC“Z (67 —¢) - Dirzt (5 - 5)) d

+t7 max IIVq’f”“g“(t)Hoo

=T+ IT+1III

To estimate I, we merely use Lemma 2.2 so that

I's th "IV 5 om (1) oo

The Taylor remainder term in 11 merely satlsﬁes
ITT <t 1gh e,

Lastly, the limiting term within /7 is transformed into

- [ oA (v -9) d‘g’

for some ¢ = 1,2, 3, where A(t, v) is defined by

N
Alt,v) =Y qo (DS F*(tv) — DETTFES (v))

a=1
and the kth order derivative is decomposed via D¥ = 9,, D¥~1. From this definition we first note
(20) 100, A®) |0 < G (D)

and, because each F2‘(v) is compactly supported and each g(¢,z,v) has bounded support both in z, due
o (17), and in the phase space (z,v) from Lemma 2.1, we find

MA@+ IAG) oo $  max [[VET F2(E) = Vi FL oo

,,,,,

Then, decomposing the difference of derivatives and using the identity

o A( T ) = [A( 7))

with an integration by parts away from the singularity, letting 0 < d < R < oo to be chosen later, we find
& / &5 x

aviA tf &) del+ Alt,——¢) dS

‘/§|<d 1€[3 ) lel=a 1€1* ( 3 ) ¢

" /d<£<Ra (|?|3>A( 7 5) de|+ §|>Ra <Z3>A(t §_§> ds

= [Ia+IIg+1IIc+IIp.

The estimate of 114 merely uses (20) so that
IT4 < dGFH(t).

We use the previous L*> bound to estimate [Ig, which yields

115 5 A0l ( /| | s|2dsg> SIAOle 5 mpax V57 P(0) -
¢l=d a=1,...,

16



Similarly, this provides an estimate of I1- as

e < /(1<|£|<R|§|_3‘A(t79§—5)‘d€

R R
Ot () 5 (5 ) s, 195 P00 = P

) 7

A

Finally, we use the L! bound to estimate IIp so that
ps [ jeefa(e T - ¢)| des AW S R wmax V5 - VE R
t a=1,...,N
l€I>R
Collecting these estimates gives

IT < dGEH(t) + (1 +In (5) + R‘3> max Hvk Lpelty — vE=1pef

=1,.

Choosing d = t~! with R=2 = In(t) implies In (%) < In(t) and, upon including the estimates for I and I11,
yields the first stated result.

The second result is nearly identical with the exception that no Taylor expansion is required. Thus, taking
any kth order derivative with respect to x of the jth component of (5) as above, we find

th T2 DEEI(t, ) — Dng,oo (%) mg an (/D ( _ 5) dw — DF 0 (% _§)> de
‘5|3 an/Dk{ ( JU;w—§>—go’(t,zu,ﬂ;—f)] dw d¢
/|£\SZ% |DEF (15 —€) - DhFe® (G~ )] a

1 \33 [&;,_-AI (t, T f) + 0y, Az (t% - f)} d¢

for some ¢ = 1,2, 3 where A, (¢, v) and Ag(t v) are defined by

1(t,v) an/D twvf%)fga(t,w,v)]dw,

and

N
Az (t,v) = Z an571 [Fa’o(tvv) - Fgé’o(v)} )

a=1

respectively. As before, the kth order derivative satisfies D¥ = 8,, D¥~1. From these definitions we note that
190, AL (1) |c + 1100, A2 (1) |0 < Gy (2)-

To control the A; term, we use the uniform-in-time bound on the spatial support of g% from (17) and velocity
derivative estimates, which yields

AL () |oo = sup

/Dk ! tw v— %)—ga(t,w,v)} dw
< al d k=1ga w
NUSSR%Z//O d&(D (twv—@t))dG‘dw
! sup Z/ /|w|‘V Dh=1 O‘(twv— %)‘dwd@

veERS3

StGS().

17



Because of the bounded phase space support of g*(¢,z,v) from Lemma 2.1, we further find
ALl S t71G5().

Additionally, because each g*(t, r,v) has bounded support both in  and in the phase space (x,v) and F2°
has compact support, we find

s (Ol + s (D)o S max [[VETLF0(t) - VA1 R0 o

,,,,,

Replacing A(t,v) with A; (¢, v) + Az(t,v) within the decomposition of IT above and using these estimates
then gives the stated result. O

2.5. Improved Bounds on the Particle Density. The final lemma provides control of the charge density
in terms of previous approximations and derivatives of g<.

Lemma 2.10. For any ¢ € N, we have
-1
x i _
sup |t 3p(t) = proe (T)] S DE T Ips ()l + max ([P - P 41705 (@),
rcR3 =0 a=1,...,N

Proof. Beginning with (4), which yields

N

1 r—y
ta)=—=> oty =—=2) d
p(t,x) t3a1(Ioz/g (y " ) Y,

we merely use the Taylor expansion (8) and the definitions (9) and (10) to write

{—1

Bp(t,x) =Y t7pi(t,x) +t  polt, )+t TIR()
§=0

where |R(t)| < G1(t). By the definitions in (10) and (12), the fth order approximation of p(t,x) satisfies

X X X
~peeo (7)) 5 v T) - (F)]-
pett.) = proe (3)] € max | [P0 (.5) - P2t (5

Thus, expanding p(t, z) as above, we find

-1
x , "
tFp(t, ) — .o (;)‘ < E t"Ipi(t,x) + pe(t, ) — po.oo <;> N ani()

-1

x _
ST IOl + |peti2) = pece (5) |+ 1710 @)
7=0

-1
—q o lz o _
S.z té j”pj(t)”oo—'_a_nllaXN‘F ,f( t) F @( )‘—f—t 1g€+1( )

=1,...,

which completes the proof. |

3. PROOFS OoF THEOREMS
First, we establish Theorem 1.4, which will be used later to prove Theorem 1.3.

Proof of Theorem 1.4. We will prove the result by induction. In particular, we consider the statement of the
proof to be of the form - for every n € Ny, P, = Q,, where P, represents the statement

Vl=0,...,n, Ptoo =0,

18



while @,, represents the collection of statements

X _
sup [t"+p( Pn+1oo<*) St
zER3 t
sulg3 t" T3 E(t) Entico (%) <t
e
x
sup [t"3VEB(t) = Vi Eps1 koo(?) <t7' Wk=1,..n+1
zeR
sup [t"TVIT2E () — VI By o (f) <t 'ln(t)
z€R3 t
Gro® +G5(1) $1,  Vhk=1..n+2,

where we remind the reader that Qk and g’; .
requires that we show

(1) Base case: Py = Qo,

(2) Inductive step: assume P,_; = @,—1 and show P, = Q,.

are defined in (14) and (15), respectively. Then, the proof

3.1. Base case. To prove the base case, we assume pg ., = 0, which further implies Ey o, = 0. Due to
Theorem 1.2 this assumption provides the estimates

1Pt = F&lllo St72, a=1
lp®llee <74,
(21) 1Bl S 172,
IVaE(#)]loo <t~ In(t),
Gy(t) + G0 (1) S 1.

With this improved decay (and applying Lemma 2.3 with & = 2), we construct initial estimates on
2nd-order derivative terms with a lemma whose proof is postposed until the following section.

N

g ey

Lemma 3.1. Assume that po . =0, which implies (21). Then, we have

t
(2) G:) 1+ [ SIVIEG) ds,
1
and, as a preliminary estimate,
IVZEM)]e St (),  GZ,(0)S1,  and  GH(t) S W*(t).
Proof. The proof is contained in Section 4 below. O

With these preliminary estimates in hand, we now establish the convergence of V, F*%(¢,v). First, using
Lemma 2.4 with £ =1 and (21) we find

IVap(s)llo S 7G5 (1) S 74

Then, invoking Lemma 2.5 with £ = 1 and using this together with (21) and the preliminary estimate of
G2(t) in Lemma 3.1 we have

[V F*0(t) = Vo S|l S /too [sQHpr(s)lloo +5G,(5) (10(5)lloe + V2B ()]l ) + 1 E(s)ll Gols) | ds

(o)
5/ s72ds <ttt
t

Hence, the function F'*9(¢,v) satisfies

(23) vaFa’o(t) - vvFooé;OHoo S t_

~

for any o = 1,..., N, which provides the existence and regularity of the limiting function V,F%%(v), as
mentioned within Remark 1.3.
Next, we use this to improve the preliminary estimate of second-order field derivatives with Lemma 2.9.
In particular, we note that this result provides an estimate in terms of V, F', while use of Lemma 2.7 would
19



require us to first estimate V2F. With the convergence result for V,F*°(¢,v) in place, we use Lemma 2.9
with k& = 2 and £ = 0, the preliminary estimate of G2(¢) in Lemma 3.1, and (23) to conclude

sup [AV2E(t, ) — V2B o (%)’ < In(t) (|VUF“’0(t) — Vo FO (1) [loe + tlgg(t)> <t (1),
z€R3
Because the limiting function vanishes, i.e. Ey o, =0, this implies a refined decay rate of second-order field
derivatives, namely
IVZE®) o S 77 (1),

This faster decay then implies the uniform bound G2(¢) < 1 by revisiting (22), so that
(24) Gao(t) +G3(t) S 1.
This further yields
(25) sup ['V2E(t, x) — V2Eq 0 (%)’ <t In(t)

z€ER3

by using (24) within the above estimate. As before, because the limiting function Ey », vanishes, the second-
order derivatives of the electric field then satisfy

IVZE(®)l|oo S t7°In(?).
Next, we improve the decay estimate on first-order field derivatives. In this direction, invoking Lemma
2.7 with k =1 and ¢ = 0 and using (23) and (24) implies
(26) sup 3V, E(t, x) — Vo Eo o0 (%)‘ SV F0(t) = Vy FEO (1)l + 7162 () S 71,
z€R3
which, due to Ey » =0, gives
IV B0 St

This improved decay now allows us to sharply estimate the convergence rate of F*!(t,v). Hence, we
invoke Lemma 2.6 with £ = 0 and ¢ = 1, the established decay rates of the field and field derivatives, and
(24) so that the function

Fl(tv) = /(fx) -Veg®(t,z,v) dz

satisfies

1F24 0 P S [ [V BG) (562006) + 65)) + 1B (s02,00) + G205 )| s

o0
5/ s72ds <t !
¢

for any a = 1,..., N, which establishes the existence of the limiting function F!(v), as mentioned within
Remark 1.3. Using this quantity, we define the next order limiting charge density and field via

N
P100(v) = Z o F3*(v) and Eroo(v) = vv(Av)ilpl,w(v)-
a=1

Prior to using these limits to obtain the next order of convergence in the charge density and electric field,
we invoke Lemma 2.8 with £ = 0 and ¢ = 0 and (21) to find

x
‘Po(tax) ~ PO (f)‘ S a:rﬁl?.}-{,N‘

so that, due to the vanishing of the limit pg oo, we have

lpo ()]l S 72

Finally, using the proposed limits for p; (t,z) and E; (¢, x), the estimates on ||po(t)||co and || F41(t) — F2 1| o,
and (24) within Lemma 2.7 with ¥ = 0 and ¢ = 1 and Lemma 2.10 with £ =1 gives

[P0 = F&®l o S 677

xr _ _
@7 sup [t @)~ proe (T)| Stloo®llee + max [[FU0) — P, 4TG0 S ¢
2ER3 t a=1,....N
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and
(28)  sup |PE(ta) — Broe ()| S tloo(®lle + max [|FNe) — FY| 71620 S ¢
z€ER3 a=1,...,

Assembling the estimates (24)—(28) then implies Qg and completes the base case.
3.2. Inductive step. To address the inductive step we fix n > 1 and assume P,_1 = @,_1 and P,, so

that we must then establish @,,. Note that, as P, implies P,_1, we can immediately deduce @, _1, as well.
Thus, by the induction hypothesis

sup [t"2p(t) = pn,oo (f)‘ St
T€R3 t
sup t"+2E(t) —FEno (Eﬂ < =1
ER3 t

the lower order field estimates

sup [t"F2VEE() — VEE,_po (%)‘ <t Vke{l,..n},

z€R3

and the higher order field estimate

VLR () — VI By o (%)’ <+ n(t)

sup
z€R3

all hold. Because p, oo =0 and Ej o =0 for all £ =0, ..., n, the above quantities enjoy faster rates of decay,
and thus we have the following set of estimates stemming directly from the induction hypothesis

lp(®)lloo S 771,
Bl S 772,

(20) IVEE(#)|loe StT7° Vk € {1,..,n},
VP E(#)]|oo <t *In(t),
Gk, ) +Git) 1 Yk e {1,...,n},

Geit M)+ <1

This represents the starting point for the next iteration and is analogous to the decay rates (21) inherited
in the base case. For clarity, we separate the inductive step into several smaller steps.

Step 1: Preliminary estimates of highest order derivatives
We begin by stating the following lemma, which generalizes Lemma 3.1 for the induction step.

Lemma 3.2. Let n € N be given and assume that py oo =0 for all k = 0, ...,n, which implies (29). Then,
we have

t
0 G S 1 [ VERE) s
1
and, as a preliminary estimate,
[VePE@| St @), G2 S1, and  GEFE(H) SW(1).
Proof. The proof is contained in Section 4 below. O

Though the proof of this lemma is postponed until the final section, we must note that Lemma 3.2 relies
upon Lemma 2.3 in the same way that Lemma 3.1 invoked this result, namely to obtain an estimate of the
highest order field derivatives in terms of the highest order derivatives of the translated particle distribution.

Step 2: Derivative estimates of F*°(t,v)
Next, we use Lemma 2.4 for all k =1,...,n + 1 to find

(31) IVap®)||,, St27FG5H) St7°7*.
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We estimate the highest-order derivatives of F*9 by invoking Lemma 2.5 with k = n + 1 and using the
preliminary rates from Step 1. In particular, separating the sum involving field derivatives into three terms,
corresponding to j = 0, the j = 1,..,n terms, and j = n + 1, and using (29), (31), and Lemma 3.2, we find

oo n+1
Vs 20t - ViR 5 [T 3 [s [ )L 6 + [V B 6 )
t 520

oo sn+1
< [T (B Ivmsnel o+ [T B
t

=0

+ 3 s |V (S| G (s) + [ B(s) | g3+2(s)> ds
j=1

oo sn+1
S / <§ :Sn+27‘78747’ﬂ+] + Sn+187n74 11’1(8)
t

Jj=0

+ Z gnHlTigTn=3 4 gn3 ln2(s)> ds
j=1

5/ s72ds <t L.
t
Hence, the function
FO(t0) = [ g*(tp.0) dy
satisfies
(32) Vot FeO(t) — Vot FEO|| St

for any a = 1,..., N, which establishes the existence and regularity of the limiting function V2?1 F20(v), as
mentioned within Remark 1.3.

Step 3: Refined estimates of highest order derivatives
With the convergence result for V2?1 F*0(t v) in place, we use Lemma 2.9 with k = n + 2 and £ = 0
along with the preliminary estimate of G"*2(¢) in Lemma 3.2 to conclude

sup [t"TAVIT2E(tx) — VI By oo (%) ’ <In(t) <||v:}+1Fa’° )=Vt FESO )] +t1g3}+2(t)> <t nd (1),
rcR3

which, because the limiting function satisfies Fy o = 0, further implies a refined estimate of field derivatives
of order n 4 2, namely

V22 E(t) ]| < 7" 2’ (1).

~

By revisiting (30), this faster decay then implies the uniform bound G"*2(t) < 1, and thus
(33) Get?+ G (1) $1
from Lemma 3.2. The bound on highest-order field derivatives is then immediately refined by (33) to give

(34) sup [tV (t, ) — V2B o (%)‘ <+ In(t).

z€R3

Step 4: Improved estimates of lower order field derivatives

The goal of this step is to improve the decay rates for lower order field derivatives and prove that for
any k € {1,...,n+ 1}, we have ||V’;E(t)}|oo <t7"4 We first estimate field derivatives of order n + 1 and
remove the logarithm in the estimate appearing within the induction hypothesis (29). In particular, we use
Lemma 2.7 with £k = n + 1 and ¢ = 0, which implies

o FETIGIT(1)

X
sup [¢" VI Bt ) = Vit Ep oo (;)\ S max [|VEFFOO(@) - Vit RLS
z€R =1,
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so that with (32) and (33), we arrive at

(35) sup |t" VI E(t 2) — VI Ep o (EN <t b
rER3 t

and thus

(36) IVEH E(t)]loo St

Next, we will improve the estimate of kth order field derivatives for £ = 1,...,n. To do so, we will utilize
Lemma 2.7, but we must first bound the terms appearing on the right side of the associated inequality. To
begin, we invoke Lemma 2.6 for any k =1,...,n and £ =0,...,n — k and use (29) to find

oo k+0

IVEE(t) — VEF| N/ Zsku 7| Dk B(s)|| (sgif;l(s)ﬁ—giﬂ(s))ds
Ook+€
t =0
Sy,
/ Zsk+én32d <tk+€n1

as k + ¢ < n. As before, this provides the existence and regularity of the limiting functions VEF2*(v) for
anya=1,...N, k=1,...,n,and £ =0,...,n — k, as mentioned within Remark 1.3. With this, we invoke
Lemma 2.8 for any k=1,...,nand £ =0,...,n — k to find

sup [t*VEp,(t,2) — VEpro (

)| S max IVEFL() - VERS o S 04,
z€R3

t/ 17 a=1,..,
For any ¢ € {0,...,n — 1}, we have py o = 0, and hence this estimate gives
[Vape®)] o St

forany k=1,...,nand £ =0,...,n — k.
Similarly, using Lemma 2.6 for any k= 1,...,n and £ =n+ 1 — k with (29), (33), and (36) gives

oo n+1

HVQ]{;FO"n—i_l_k(t) _ vﬁFgém-i-l—kHOO S ‘/t Z sn-‘rl—j Hv;l-‘rl—jE(S)Hoo (Sgg]c:;l(s) + gg+l(8)> ds
</ [* |92 B (5 + 1) + 1B(s) o (56357(5) +G3+(s))

I an+17j va+1*]E(s)||oo (sgi’tl(s) + gi+1(s)>‘| dS

j=1

%) n
5 / 8n+28—n—4 + S—n—2 + Z Sn+2—js—n—3 ds g t_l.
t =

Combining these estimates and invoking Lemma 2.7 for k = 1,...,n, and £ =n + 1 — k with (33), we have

sup [ VEE (@) — ViBuineo ()] S Zt”*l T (D)
zER3

+ max | [|VEF®TTITN(E) — VEEST R 7GR

n—k
S Z tn—i—l—k—m . tm—n—l + t_l 5 t_k + t_l 5 t_l
m=0
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as k > 1. Assembling this with (35) results in
(37) sup |¢" VBl @) = ViBuiipeo (3 )| S
rER3 t

for all k=1,...,n+ 1. Therefore, as n+1—k <n for k > 1, we deduce that E, 11 ;. =0 for all k=
1,...,n+ 1, which further implies for all k=1,... ,n+1

(38) VEE®)| St ™

Step 5: Establish next order limiting distribution
With the improved field derivative rates, we now establish the convergence of the next order distribution
to its limit. Invoking Lemma 2.6 with k =0 and ¢ = n + 1 and using (29), (33), and (38), we find

oo n+1
|[Fentit) — Fam | < / > s ||Vt E(s)|| (sggf,}(s) + gg“(s)) ds
—,

— /°° {Z gl HV;LH_jE(S)Hoo (sg;j;l(s) + ggﬂ(s))
t

Jj=0

B (50220 + 072() | as
5/ an+2—j . S—n—4 + S—n—2 ds
t s

oo 1 ) oo
5/ 23_2_3 ds §/ s2ds <t L
t 50 t

Hence, the function F*"+1(¢ v) satisfies
(39) [P () = F™ o S 77

for any a = 1, ..., N, which establishes the existence of the limiting function F"!(v), as mentioned within
Remark 1.3. Using this, we define the next order limiting charge density and electric field via

N
prrtoo(®) = 3 @FE™(0)  and  Buyieo(v) = Vo(A)  puste (v).
a=1

Step 6: Convergence of density and field to next order distribution
To establish the convergence of the next order density, we first use Lemma 2.10 with £ = n + 1 to find

n

T s _
suﬂg3 tn+4p(t,x) — Pn+tloo (;)’ < E :t’“rl i)l + ax Hpa,n+1(t) - F;,nﬂ”oo 4t 1917*2(75)'
x€ — =1,.,

7=0

The second term is easily estimated via (39) and the third term via (33) so that each is O (¢~'). Hence, we
focus on estimating the first term on the right side of the inequality.
First, using Lemma 2.6 with k =0 and ¢ = 1,...,n, as well as (29) and (38), we find

oo £
[FA) - 'l S / S| VETEGs)| (59251 s) + G (s)) ds
—
oo [ -1
S [T IV B+ ol | d
t =0

o =1
5 / Zséfjfnf?) + sfn72 ds 5 t€7n72 + —n—1 5 t€7n72
t .
Jj=0
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for £=1,...,n. For £ =0, we use Lemma 2.5 with k¥ = 0 and (29) to arrive at

[P0 - P20l 5 [ (shoo)l +1BG) L ) ds s [ s s g e
t t

which provides the same rate as above when ¢ = 0. Putting these together and using Lemma 2.8 with k£ = 0
and £ =0,...,n yields
x

pz(t,x)—pz,oo(;)‘ﬁ _Hlla%NHF”() FE. Stn?

sup
z€R3

forany £ =0,...,n. As pyoc =0for £ =0,...,n, we find

lpe(®)ll e < 77772

Inserting this within the sum then gives

n n
(40) Dot ()]l S Y IR S
§j=0

Jj=1

and adding this to the previously established estimates for the other terms, we find

X _
(41) sup [ p(t,2) = pusroe ()] S 71

z€R3

Turning to the next order field approximation, we first apply Lemma 2.7 with £ = 0 and £ = n 4 1 to find

n
X s _
sng3 t"+3E(t,$) —Erii,0 (?)‘ < E iy ”pj(t)”oo + ajrllaXN ||Fa,n+1(t) — Fsé,nJrlHOO +t 1gg+2(t).
e — =
7=0

.....

As before, the third term is O (¢7!) due to (33), while the second term is O (¢7!) due to (39). To estimate
the first term, we again use (40) so that putting these estimates together yields

(42) sup
z€R3

t"BE(t,2) — Bnit.0 (%)} <t L

Finally, assembling the estimates (33), (34), (37), (41), and (42), as well as the previous bounds on G% ()
and G¥(t) for k =0, ...,n + 1 implied by the induction hypothesis (29), then completes the inductive step as
Q,, has been established. Hence, the stated decay rates of the charge density, electric field, field derivatives,
and derivatives of g® hold for any n € N.

Lastly, to justify the rate of convergence of g®(t,z,v) and its derivatives, we note that using the stated
decay rate of the field and the uniform boundedness of derivatives of g%, the Vlasov equation (VP,) yields

18:9% () lloo S HIE®) |G, (1) + IE@) oG () S T2
Upon integrating in ¢, we find for any a = 1,..., N
oo
sup 19" (t2,0) ~ fL o) S [ 109"l ds S
(z,v)€ERS t

Similarly, taking any kth-order x-derivative and fth-order v-derivative in the Vlasov equation with k,¢ € N
and k + ¢ < n + 1 and taking the supremum over (x,v) € R%, we find

k 1 7
|0, DF Dt g Zt Vi E(t)]| oo <tgg’;‘#‘i‘7+1(t)+g§f;‘"i‘f“(t)>

z:O

[
# D OITL B0 (1910 + 910
j=
where the indices 7 and j represent the number of x and v derivatives that are applied to the field, respectively.
As this holds for arbitrary derivatives, we decompose the double sum and use the previous estimates on the
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field (42), field derivatives (38), and derivatives of the distribution function via (29) and (33) to find
¢
10:V5 V5% ()l SE+DIE@) |G () + D¢ (t + DIVLE®) G~ (2)
j=1
k71 Z . . . . . Z . .
+Y D FEFDIVEIE®)|oGrt ™ ) + Y ¢t + DVETF B ]

i=1 j=0 j=0

j=0 j=0

Jj=1 =17
<max{t~" 2, ¢~ "73),
Upon integrating in ¢, we find for any a =1, ..., N
(oo}
o [VEVLG” (0,0) ~ VEVLL )] £ [ 10TEVE 0l ds S maxft Lo,
x,v)€E t

for K+ /¢ <n+1. The estimates are analogous for the boundary cases k=0, 1 </ <n+1 and ¢ =0,
1 <k <n+1. In particular, the uniform convergence for all derivatives of order n 4+ 1 and the previously
known compact support of the limiting function then implies f& € C?*1(RS), which provides the regularity
needed to justify (11), as stated in Remark 1.3. This completes the proof of Theorem 1.4. ]

Next, we use the results of Theorems 1.1 and 1.2 and invoke Theorem 1.4 to prove Theorem 1.3.

Proof of Theorem 1.5. Assume (A) holds and M = 0. Then, for m = 0, we merely take pg - # 0 and apply
Theorem 1.1, which yields the sharp bounds

lp(®)llee ~ 72,
IE(®)lloo ~ 72,
IVaE(#)]loo ~t7°

and the modified scattering result

fe <t,x ot — do ln(t)EO,oo(v),v> — [&(x,v)

Mo

(43) sup <t tnt(1)

(z,v)ERC

for every @ = 1,..., N and any associated solution of (VP).
Otherwise, we let m > 1 be given, define n = m —1, and take py oo =0forall ¢ =0,...,n with pp41 00 Z0
Then, applying Theorem 1.4 with n =m — 1 gives

lp)lloc ~ 772,
[E(®)|loe ~ ™72,
IVEE®) oo ~t7™7?
for every k = 1,...,m. Additionally, the distribution function scatters linearly so that

(44) sup [f(t,x + vt v) = [ (z,0) ST
(z,v)€ERS
for every @ = 1,..., N and any associated solution of (VP).

It remains to justify the existence of solutions f® € C™*! ((0,00) X R6) for « = 1,..., N that satisfy
Po,c0 # 0 or, alternatively, the conditions py o = 0 for all £ = 0,...,m — 1 and py.00 # 0. To do this,
we merely construct smooth functions with compact support whose moments, up to a desired order, must
vanish. Thus, we build well-behaved limits and utilize the scattering map constructed within [14] (see also
[38]) to guarantee the existence of solutions that tend to these limits as ¢ — co. We perform this separately
for m =0 and m € N.

First, for m = 0, we let a nonzero function n € C}(R?) be given with

/n(v) dv = 0.
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Then, we choose

Jo.00(@,v) = ¢o ()15 (v)
where ¢g € C}(R?) is nonnegative (but nontrivial), and for every o = 1,..., N the functions ¢§ € C}(R?)
are nonnegative and satisfy the constraint

N
D 4ati(v) = n(v).

With this, we have

o) = | gjlqafaoom,v) dz = ( [ oot dw) i}lqawe’(v) - ( [ oot dm) 1) 0

/ Po.oo () dv = ( / 6o (x) d:c) ( / n(v) dv> o,

thereby satisfying the neutrality condition M = 0 imposed by (2).
Next, for a given m € N, we take p > m + 2 and define ® € C™"1(R) to be the corresponding weighted
Gegenbauer polynomial of degree m (see [1]), namely

and

1
q)m(s(}) = (1 — .’172)p 2 C&(l’)]l[,l,l]
where C}(z) is a kth order Gegenbauer polynomial satisfying the orthogonality relationship

/ (1- m2)p7% CP(z)CY(z) dz =0

-1

for all k,¢ € Ny with k # ¢ and
1 1
/ (1—2%)? [CP(2)) dz >0

-1
for any k € Ny. Because each C%(x) is a polynomial of degree k, we may normalize ®,,(z) so that

/xmq)m(a:) de =1,
and orthogonality implies
/a:k@m(:ﬁ) dx =0, forall k =0,...,m — 1.

We note that the support of ®,, can be rescaled to be a compact set of arbitrary size, if necessary, while
maintaining the moment and regularity properties. Then, letting ¥ € C™*+1(R) be any function satisfying

/\I/(x) dz =1,

we define p,, € CTT1(R3) by
i (2) = By (1) ¥ (22) ¥ ().
Then, for all 3 € N3 with |3| < m, this yields

/m%m(az) dz = (/ 0, (1) dx1> (/xgzxp(@) dx2> (/x§3\1:(x3) dxg,)

_ {1 if 8= (m,0,0)

0 else,

as f1 € {0, ...,m— 1} implies that the first integral vanishes due to the orthogonality condition stated above.
With the p,(z) functions in place for every m € N, we can now define the remaining scattering limits.
For a given m € N we choose
1,00 (T,V) = & (2)1hm (V)
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for every a = 1, ..., N where 1,,, € C"*1(R?) is nonnegative and satisfies

0"
Fur- (1) 20

and the collection of nonnegative spatial distributions ¢%, € C™*1(R3) satisfies the constraint

N
> 0u s (@) = i (@),
a=1

This implies that for all £ =0,...,m — 1,

N N
pé,OO(U) = Z chF;’g(U) = Z
a=1

a=1|p|=

_1)8 N
:Z(gm%m< Zmﬂ))

/DB B gaf® o (2,0) da

11=¢ o=l
= lz (_;!),BDEQZ)m(U) (/ xﬁum(ac)dx) =0
B8l=¢

as the lower-order moments of p,,, () must vanish. Additionally, for the final limiting density we find

NOEDY (/;) 5¢m(:>(/aﬁumcmdx)

|Bl=m

_ (;gm 3;?“1 (v) < / J:Tum(:z:)dx)

_ GOy 4,

m!  Ov]

Finally, as we have constructed a family of limits f2 ., € CI"M1(RS) € W2>°(R®) for every a = 1,...,N
and m € Ny, an application of [14, Theorem 1.1(ii) and Remark 1.2(5)] (see also [38, Theorem 1.1]) implies
that for each m € Ny there exists a unique smooth solution of (VP), in this case f% € C™¥1 ((0,00) x RY)
for every a = 1,..., N that is associated to this limit f . (z,v) via (43) for m = 0 and (44) for m > 1,
respectively, and the proof is complete. (Il

4. DERIVATIVES OF TRANSLATED DISTRIBUTIONS

This section is dedicated to the proofs of Lemmas 3.1 and 3.2. Before proving these lemmas, we must
define the quantity D (t) which includes a total of k derivatives (both in 2 and in v) of g with a weight ¢/
depending on how many v derivatives appear, namely

Di(t):=1+ ) t7 max sup  [|DP DB g% ()| oo
o oThe N B+ =k
|Bv|=3
For brevity, we denote 4
Dy (t) == maXN sup ||Df“D5Ig‘“(t)||oo
@ Iﬁzllﬂlﬂvl k
Bu|=j

for 7 =0,...,k so that
k
t)=14> t7Di(t)
§=0

Proof of Lemmas 3.1 and 3.2. As the proof of Lemma 3.1 follows similarly to that of Lemma 3.2, but in

the case n = 0, we combine thelr respective proofs here. The strategy of the proof proceeds as follows. To

understand the asymptotic properties of Df’“ fo g% with |8, + 8,| = n+ 2, we apply these derivatives to the

Vlasov equation Vg'g® = 0. The idea is to get an expression that one can bound, and then integrate along
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characteristics in order to eliminate V. This will allow us to construct a bound on the sum of all n + 2
order derivatives in x and v of g¢ to show Dn+2(t) < 1 following an application of Gronwall’s inequality.
The uniform bound on D,,4(t) will then imply D%, ,(¢) < t¢ for every £ = 0,...,n + 2, which then refines
the bound on ||V”+2E || stated in Lemma 2.3. The polynomial growth of each Dn+2( ) will then be
iteratively improved by applylng a Gronwall argument until each of these quantities is uniformly bounded
for all £ € {1,...,n} and by In(¢) when ¢ = n + 1. In the final part of the proof, a logarithmic bound on
DZig(t) will be established and the upper bound on ng(t) will be improved to a constant, enabling us to
conclude G2H2(t) < 1 and GIH2(t) < In?(t) for all n > 0 from (14) and (15). Throughout, we take ¢ > 1 for
simplicity, and it will always be specified whether n = 0 or n > 1, as the base case (Lemma 3.1) requires
slightly different assumptions.

Step 1: Uniform bound on D, 1o(t)
Taking derivatives in (VP,), a simple computation leads us to a formula for the commutator, namely

n+1
, n+2 — _
(49 vpoEnre) =3 ("77) X 0EDE v 0 D).
j=0 [V 0 | =3

Va2 Ba Yo 2Pv
Here, the v, and ~, derivatives represent those from the 3, and (3, derivative products which are not applied
to the Vlasov operator, but instead act on g*. Note that the term with all n 4+ 2 derivatives applied to g°
vanishes, as D)»DJ= (V;ga) = 0 by the Vlasov equation.
We focus on the individual terms on the right hand side of (45). Recalling that the operator V¢ is given
by the expression

=0 + - E(ta:+vt) (—=tV:+ V)

[e3

we find

Dgufvv Df””*%vg :%tlﬁu*’Yu‘ (D£U+Bar%f%E) (t,x +vt) - (—tVy + V)
«

so that
(DE»=70 DE==7=ye) (D) D}* g*) z%twuw\ (DBHBe=% =% B (£, + vt) - (—tV, + V) (DI* DY g) .

Inserting this expression into (45) we finally arrive at
n+1
« z O Qo n+2 v —"Yv v +Bz—Yv—Ya v z
Ve (DI D= g )—mz( _ ) S 8l (DEHB 1 B) (1w ot) - (—V, + V) (D] DY g)

- J
* j=0 [Yo+vo|=3
Yz 2Bz, Yo 2B

We then integrate this equation along characteristics, thus eliminating V' from the left side, and take the
supremum over (z,v) € RS to find

tn—i—l
ID2DE g Ol S 1+ [ 3

j=0 |%+'yu
%'<ﬁu%'<5v

(s D B VLD D 0

+ glBv—=ol ||D5v+6m—%—%E(S)||Oo||va3vD;mga(s)Hoo) ds,

which, as |8, + Bu| = n + 2, implies

tn+1
(46) ||D/3v Dﬁl o <1+ / glBv =0l

j=0 |’YT+’YU
Yo 2Bz, 'yﬁﬁu

Next, we separate the terms within the sum over j on the right side of this inequality into I+ I114+I111+1V,
as follows. The j = 0 term satisfies

VI B(s) | (5D () + DY) ds.

T < glBl

Vit E ()]0 (8Gz,0(5) +Gu(s))
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the j =1 term is

M= 3 sV EGs) | (D5 (5) + D5 )

|'an +Yo ‘:1
Yo 2Ba Yo 2B

the remaining middle terms, for n > 2, are grouped together into

n
=3 3 SRR I B (D) + DT (s)
I=2 yatywl=j
Yo 2Bz, Yv 2B

and finally the j = n + 1 term is

= 3 L EGs) | (sDAs) + DI (s))

[V +yo|=n+1

Yo 2Bz, 2B
For n = 0, we note that only the terms I and IV (which is equivalent to IT in this case) appear, while for
n =1 only the terms I, 11, and IV appear.

Now, applying the previously established decay estimates stemming from the vanishing limit(s) of the

charge density in each lemma, we bound the terms in this sum. Using (21) for n = 0 and (29) with k£ =1
for n > 1 to bound the G; ,(s) and G}(s) terms, we find

(47) IS stIBl

[VE2E(s)] o

For n > 1 we estimate [/ and /1] using (29) to bound derivatives of the field and distribution function.
In particular, for k& < n+1 we use (29) to find Dy(t) < GF (t) S 1for j < k and D;(t) < Gh(t) <1 for
j = k. This provides a uniform bound on every derivative of g% appearing within these terms. The field

derivative terms are then estimated using (29) in IT and III, with K = n+ 2 — j in the latter. Hence, we
find for s > 1

1< Z Bl g4 n(s)s

[Va+v0 =1
Yo 3Bz Yo 2 Po

and

n n
11T < Z Z glBv—rolg=3-n (Sgiﬁl(s) + gg+1(s)) < Z Z g~ 2H By —v0l-n
I=2 |vatyel=g I=2 yatywl=j
Yo 2Bz, Yo 3Bv Yo 2Bz, Yv 2B

Then, as |8, + By| =n + 2 and v, =< S5, we find
1Bo = Yol =n+2 = |y + Yl = Bz =Yzl <1 +2— |y + 72l

Therefore, we find |8, — 75| < n+ 1 within the estimate of I and |5, — 7,| < n+ 2 — j within the estimate
of I, which yields

(48) IT < s721n(s)

and

(49) HI<y s 5s72,
Jj=2

respectively. Finally, turning to IV, we have

Z S_3+‘/3U—71,|—n (SDLW_T_z(S) + Dl¢7—|1i|2+1(8)) N n>1

\WTJB’YA:Z; 1

(50) IV S Q==
Z s=4F 1B =l Iy () (SD\QVJ(S) + D\QMHI(S)) , n=0

Yo +70|=1
Yo 3Bz Yo 2 Po
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where for n > 1 we use (29) with & = 1, and for n = 0 we have an improved decay rate due to (21).
Combining the estimates (47)—(50) and inserting them into the integral within (46), we merely integrate IT
and IT1, as both are integrable on (1, 00), to find

(51)

t
||ngngga(t)||oos]_+/ (81+|ﬁv||vg+2E(s)oo+ Z s_3+|ﬂ'u_7'v|_n <5DL’YJFJ|2(S)+DL’Y$|2+1(8)>)dS
! [Va+vo [=n+1
VYo 2Ba Yo 2Bv

for n>1, while for n =0 we have
(52)

t
IDEDEg S+ [ (SIITIEG et 3 s nGe) (5D )+ D5 (9) s
1

"Yz+7v|:1
Yo 2Bz, Yo 2 Po

Next, we will collect all order n + 2 derivatives and assemble them with decaying powers of ¢ to construct
a Gronwall argument for D,,42(t). With (51) established, we take the supremum over a =1,..., N and
|8z + Bu| = n + 2 with |B,| = j, multiply by =7, and use s < t to find

min{j,n+1}

. t
D01+ [ (sv:+2E<s>||oo+ S gt (st;+2<s)+Dﬁié(s))) s
=0

for all j = 0,...,n + 2. Here, we have denoted ¢ = |, | and further used |v,| < [8,| = j and |7,| < |vz + 1| =
n + 1 to rewrite the sum above. As the terms inside the sum are nonnegative, we further deduce

n+1

) t
(53) D01+ [ (snv;“E(s)oo £3 I (5D () + Df#g(s))) ds
/=0

for all j = 0,...,n + 2. Focusing on the first term within the integrand, we note that G"*1(t) <1 for n =0

due to (21) and for n > 1 due to (29). Hence, we use Lemma 2.3 with k = n + 2, separate the logarithmic

product, and use the definition of DZig(t) so that

t t
/ ||V E(5)]|oods S 1 +/ s73 " In* ( max ||Vﬁ+29a(s)||oo> ds
1 1 @

.....

t
o (o e (77 IVl ) )
) a=1,...,

¢
1+/ 573" In* (s_(”+2) max ||Vg+290(5)|00> ds
. a=1,...N

©

¢
1 +/1 573" In* (s_("+2)DZi§(S)>ds

t
<1 +/ 5737 In* (Dn+2(5)> ds,
1

as In*(z) is an increasing function. Thus, beginning with (53), summing over j = 0,...,n + 2, noting that
the right side is independent of j, and recalling the definition of D,,y2(t), we find

A A

N

t n+1
Dpa(t) 1 +/1 (5_3_"111* (Dn+2(3)) +s7 Z (S_ZwaQ(S) + 5_(E+I)Df:rl2(5))) ds

£=0

t
St [ (577w (Dusa(e)) 457 Dyate) )
1

t
<1 —1—/ 572" Dyia(s) ds.
1

31



We note that this same estimate holds for n =0 as s~*In(s) < s72 within equation (52) compared to the
estimate of (51). Finally, Gronwall’s inequality allows us to conclude

t
Dyalt) < exp ( / 3—2—%) <1
1
asn > 0.

Step 2: Refined estimate of ||V;L+2E(t)||oo
From the definition of D,,12(t), the above estimate implies

(54) Dy 1a(t) St

for every £ =0, ...,n + 2. In particular, we find

IVE29% ()l < Dnyalt) S 1

and
V5 29% (1)l oo S DRis(t) S "2,
for all @ =1,..., N which, due to Lemma 2.3 with & = n + 2, further yields
(55) IVET2E(s) |0 St In(t)
for n > 0.

Step 3: Refined estimates of DY 4(t) for ¢ =1,...,n+2
This field derivative estimate improves the general estimates (51) and (52), yielding

t
v x - vl - v Vvl v v +1
ssy IDEDE OIS+ [ (57 4 3 s (DD 4 Dl 0) s
[Ye+7o|=n+1
Yo 2Bz Yo 3B

for n>1, and for n=0

t
(57) IIDf'”Df””g“(t)HOOSH/I (5‘3+|ﬂ”1n(s)—|— Z S—4+\Bv—%|1n(s) (SD|2'Y”|(S)—&-Dlz'y“lﬂ(s)))dg,

|’Yac +Yo |:1
Yo 2Ba Yo 2B

We now set out to improve (54), the polynomial growth estimates of DY, ,(t) for =1,...,n+ 2. Note that
the bound on DY_,(¢) is already uniform in t. We start with the case n>1. First take {=|8,| =1, which
implies || =n+1 and |y,| <1, and use (54) so that taking the supremeum over all such derivatives in (56)
yields

t
D)) S1+ / (5_2_n1n(8) +57DY L (8)+ 572Dy o(s) + 5_3_"D72L+2(s)> ds
1

t
51—}—/ (s_l_”—i—s_Q_"D}HQ(s)) ds.
1

Upon applying Gronwall and using n > 1, this gives

t t
D}H_Q(t) < <1+/1 s ds) exp (/1 s7¥n ds) <1.

Next, with DY ,(t) S 1 established for =1, we iterate this process over |3,|=¢ with £=2,...,n+ 1 while
assuming that D}, ,(t) S1forall j=1,...,/—1 and again taking the supremum over derivatives within (56).
Because |8, =¥, we find |B;|=n+2—¢ and |v,| < ¢, which then implies

nA 1=yl =Ml <[Bel=n+2-4

within the sum in (56). Rearranging this inequality yields a lower bound on |vy,|, namely |vy,|>¢—1.
Combining with the previous upper bound on |v,|, it follows that £ — 1 <|v,| < ¢ and only two terms appear
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within the sum on the right side of (56). Thus, taking the supremum over all derivatives satisfying |3,|=¢
within (56) and using DfoZ(t) <1, we find

D, ,(t) S 1

+
»xﬁ

L
)+ 3 S (400 +DES) |
——

L j 1

t
<1+ / s 2In(s) + 3_1_717)5;_12(8) +5727MDE o (s) + 5_3_"Df:_12 (3)} ds
1

t
<1+ / T 472D L (s) + 3‘3—"2),‘;112(5)} ds
1

Because n > 1, the first term is integrable, and applying Gronwall yields

1 t t
(58) Di (1) S <1+/ s DEL(s) ds> exp (/ s ds) §1+/ 573D (s) ds.
1 1 1
Using (54) with k=£+1, we find
t
Di . ,(t) S1 +/ 5727t (s
1

and conclude both D! ,,(t) <1 for £=2,...,n and D}'T;(¢) <In(¢). The latter estimate will be improved to a
constant bound at the conclusion of the proof.

To improve the growth estimates for the case n =0, we first note that (54) with k=0 yields DJ(¢) <1 and
with k=2 gives D3(t) <t2. Hence, repeating the above steps using (57) instead of (56), we arrive at

Di(t) <1+ /lt (32 In(s) + s 2In(s)DY(s) + s 31In(s)Di(s) + s *In(s)D3 (5)) ds

<1+ /lt (52 In(s) + s3ln(s)73;(s)> ds.

Upon applying Gronwall, this gives

Di(t) < (1 —l—/lts_an(s) ds> exp (/1ts_3ln(s) ds) <1.

Hence, combining this bound for D§(t) and Dj(t) results in G2 ,(t) S 1.

It remains to improve the estimate of DZI% (t) and D3(t) using another Gronwall argument, as follows.

We start with n>1. We repeat the steps that led to (51), but without upper bounding the derivatives of
g% by the D) ,(t) terms in IV, and consider the case of |5,|=0, so that |8,|=n+2. Then, |y,|=0 and
|70] =n + 1 necessarily, which gives

t
IVE*g @S 1+ | [s”%wz”E(s)nm
(59) :
+s||vwE<s>||m(snvxvz“ga(sﬂoo+||vz+2ga<s>||oo)] ds.

Using (29) with k=1 and DT} (t) <In(t) within this estimate gives
G g1+ [ t IV a5 ) 5G| s
As the middle term is integrable for n > 1, we apply Gronwall’s inequality to find
Grt2(t) < (1—|—/1t "3 VT2 E(5)] 0o ds) exp (/1ts2" ds) < l—l—/lt s"T3| V2 E(5)] 0o ds.
For n=0 we use (21) instead of (29) within (59), as well as G2, (t) <1, which yields

s+ [ [s3viE<s>oo+s-21n<s>+s-31n<s>93<s>} ds.
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Again, the middle term is integrable, and an application of Gronwall gives
t
G514 [ SIVE) ds.
1

Thus, we have obtained (22) in the n=0 case and (30) for n>1. Using (55) in (22) and (30) results in
¢
Ggnt2(t) <1 +/ s 1In(s) ds <In(t)
1

for all n>0. Finally, using this improved bound on G*2(¢), we have DIt2(t) < Gnt2(t) SIn?(t). Insert-
ing this bound within (58) with £=n+1, we find D}T}(¢t) <1, and hence D:,,(t) <1 for £=1,...,n+1.
Therefore, Q;“;z(t) <1 for n>1, and the proof is complete. O
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