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ABSTRACT. Consider a conical singular space X = C(Y) = (0,00), x Y with the met-
ric g = dr? + r2h, where the cross section Y is a compact (n — 1)-dimensional closed
Riemannian manifold (Y, h). We study the Klein-Gordon equations with inverse-
square potentials in the space X, proving in particular global-in-time Strichartz esti-
mates in this setting.
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1. INTRODUCTION AND MAIN RESULT

Following the results obtained in [33,34], in this paper we continue the study of
dispersive flows on conical singular spaces, focusing on the study of Strichartz estimates
for the Klein-Gordon equation.

1.1. The setting and motivations. The setting here is the same as [33,34] in which
the last author and Zheng proved the Strichartz estimates for wave and Schrédinger
equations: let us briefly introduce it.

Let (Y,h) be a compact (n — 1)-dimensional Riemannian manifold, consider the
metric cone X = C(Y) = (0,00), x Y with g = dr? +r2h, and let A, be the Friedrichs
extension of the Laplace-Beltrami operator. The metric cone X has a simple geometric
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singularity, and its metric is incomplete at r = 0; notice that if Y is the standard
sphere of radius one, then C(Y) = R™\ {0}. The spectral theory of the operator
A4 was studied in [7,8]. The heat kernel associated to the operator A, was studied
in [25,28], and the Riesz transform kernel was investigated in [18,24]. In the setting
of exact cones X, in [9, 10] the authors studied the wave diffraction, and in [26] ,
the propagation of singularities theory for wave equation on general setting of conic
manifolds is discussed.

The Strichartz estimates for dispersive equations on conic manifolds have attracted
quite some interest in recent years. The ones for the Schréodinger equation were proved,
in the case of a flat cone, in [13], on polygonal domains in [2], on exterior polygonal
domains in [1], and on the metric cone in [33]. Concerning the wave equation on cones,
in [3] the authors established the Strichartz inequalities on a flat cone of dimension two,
that is, Y = Sz. These results on the Strichartz estimates for wave and Schrodinger
equations have been extended to general cones in [33,34].

In this paper, we consider the Strichartz estimates for the Klein-Gordon flow in this
conical singular space. More precisely, we are interested in the study of the following
Klein-Gordon equation in this framework:

(1.1) {afu+£vu+m2u:F(t,z), (t,z) e I x X,
u(0) = up(2), Ou(0) =ui(z),

where the Schrédinger operator

(1.2) Ly =A;+V

and V = Vy(y)r—2 is a Hardy-type potential with V5(y) being a smooth function on
the section Y. The inverse-square type potential is homogeneous of degree —2 and it
is known to be at the threshold of decay in order to guarantee validity of a Strichartz
estimate (see [14]).

Remark 1.1. Beside its own independent interest, we mention the fact that the original
motiwation that led us to study the dynamics of the Klein-Gordon equation is the study
of the Dirac equation in this conical setting. The Dirac operator D on X was studied
in [11], mostly from the point of view of spectral analysis. In a forthcoming work,
we intend to study the time-dependent Dirac flow by relying on the classical “squaring
trick”, in order to reduce the study of the dynamics to the one of a (system-of) Klein-
Gordon equations with an inverse-square potential perturbation in the same conical
singular space. Nevertheless, we need to stress the fact that the geometry does mot
allow a straightforward and harmless application of this strategy, as indeed in order to
properly define the Dirac operator on curved spaces the spin connection is needed, and
therefore the corresponding Laplace operator yielded by the squaring is not the “scalar”
one, but it is the “spinorial” one, and this fact of course requires additional care.

1.2. Strichartz estimates for the Klein-Gordon equation. In the flat Euclidean
space, the free Klein-Gordon equation reads
{831& —Au+m?u=0, (tz)elxR

(1.3) u(0) = up(z), Gu(0) = ui(2).
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The homogenous Strichartz estimates are given by
[[u(t, Z)HLZ(I;LQ(R")) S HUOHHS(Rn) + Hu1HH5*1(R")7

where H*(R™) is the usual Sobolev space, and the pairs (¢,r) € Agp with 0 < 6 <1
(the set Agp is given in Definition 1.2 below). We refer the reader to the fundamental
papers [4,17,22] for these Strichartz estimates. Notice that in the particular case
f# = 0, these estimates correspond to the ones for the wave equation, provided the
inhomogeneous Sobolev space norms are replaced by the homogeneous ones.

In the present paper, we mainly consider the Klein-Gordon equation (1.1) associated
with the operator Ly in (1.2), where V (r,y) = r2Vy(y) and Vy(y) € C>(Y) such that
Ap + Vo(y) + (n —2)%/4 is a strictly positive operator on L?(Y).

Before stating our main result, let us introduce some notations.

Definition 1.2. For0 < 6 < 1 we say that a couple (q,r) € [2,00]X[2,00) is admissible,
if (q,7) satisfies

2 n—14+40 n-—-1+0

. - < .
(1 4) q + r —_ 2 ) (q? r? n7 9) # (27 oo’ 3? O)

For s € R, we denote (q,7) € Ag g if (q,7) is admissible and satisfies

1 n+60 n+6
1. 4 —
( 5) q r 2

S.

Let vg > 0, we define
(1.6) Nsouy ={(q,7) € Nsp:1/r>1/2— (14 19)/n}.

Throughout this paper, pairs of conjugate indices will be written as r,r’, meaning
that%—k%:lwithlgrgoo.

r

Our main result is then the following.

Theorem 1.3. Assume that (X,g) is a metric cone of dimension n > 3. Let Ly =
Ay + V where 2V =: Vy(y) € C®(Y) such that Ap + Vo(y) + (n — 2)?/4 is a strictly
positive operator on L*(Y) and its smallest eigenvalue is I/g with vg > 0. Suppose
that u is the solution of the Cauchy problem (1.1) with m = 1 and initial data ug €

H*(X),uy € HSY(X) for s > 0 where H*(X) = (1+ Ly) 2 L*(X). For 0< 6,0 <1,
let the sets Asg and Agp,,, be given by Definition 1.2. Then

(i) if V =0, the Strichartz estimates
(1.7) lu(t, 2)l| Lo s xy) S Mol ooy + Nuallms—1x) + 1F | 1o .07 (x)

hold for all (q,7) € Asp, (§,7) € Ay__ 5,
(ii) if V # 0 and q > 2, the Strichartz estimates

(1.8) [[u(t, Z)||L§(R;L;(X)) S ol s (xy + [l rs—1x) + ||FHL5'(R;LF'(X))



4 J. BEN-ARTZI, F. CACCIAFESTA, A. S. DE SUZZONI, AND J. ZHANG

hold for all (q,7) € Agpu,, (G,T) € Ay 5., Moreover, if ¢ =2 and F = 0, the
Strichartz estimates
_atagto(r)
19 [(1+ Ag) 2wt 2) || 2w (x)
' Sluoll ntave 0 Hluall nwrre oo
H 2(n—1+0) O(X) H 2(n—1+0) 0 (X)

hold for all (2,7) € Ag g, where

1

n—3+6 1
a=al) =" >

= a0 = vy -

Qo Oé( )7 U(T) n (2(71 1+ 9) r

Remark 1.4. This is a generalization of Strichartz estimates for wave and Schrédinger
equations proved in [33, 34]. The admissible pairs in Ay match the wave ones when
0 = 0 and the Schridinger ones when 0 = 1.

Remark 1.5. The influence of vy on the range of the pair (q,r) is indeed nontrivial,
as we will see in Proposition 7.7.

Remark 1.6. In particular, in the endpoint case q = 2, if one replaces the inhomo-
geneous Sobolev norm with the homogeneous one, then (1.9) matches the Strichartz
estimate for wave equation in [5]. Nevertheless, the unpleasant issues in (1.9) are due
to commuting the free Laplacian A, with its counterpart Ly . Even in Euclidean space,
Strichartz estimates for Klein-Gordon [23] with an inverse-square potential are missing
at ¢ = 2.

Let us briefly comment on the strategy of the proofs. Due to the geometry, there
are two obstacles that might prevent us from obtaining dispersive estimates. The first
one arises from the possible presence of conjugate points (we say z, 2’ € X are conju-
gate points, if geodesic flows can have 1-parameter families of geodesics with the same
endpoints z, 2’) and the second from the inverse-square potential. Indeed, as the as-
sumptions on the metrics h on Y are very general, conjugate points might appear, so
the exponential map fails to be a global diffeomorphism which gives us information on
geodesics. The degeneracy of the exponential map will slow down the dispersive decay
estimate of the propagator, as illustrated in [19,20]. The inverse-square potential shows
the same homogenous degree as the Laplacian (or, in other words, is “scaling critical”).
Therefore, it is not possible to rely on standard perturbative arguments to obtain a
dispersive estimate for the half wave operator with norm O(|t — 7'|7an1) as [t —7| — oo
due to the influence of the negative inverse-square potential. As is well known indeed,
the analysis of dispersive estimates for scaling-critical potential perturbations of dis-
persive flows is quite delicate; for some details on this problem in Euclidean space, we
refer to [5,6] for wave and Schrédinger equations and to [23] for the Klein-Gordon equa-
tion. Fortunately, in [33,34], the authors have overcome these two issues and proved
Strichartz estimates for Schrédinger and wave equation in an analogous setting. There
are two key points needed to overcome the obstacles, which have been established in
these papers. One consists in micro-localizing the propagator in order to separate con-
jugate points: this can be achieved by studying the micro-localized spectral measure
associated to the operator A, (without potentials). The other one consists in establish-
ing a global-in-time local smoothing estimate, which is proved via a variable-separating
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argument: this tool allows us to deal with the perturbation provided by the inverse-
square potential.

Our strategy is then strongly inspired by [20,33-35], but some new ideas are needed
in order to deal with the difficulties arising from the Klein-Gordon equation. No-
tice indeed that the Klein-Gordon multiplier e*V 1+2% hehaves like the wave one for
high frequencies and like the Schrodinger one for low frequencies, and thus we have
to establish a dispersive estimate with norm O((1 + [t|)~™/?) at low frequencies and
O/ H140)/2(9=7 4 |¢|)~("=1+0)/2) at frequencies 27, (j > 0). Therefore we need to
combine the strategies of [20, 33-35] with Keel-Tao’s [22] abstract method to prove
global-in-time Strichartz estimates for the “free” Klein-Gordon equation, i.e. when the
potential term vanishes, and then combine it with a local smoothing estimate for Klein-
Gordon (for low and high frequencies respectively) in order to deal with the potential
term. We also stress the fact that the proof of Strichartz estimates at the endpoint

= 2 requires additional technical care, due to the lack of the Christ-Kiselev Lemma
and of the usual dispersive estimates, and the issues driven by the necessity of com-
muting the free Laplacian A, with Ly.

Furthermore, we point out that compared with the asymptotically conic manifold
considered in [20,35], the metric cone here is scaling invariant (and thus automatically
non-trapping) but singular at the cone tip. Finally we stress the fact that since our
setting does not preclude the existence of conjugate points, we cannot obtain the ex-
pression of the propagator as in [1,13].

This paper is organized as follows. In Section 2 we review and discuss the properties
of the micro-localized spectral measure associated to the operator A,. In Section 3, we
prove the dispersive estimates and the L?-estimates for the Klein-Gordon propagator
associated with A,. In Sections 4 and 5 we prove homogeneous and inhomogeneous
Strichartz estimates for the Klein-Gordon equation when the potential term vanishes.
In Section 6 we provide a local smoothing estimate for the Klein-Gordon equation, and
in Section 7 we eventually prove Theorem 1.3.

2. THE SPECTRAL MEASURE AND LITTLEWOOD-PALEY ESTIMATES

In this section, we recall the spectral measure of the operator A, and the Littlewood-
Paley square function estimates proved by the last author and Zheng in [33]. The
properties of the micro-localized spectral measure capture the decay and the oscillatory
behavior. These are key tools for showing the micro-localized dispersive estimates.

Proposition 2.1 (Proposition 3.1 [33]). Let (X, g) be metric cone manifold with dis-
tance d(-,-) and let Ay be the positive Laplace-Beltrami operator on X. Then there
exists a A-dependent operator partition of unity on L*(X)
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with N independent of A, such that for each 1 < k < N, we can write
(QeNE 5= (NQLN)(z: ) as

(21) )\nfl < Z eﬁ:i)\d(Z,z’)ai(A7 Z, Z/) + b()\, Z, Z/)>,
+
and for either k =0 or k' =0 with 0 < k, k' < N
(2.2) (QkWIE /z-(NQi(N)(z,2) = A"7le(), 2,2),
with estimates
(2:3) [0 ax(X, 2,2)| < Cad™ (14 Ad(2,2) "7,
(2.4) 03BN, 2, 2")| < CaxA™*(1 + Ad(z, N for any K > 0,
and
(2.5) ’8?0(/\,2,2’)‘ < Cox A%

This proposition is enough to show the validity of Strichartz estimates (1.7) and
(1.8), but not to treat the endpoint estimates (1.9): more precisely, in this latter case
we need a double endpoint inhomogeneous Strichartz estimate to deal with the potential
term. To this end, we classify the @ with £ > 1 in order to obtain more informations
about the micro-localized spectral measure (for example, the sign of phase function).
The same idea was used in [15,20,33]. For the sake of convenience, we restate these
properties.

Recall that the @ with & > 1 (constructed in [33, Proposition 3.1]) are micro-
localized away from the cone tip. By using [20, Lemma 8.2] (see also [15, Lemmas 5.3
and 5.4]), we can divide (k, k), 1 < k, k' < N into three classes

(26) {17 cee 7N}2 = Jnear U Jnot—out U Jnot—inC7
so that
o if (k, k') € Jhear, then Qk()\)dE\/A—ng/()\)* can be written as in (2.1), i.e.

At ( Z e g (N, 2, 2") + b, 2, z’)) ,
x

where a4 and b satisfy (2.4) and (2.5), respectively. That is, we have an estimate
analogous to the one in Proposition 2.1.

o if (k, k') € Jnon—inc, then Qx()) is not incoming-related to Qs (\) in the sense
that no point in the operator wavefront set (microlocal support) of Qg(\) is
related to a point in the operator wavefront set of Qs (\) by backward bichar-
acteristic flow;

o if (k,k") € Jnon—out, then Qx()\) is not outgoing-related to Qs (\) in the sense
that no point in the operator wavefront set of Q(\) is related to a point in the
operator wavefront set of Qx/(A) by forward bicharacteristic flow.

Therefore, as in [20, Lemma 8.3, Lemma 8.5], we have the property of the Schwartz
kernel of Qk()\)dE\/A—Qk/()\)* stated in [34, Lemma 4.1]. The essential key point is
g

that the phase function in the oscillatory expression of the Schwartz kernel of the
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above microlocalized spectral measure has an unchanged sign when (k, k') € Jhon—inc
or (k,k") € Jnon—out- More precisely, there exists a small constant ¢ > 0 such that
the phase function ® < —c if (k, k') € Jhon—out and ® > ¢ when (k, k') € Jnon—ine-
Let us illustrate the idea. If Qj is not outgoing-related to @y, since the other terms
in [34, Lemma 4.1] follow the same idea, we only consider

(2.7) QUNIE, /- (NQw (V)" = / M DAL )
R¢

where ®(z,2',v) < —c¢ < 0 and [(AI))%a| < C,. Here the parameter 0 < £ < n —1
is connected to degenerate rank of Jacobi field along geodesic connecting the points
z, 2 (which corresponds to the degenerate rank of the projection from the phase space
to the base). Following the previous result in [16,20] and references therein, one finds
that if £ = 0 (which occurs if there is no conjugate points in the geodesic), then the
expression (without integration) is similar to (2.1) in which the conjugate points are
separated. If £ > 0, the microlocalized propagator is

(28) / e’i(t—T)\/ l+)\2/ eiA(D(Z’Z/’U))\n_lJ’_%a()\, 2, Z/,’U)d’l)dA,
0 R¢

and this brings a difficulty to obtain the dispersive estimates at high frequency. If we
restrict to 7 > t, then the derivative of the phase function has a positive lower bound
due to the fact that ® and ¢ — 7 have the same sign. Hence, we can overcome these
difficulties by integration by parts to obtain a microlocalized dispersive estimates (see
Subsection 3.2).

For our purpose, we need the Littlewood-Paley square function estimates associated
to the operator A,. Let ¢ € CX(R \ {0}) take values in [0,1] and be compactly
supported in [1/2,2] such that

(2.9) 1= "027X), @)=Y @27)), A>0.

JEZ J<0

Proposition 2.2 ( [34] Proposition 2.6). Let (X,g) be a metric cone of dimension
n >3 and let Ay be the positive Laplace-Beltrami operator on X. Then for 1 < p < oo,
there exist constants c, and Cp depending on p such that

(2.10) cpll flle(x) < H(Z |<P(27j\/Aig)f’2)%HLp(X) < Cpllfllerx)

JEL
and
: 1
(2.11) cpll fllr2(x) < H(Z (277 /Ay fI?)? HLp,2(X) < Cpllfllzr2(x)
JEL

where with LP2(X) we are denoting the standard Lorentz spaces on X .

3. MICROLOCALIZED DISPERSIVE ESTIMATES AND L2-ESTIMATES

In this section, we prove dispersive and L?-estimates for the Klein-Gordon propagator
associated to A,4. Since at this stage the potential term V' = Vo(y)r~2 is not taken into
account, the main difficulties arise from the existence of conjugate points: we will make
use of microlocal techniques to separate them and establish dispersive estimates.
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3.1. Microlocalized propagator and L?-estimates. We first define the microlocal-
ized Klein-Gordon propagator. Denote U(t) = V129 For any o > 0, we define

U(t) =™V (14 Ay)75.
In the following pages we will especially focus on the cases 0 =0, 0 = 1/2 and 0 = 1.
Let o € C2°([1/2,2]) as in (2.9), and define
oTT. _ > AVAES Y —j —c .
(3.1) U0 = [ VIR NN B 5 (), €T

where we are using the standard notation for the bracket (\) = (1 4+ A\?)Y/2. Using the
Qr(A) defined in Proposition 2.1, we further define

32) U0 = [ VTN QUAE, (V). €20 < k<N,
0 g

and
33 Uees® =3 Uil = [ TN T QUAME, 5 (),
J<0

where ¢o(A) = >, ©(277)). The above definitions of the operator are well-posed:
indeed, we have

Proposition 3.1 (L%-estimates). For all 0 < k < N, there exists a constant C inde-
pendent of t, j, k such that

(3.4) 19U k()22 < C, 5 <0,
and
(3.5) 17U ()| 2502 < C2779, j>0.

Proof. The proof essentially follows the argument in [20] in which Hassell and the last
author considered the case of asymptotically conic manifolds. We outline the proof for
convenience.

We first show that the above definition of the operator is well-posed. To this end,
it suffices to show that the integrals in the definitions above are well-defined over
any compact dyadic interval in (0,400). Let A(\) = VM (279N (A ~7Qr(N).
Then A()) is compactly supported in [a,b] with a = 2/~! and b = 2/*! and is C! in
A € (0,+00). Integrating by parts, the integral

b
| ANE /50
becomes
b d
(3.6) E\/A—g(b)A(b) —E\/A—g(a)A(a) —/ aA()\)E\/A—g()\) dA.

From the construction of the pseudo-differential operator Qx () in [33] and [20, Corol-
lary 3.3], we can show that Q(\) and each operator A\d\Qx()\) is bounded on L?(X)
uniformly in A\. This implies that the integrals are well-defined over any dyadic compact
interval in (0, 400), hence the operators Uj ;(t) are well-defined.
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Next we show that these operators are bounded on L2. We have by [20, Lemma 5.3],

Ut Uyl = / so(%)so@x ) QUNAE, /5 (k)"

—20 *
(37) — - [ 5 (P53 ™) B (NQu(N) A
- [e() (3)<A>-%Q (B, 5 () - Qu(A)
IASTIARSY VA T
We first note that this is independent of ¢. We also recall that Qx(\) and AO\Qr (M)
are bounded on L?(X) uniformly in A. On the other hand, the integrand is a bounded
operator on L2, with an operator bound of the form CA~!1(\)~2% where C is uniform
in \. and, by the support properties of ¢, we have that the L?-operator norm of the
integral is therefore uniformly bounded by (1 + 2%)~7, as we are integrating over a
dyadic interval in A. This proves Proposition 3.1. O

As a direct consequence, we have the following result:

Proposition 3.2 (L%-estimates for low energy). Let “Uloy i (t) be defined in (3.3).
Then there ezists a constant C' independent of t, z, 2" such that || Ulow 1 (t)|| 1212 < C
for all 0 <k <N and o > 0.

Proof. Let f € L?, by using the Littlewood-Paley theory in Proposition 2.2 , we have

1 Viow k(0 £1172 =D 027/ Ag) “Utow i (8) £13

LE

= Z H Ulowk \/ é\/ Ag)fH%Q
LET

YD U2 VA FlI72 < 1172
teZ 3<0

where we choose ¢ € C2°([1/4,4]) such that ¢ = ¢y and

"Ujen(t) = /0 VIR (9 ) (20 ()T Qr(NVE W

Ag
)

which vanishes when |j — ¢| > 5 and satisfies (3.4). Therefore, by (3.4), we obtain
2
170w fl72 <D | D I7T5en®)@2 /Bg) fll 2
ez \|j—t|<5
<> e VA Iz < 1172
LeZ
This completes the proof of Proposition 3.2. O

3.2. Microlocalized dispersive estimates. In this subsection, we prove the disper-
sive estimates for the microlocalized propagators “U, j(t)° U, j(7)* with suitable pairs
(k,k"). The restriction on the pairs is necessary because of the existence of conjugate
points. To this end, we divide the proof of the dispersive estimates into two cases:
low frequencies and high frequencies. We stress the fact that this approach seems
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to be quite natural as indeed the dispersion of the Klein-Gordon equation resembles
Schrédinger for low frequencies and the wave equation for high frequencies.

3.2.1. Low frequency estimates. First, we prove the microlocalized dispersive estimates
for the low energy part.

Proposition 3.3 (Low energy estimates). Let “Ulow 1(t) be defined as in (3.3). Then
there exists a constant C independent of t,7,2,2', for all 0 < k,k¥' < N and o > 0,
such that the dispersive estimate

(38) HUUlow,k(t)(oUlow,k’ (T))*HLI*)LOO < C(l + ‘t - T|)_%;
holds if one of the following conditions holds:

o (k,k') € Jnear or (k, k') = (0,k'), (k,0) and t # 7;

o (kK" € Jnon—out and t < 7;

o (kK" € Jnon—inc and t > T.

Remark 3.4. As expected, the decay rate in the above dispersive estimates (3.8) is
O((1 + |t — 7|)~™2) which is same as the Schrédinger decay rate. The result is inde-
pendent of the index o since we cannot gain anything from the factor (\)=27 at low
enerqy.

Remark 3.5. The last two cases are only needed to prove the endpoint Strichartz
estimates (1.9).

Proof. In the case of the first condition we use a stationary phase argument together
with Proposition 2.1 to prove (3.8). The proof when each of the last two conditions are
satisfied relies on [34, Lemma 4.1] instead.

We first consider the second and third cases, where [34, Lemma 4.1] is used. Fur-
thermore, we only prove (3.8) in the second case, since the third case follows from an
analogous argument. Recalling that g is given in (2.9), we set ¢9 = ¢3. Under the
assumption that @ is not outgoing-related to Qi and 7 > t, we need to show

| /0 VIR G (QUNE, /5 (NQi (V) (2,

<C(1+ |t —7) 72,

(3.9)

where xo()\) = (\)27¢o()\) satisfies the same property of (g since 0 < X < 2.

If t — 7 > —1, then one has |t — 7| < 1 since t < 7. Since g is compactly supported
in [0,2], the estimate (3.9) follows from the uniform boundedness of [34, Lemma 4.1,
(4.4)-(4.6)]. Thus it suffices to consider the case t — 7 < —1. As in (2.9), we choose
@ € C2°([3,2]) to be such that 3, 3(27™ (7 — t)A) = 1, and define

Po((T =) = DY (T =t)A), Gm((T = 1)X) = 27"(T — )A).

m<0

Then it suffices to show
| [ )l = DN (@UONE, 5 (D@ )

<O+t =)

(3.10)
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and
S| [ VI )~ O (QNIE 5 NQ (W) )
(3.11) m>1

< CA+|t—7))"™2
By using the expression of spectral measure [34, Lemma 4.1, (4.4)-(4.6)], for any 0 <
¢ <n—1 (we are replacing k in [34] by ¢ to avoid confusion), we obtain

(3.12) LHS of (3.10) < / AT Sy () @o((1 — N < CJt — 7|7
0

which implies (3.10) since [t — 7| > 1.

Next we prove (3.11). For each ¢ > 1, we only consider [34, Lemma 4.1, (4.6)] for
simplicity, which is represented here in (2.7) and (2.8), since the other two cases follow
from a similar argument. Set A = (7 — t)\. By usmg scaling and (2.7), we obtain

AP (2,2 ,v)
LHS of (3.11) = (7 — t)~ / / =S PUSES
R¢
(3.13) _ 5
X XO(T N )@m()‘)a(mv Y, y/7 g, ’U) dv d)‘a
where ®(z,2/,v) < —¢ < 0 and |(Ad))¥a| < C,. Define the operator
L=—5 : 22 ;j\
0 e

Then by using 7 —¢ > 1 and ¢ < —¢, we can use the induction argument to prove the
facts |(A05)Y (xopma)| < Cn and

0\N - 2 -1
(5) <(7'_t)+ (T—t)2+5\2>

>
|

Thus we gain a factor A1~ 27 yig integration by parts each time. Hence for 7—¢ > 1
and 0 </ <n—1, we have

_L
2

LHS of (3.11) < (7 — )" / An=1H5N g3 < (7 — g)mg-mN-n—5).
A~2m

Choosing N large enough, we obtain (3.11) by summing over m > 1, and thus we
obtain (3.8) when the second condition holds.

We now prove (3.8) when the first condition holds. Due to (2.6), the spectral measure
Qr(N\)dE \/A—Qk/()\)* satisfies the conclusions of Proposition 2.1 when either (k, k') €
g

Jnear, kK =0 or k' = 0. Estimate (3.8) then follows from Lemma 3.6. O

Lemma 3.6 (Microlocalized dispersive estimates for low frequencies). Assume (k, k') €
{0,1,...,N}? such that Qk()\)dE\/A»Qk/()\)* has a bound of the form appearing in
g

(2.1). Then there exists a constant C' independent of points z,z' € X. such that

CATINE /0 T I ) (QeNAE, 5 (NQEN) (2,2)] < €1+ 1)
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where xo(A) = p3(A)(N) 727 and ¢y € C2°(]0,2]) is as in (2.9).

Proof. By definition, we have that yo € C2°([0,2]) and satisfies |(Adx)“x0(A)| < Cy for
all £ > 0. From Proposition 2.1, we need to consider

/00 eithO()\) (Qk()\)dE\/Eg()‘)QZ’()‘))(Zv %

0
(315) — Z/ eit\/ 1+)\2e:l:i)\d(z,z/))\nflx()()\)a:t()\7 2, Z/)d)\
+ J0

- / VIHN A= (VBN 2, 2')dA
0
for either (k, k") = (k,0) or (k, k") = (0,k'),

/ "I ) (QeNIE, 5 (NQE ) (2,7
(3.16)

:/ eVIEN A=y (N)e(N, 2, 2)dA.
0

where a4, b and ¢ are from Proposition 2.1.

If || < 1, then (3.14) directly follows from the compact support of xo and the
boundednesses of a+,b and ¢ in Proposition 2.1. Therefore from now on, by symmetry
in time, it will be enough to consider the case ¢ > 1.

Since (3.16) can be treated by following the argument of (3.15) with the term b,
we only consider (3.15). First we estimate (3.15) when t > 1. Set r = d(z,2') and
7 = r/v/t. By scaling, it is enough to estimate

| e TR ) (QuAME, 5 (@ () )

0
(3.17) — 2 Z/ GVERDE A =Ly 1230712
+ Y0

+/ eVIFN A=y (BN, 2, 2')dA,
0

where a4 satisfies (2.3), hence

_n—1

(3.18) 8§(ai(t_1/2)\,z,z’))‘ < A1+ M)

First, we estimate the second term on the RHS of (3.17). Recalling (2.4), we obtain

9
oA
Let § be a small constant to be chosen later and recall ¢ and ¢y defined in (2.9). Then

(3.19) ‘( YVb(M, 2,2)| < CyA™N VN eN.

s 20
’ / ity 1J”\Q)\"*lb(/\,z,Z’)Xo()\)cpo(%)d)\’ < C/ AN < o™,
0 0
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By (3.19), we use integration by parts N times to obtain

‘/Oooe“VHVXO(A)Z@( Ay \Tp(a, z, 2 dA‘

s
1+X2 0 VITAZ A
< #VI+A A A" Lh(N dX
SO ) T el )
2mtls n
<Cnlt N / AN < Oyt Ve 2N, N > —.
m>172""10 2
Choosing § = \t\fi, we have thus proved
(3.20) ‘ / eVIEN TN TIB(N, 2, 2/)dA| < Cnt| 2
0

Next we consider the first term on the RHS of (3.17). As above, by using ¢ and ¢y
as defined in (2.9), we split it into two parts. It suffices to prove that there exists a
constant C independent of 7 and ¢ such that

+ :‘/ eivt2+t)\2€j:i1:/\An_1X()(t_l/2A)a:|:(t_l/2)\,Z,Z/)@O(A)d)\‘ S C’

_’ Z/ z\/m :I:zr)\)\n 1 (_1/2)\)ai(t 1/2)\ z, Z) (2%)60\’ < C.

m>1

The estimate for I+ is relatively straightforward by using the fact that the support of
o is restricted to A < 2 and by using (3.18). For IIT, we use N-times integration by
parts to gain A2V,

Indeed, we first note

IWVE2HENZHiFA F\N [ iVE2HEAZ 40T A + 1 tA -10
e = (L e , LT = + .
S ) (\/t2+t)\2 i) X

On the support of xo, it gives 0 < A < 2v/t. Then for £ > 0 and ¢ > 1, the induction
argument follows

tA = 1-

By using (3.18) and (3.21), we obtain
mrsy / AN gy < C
m>1 A2

Now we treat 11~. We first write I~ = II; +11, , where (dropping the — superscripts
from here on)

_‘ Z/ z\/t2+t)\ —zr>\>\n 1 (t_1/2)\) (—1/2/\ P Z) (2>T\n)(p0(8f)‘)

m>1

1T, :‘ / VIR TN (712N )a(t 2N 2, 2) (1= (V) (1 — @0(8f)\))d/\‘.
0
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Let ®(\,7) = vVt +t A2 — 7A. We first consider IT;. The integrand in I1; vanishes
when 7 > 1/8 due to the supports of ¢ and g (which implies A < (87)~! and A > 1).

Thus 1 < A < 2v/t and 7 < 1/8, therefore |0\®| = \/t;iW — 7> %)\ r 1(1]0)\ As

n (3.21), on the support of xog(\/v/1), for £ > 0 and t > 1, we also use the induction
argument to obtain

tA =1 tA N—1.,_ 1
e v i B

Define the operator L = L(\,7) = (\/ﬁtiit/\2 — 7#)719). By using (3.18) and integration

3.22) & [(

by parts again, we obtain

S N _ A _
IIl<Z‘/ LN (e N )[/\ Lo\ )a(t 1/2)\,z,z’)ap(Q—m)wg(Sr)\)}d/\’

m>1

<Cy Y / APTI=2N g < O

m>1 An2m

Finally we estimate 5. Based on the size of 0)\®, we make a further decomposition of
Il

I, S‘/ ei\/t2+t/\2efif)\Anflx()(t71/2)\)a(t71/2)\’Z’Z/)
0

£ ) )
(1= woN) ol g = DL = %0(87Y) ax
+ Z ‘/ z\/m e A \n—1 (t_1/2)\) ( _1/2)\ . Z)
m>1
0 g
(1= o) (L) (1 = po(87N)) d)\‘

=11y + 113

Due to the compact support of the second g factor in I I21, one has

(3.23) |———— — 7| < L.

\/t2 + t)\2
If # < 10, from A < 2/t again, we must have A < 100 otherwise the integrand of
I1} vanishes. Then we see that I3 is uniformly bounded. If # > 10, from (3.23) and
A < 2V/t, we have 7 ~ . Hence, by letting N = A\/v/1+ A2 and using (3.18) with
a = 0, it follows that

11} g/ AL 4 FA) T dA
{,\<2\/E:|\/t2tiwfﬂg1}
<OVt / dX

{>\<21\\/ﬁ—%|§1/\ﬁ}

< C\/Z/ ) (1+ 222N < C.
A<V = T|<1/vE}
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Now we consider I I22 . We estimate

12 < Z ‘/0 LN(ei(\/m—F/\)) [Xo(t—l/Z)\))\n—la(t—l/Q)\’Z’z/)

m>1

(1- wo(A))w(Q_m(\/ﬂtiW — 7)) (1 - goo(SfA))} dA).
Let . ]
) = Aol 2, ) (1= o) (R (1 o(87)),

then on the support of b with A > 1/2, we use (3.18) to obtain
08D < Co AL (1 +7A)~ (172,
Hence from the first inequality of (3.22), we obtain
(LN (V)] < On27™ VAP (1 4 7A) = (/2
Therefore we use integration by parts to obtain
m<cy Y QmN/ AL 4 70T dA
m>1 {)\<2\/f,|\/t2tiw—ﬂ~2m}

If 7 < 2m*L gsince \\/ﬁti‘w — 7| ~ 2™ then A < 2™*+2. One has

113 < Cy Y 27mNalm2n < ¢

m>1

If # > 2™*! we have \ ~ 7, thus we choose N large enough such that

IT3 < Cyt'/2 Y " 27N /

A< Cy Y 27mNom < C

m>1 {,\<2:|7\/1*+T7%\~%} me1
which concludes the proof of Lemma 3.6. O

3.2.2. High frequency estimates. We now prove the microlocalized dispersive estimates
for the high energy part.

Proposition 3.7 (High energy estimates). Let “U; (t) be defined as in (3.2). Then
there exists a constant C independent of t,z,2’ for all j > 0,0 < k,k' < N and
0 <6 <1 such that the dispersive estimate

(324)  [|7Ujk(t)"Ujp (7
holds in each of the following cases:
o (k,K) € Juear or (k) = (0,K'), (k,0) and t # 7;

o (k,k') € Jnon—out and t < 7;
o (k,k') € Jnon—inc and T < t.

))*HLlﬁLoo < C2j[(n+1+9)/2—20ﬂ(2—j + ‘t - 7_|)—(n—1+0)/2

Remark 3.8. The dispersive inequalities (3.24) in the last two cases are only needed to
prove the double-endpoint inhomogeneous Strichartz estimate (and thus the endpoint);
see Section 5.
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Proof. The proof is similar to the proof of Proposition 3.3, but we need some modifi-
cations.

We first consider (3.24) in the second and third cases. We only prove (3.24) in the
third case (when (k, k") € Jnon—inec and 7 < t) as the argument to prove (3.24) in the
second case is analogous. By [20, Lemma 5.3], “U; 1 (t)(°U; v (7))* is given by

325) [ VRGN (QUAE, N W) ), 6=,

0

Then, under the assumption that Q) is not incoming-related to Qy, and 7 < ¢, we
need to show that for 7 >0

[ ) )2 (@uONE, 5 (D@L (W) )
< Czj[(n+1+9)/2f2o](2fj + |t i T’)f(n*1+9)/2‘

(3.26)

For the sake of simplicity, from [34, Lemma 4.1, (4.4)-(4.6)], we only consider
/ €i(t_7—)\/1+)‘2¢(2_jk)<)\>_20/ €iA¢(z7zl7U))\n_1+%a(A,Z,Zl,’U)d’l)d)\
0 R¢

where ®(z,2',v) > ¢ > 0 (due to the fact that Q) is not incoming-related to Q),
0 <{¢<n-—1andais asmooth function such that \(/\6,\) al < C’ (due to the fact

that a is compactly supported in v). Let ®(t,7;)) = 2 — + \/72 and define the
operator

e e (e A))*l s

then LN (¢i(t-TVITAZHiIAR(z,2"0)) — (ilt=T)VIFAZHAR(2.2'v)  Tet [* be its adjoint opera-
tor; integrating by parts yields

) / ei(t—T)\/ 1+)\2¢(2—j)\)<)\>—20 / ei)\cb(z,z’,v))\n—1+§a()\’ 2, 2/7 v)dvd)\
0 R¢

g/RZ /OOO‘(L*)N (67NN A a (), 2, 2, 0)) ‘d)\dv.

Next, we claim that for any function b(\) which satisfies |0b(\)| <A™~ (where a > 0)
it holds that for any N > 0 and t > 7, we have

(3.27) (LYYW < ON Nt —71)+¢ N, A>1,e>0.

Indeed, we use the expression for i)(t, 7; ), an induction argument and the Leibniz rule
to obtain:

()b |<0mNZ Tt

The expression (3.27) follows due to t — 7 > 0, (I>(z, Z,v)>e¢>0and A > 1.
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Now, since a is compactly supported in v, t — 7 > 0 and ®(z,2’,v) > ¢ > 0, we can
apply (3.27) to obtain

R 0 Y Z7 9
2j+1

Slt—7)+ ™ / A g 20N g\

2i-1

PO (7 o))

which implies (3.26) by choosing N large enough.

Finally, the proof of (3.24) when the first condition holds follows from Lemma 3.9
below. O

Lemma 3.9 (Microlocalized dispersive estimates for high frequencies). Suppose (k, k') €
{0,1,..., N}? such that Qk()\)dE\/A—ri()\)* satisfies the conclusions of Proposition 2.1.
g

Then for all integers 7 > 0 and for all 0 < 0 < 1, there exists a constant C independent
of j and points z,2" € X such that

3.98) | /Ooo VRGN (N (QuNVIE /5 (NQE (V) (2 2)]

< 0il(n+1+6)/2-20] (2—]‘ n ‘t‘)f(n71+9)/2

(

where ¢ € C°([3,2]).
Proof. Let h =277 < 1. From Proposition 2.1, we see
QNI (@) < o,

which directly implies (3.28) if |¢| < h. From now on, we assume [t| > h = 277. By the
scaling, this is a directly consequence of

| [ e R G) (0/1)2 (QuE 5 Qi) )
0

< CR2Z=(=D (¢ /R) ™ T (1 + hlt])"Y/2.

(3.29)

Indeed if we could prove (3.29), then for 0 < 6 < 1, we have

)/ eitmqﬁ(?_j)\)<)\)_2”(Qk()\)dE\/Eg()‘)QZ’()‘))(Z’ z’)‘
0
< @2iltm1)/2=20])y =(n=1)/2 (1 4 2_j|t|)_1/2

< C2j[(n+1+9)/2720](27j + ‘t‘)f(nfl+0)/2(2*j‘t‘)g (1 + 2*j‘t‘)*1/2
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which implies (3.28). Now we prove (3.29). Let r = d(z, 2’), by using Proposition 2.1,
we write

‘ /oo eich2+)\2/h¢(A)<)\>720 (deE\/A»gQZ/)()\/hq 2, Z/)d)\
0

(330) =) / IR () 1) 2 () s (AR, 2, 2 )
:t 0

i / VI (A/R)" N B) 27 b(A /B, 2, 2 ) A
0
where a4+ satisfies

|0Rax (N, 2,2')] < CaA™ (1 + Ad(z, )T
and therefore
(3.31) 3§(ai(h‘1A,z,zf))’ < CA-o(1 4+ h-xr) -

We first use (2.4) to obtain
gany |G OO A2, )
< Cy(A/R)" 172NN YN eN.

Let § be a small constant to be chosen later. Recall that ¢ € C2°([3,2]) and ¢o(\) =
> m<o®(27"A) asin (2.9). Since ¢ = ©?, then supp(¢) C [1/2,2], thus (\/h) =27 < h2°
when A is on the support of ¢. Then by using (3.32), we have

’/OOOeit\/m/h¢()\)()\/h)"_1()\/h>_201)()\/h,Z,Z/)Wo(g\)d)“

0
< Ch2"/ (A/h)"Lax < Ch2o (s /h)".
0
We use (2.4) and N-times integration by parts to obtain

| /0 RS (6B BB, 2, )
m>1

© WITEN 0
SZ‘/O( M OA

m)N(eiWh“V/h)w(i)gb(x)(x/h)"—l<A/h>—20b(x/h, 2,2 )dA

2m§
m>1

2m+15
< CN(|t|/h)_Nh2U_(n_1) Z / ALI2N gy < CN(|t|/h)_Nh20_(n_1)5"_2N_
2

m>1 m—1§

Choosing § = (|t|/h)7% and noting |t| > h, thus we have proved

\/ VIR b () (/)b B, 7, )
0

< Ch* Y (h|t))™5 < Ch2 (h|t)) =5 (b Y)t) "2
< Ch> (t|h)~"2 (1 + hJt) V2.

which implies (3.29).
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Next we consider the terms with a4 in (3.30). Without loss of generality, we consider
t>h. Let DL (\ h,r,t) = Vh? + N2+ ?, it suffices to show that there exists a constant
C independent of r,t and h such that

(3.33) |1y (8,7 < CR*(t]/h)

_n—1
2

(1+ hft) =/
where

GEt,r) = / e PEARTD GONA T N B 27 as (A, 2,2 )d).
0

If r < t/4 or r > 2t, a simple computation gives
A
Vh? 4 X2
Now, let L = (%6,\@)*1@\ and let L* be its adjoint operator. Suppose that b(\)
satisfies [05b(A)| < A~ (where o > 0). Then we claim that for any N >0

|6)\q):t()‘7 hv T, t)| =

+ 7
t

> 1/4.

N j
(3.34) (LN < CATN Y %
=0 |7 0x 2

Indeed, as in the proof of (3.27), this is a consequence of the Leibniz rule and an
induction argument. Returning to I }jf, an integration by parts argument combined
with (3.34), for r < % or r > 2¢, leads to

L (t, )] < CRP(Jt]/h)~N, VN >0
which implies (3.33) since ¢ > h and h < 1. Therefore we only consider the case ¢t ~ .

To consider I, (t,r), we first note that

>1/2.

or ()] = :

A
__ _l’_
NEEwe
By using the same stationary phase argument as above, we also obtain
I ()| < CR*(Jt]/h)~N, VN >0,

which implies (3.33) since £ > h and h < 1. To estimate I, (,r), we need the following
Van der Corput lemma, see [30, Proposition 2, Page 332].

Lemma (Van der Corput). Let ¢ be real-valued and smooth in (a,b), and that |¢* (z)| >
1 for all z € (a,b). Then

b
/ eim(x)w(az)d:ﬂ

a

(3.35) < oAk (|¢(b)\ + /: |¢’(ﬂf)!dﬂf>

holds when (i) k > 2 or (ii) k = 1 and ¢'(x) is monotonic. Here ¢y is a constant
depending only on k.

For h <1 and X ~ 1, one can check that

h? h?
RE_(N b1 t)| = || > —.
-0l = | | = g
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By using the Van der Corput Lemma with A = th and r ~ t, we show

d

(el < GO [ |5 N 2 (3, )|

2
< Ch2“(|t|h)_1/2/ N2(1 4 r/B) T
1/2

< Ch2 ([t|h) " 2(t|/n) "

On the other hand, since ¢ ~ r, a rough estimate gives

[ee]
(3.36) |1, (8,7)] < / SOONTHA/RY T2 (14 A /h) = DRAN < OR¥ (Jt] /h) T E
0
Thus we have proved
(15 (£, )] < W27 min{1, ([t]h) =2} (e /h) =77
which implies (3.33). O

4. STRICHARTZ ESTIMATES FOR THE FREE FLOW

In this section, we prove the Strichartz estimates (1.7) in Theorem 1.3 when V' = 0.

4.1. Abstract Strichartz estimates. To obtain the Strichartz estimates, we need
a variant of Keel-Tao’s abstract Strichartz estimates. We thus start by recalling the
“abstract” Strichartz estimates in the Lorentz space L2

Proposition 4.1. Let (X, M, 1) be a finite measure space and U : R — B(L*(X, M, p))
be a weakly measurable map satisfying, for some constants C, a,v > 0 and B,h > 0,

IU@) |12z < ChY, tER,

(4.1) . oy _s
[U@U(T)* fllee < CRTTR™(h + [t = 7|) 7| fll 1
Then for every pair q,r € [1,00] such that (q,r,5) # (2,00,1) and
1
- + é S év q Z 27
q T 2

there exists a constant C depending only on C, 3, ¢ and r such that

(42) ([ 10wl i)™ < CA®luoll

where A(h) = h~@+) R AR

Proof. When ~ = 0, this was proved in [34, Proposition 4.2] by following Keel-Tao’s [22]
well known result. The same argument works also for v > 0, the only difference being
in the interpolation constant. We also refer to [36, Theorem 10.7]. O
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4.2. Homogeneous Strichartz estimates. In this subsection, we prove the homo-
geneous Strichartz estimates in (1.7), i.e. with F' = 0. Before doing this, we prove the
following two propositions.

Proposition 4.2. Let “Uloy x(t) be defined in (3.3) and let f € L. Then there exists
a constant C' such that

(43) 17 Vim0 FlL 220y < Cll i
where the pair (q,r) € [2,00]? satisfies
(4.4) 2/¢<n(l/2-1/r), n>3.

Proof. By using Proposition 3.2 and (3.3) in Proposition 3.3, we verify the estimates
(4.1) for “Ulow,k(t), where « =y =0, B =n/2 and h = 1. Therefore we apply (4.2) of
Proposition 4.1 to obtain (4.3). O

Proposition 4.3. Let “U,x(t) be defined in (3.2) and let f € L?. Then for j > 0,
there exists a constant C such that

(4.5) 170300 s 22y < CFE Nl
where the pair (q,7) € [2,00]? satisfies (q,7) € Asg with s >0 and 0 < 6 < 1.

Proof. By using (3.5) in Proposition 3.1 and (3.7) in Proposition 3.7, we have the
estimates (4.1) for U;x(t), where « = (n+1+0)/2, 3 = (n—1+0)/2, v = 0 and

h =279, Then, for s = (n +0)(3 — 1) — %, it follows from Proposition 4.1 that

< giln+0)(3-1)-1 -0

1T (8) £l 3 e () NAl2 0

which proves (4.5). O

We are now ready to prove the homogeneous estimates in (1.7). Without losing in
generality, we assume u; = 0. Recall that if u solves (1.1) and U(t) = ¢*V1T29  then
U(t)+U(—t
(4.6) u(t) = <)+2()U0

We only estimate ||U(t)uo||ra(r;zr(x)) since the other term follows from the same argu-
ment. To this end, we first write

N N N
Ut) =D Uin(t) = Uiowr(t) + > D> Ujn(t),
k=0

k=0 jEZ k=0 j>1

where Uj 1,(t) and Uloy 1 (t) are defined in (3.2) and (3.3) with o = 0 respectively. Hence
we can write

N N
U(t)u() = Z Ulow,k(t)u() + Z Z Ujk(t)’llo.
k=0

k=0 j>1
Due to the finiteness of N, it suffices to show

(4.7) | Utow ktiol| ar:nr2(x)) < Clluoll2(xy,  2/q¢ <n(1/2—1/r),
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and for 2/¢ < (n—140)(1/2—1/r)and 0 <0 <1,
1 1 1
(4.8) H j;lUj,k(t)UOHLg(R:LT,z(X)) N HUOHHS(X)7 s=(n+ 9)(5 - ;) - a

The low energy estimate (4.7) directly follows from (4.3). For the high energy part,
since ¢, > 2, we use the square-function estimates (2.10) and Minkowski’s inequality
to obtain

(49) | X Uskuollzg sy S 221D Uine@ VB ol Lagepracy

j>1 (e j>0

In addition, we observe that
Un(0f = [ TR o2 NG INQUNE, 5 (VS
= [ R 2N QuUNE, 5 (VB V)

where ¢ € CF° ([4, ]) takes values in [0, 1] and is such that gy = . Due to the fact

that $(277 /A —£/A,)up vanishes if |¢ — j| > 5, we need to estimate
Z | Z Uj,k(t)SO(Q_Ev Ag)UOH%q(R;LTﬁ(X))
ez >0
2
:Z( Z 1U;(t) e\/ UOHLq R;L™2(X ) .
(€T |0—j|<5

By Proposition 4.3 with ¢ = 0, we have
1Uj x [\/ UOHLQ(RLT? (X))

<2j[(n+0)( 77777 ]||<P 27 /A )uoll 2 (x)

Therefore, for s = (n+6)(3 — 1) — % we obtain

H Z:o Uj,k(t)UOHig(R:Lm(X))
JZ

n+6)(5—=)—=
< Y0 PG /A Yol ey S ol -

|J <5

(4.10)

This gives (4.8). Therefore we obtain the Strichartz estimates with uy = F =0
1wl Larsr2(x)) < Clluollms(x)-
4.3. Inhomogeneous Strichartz estimates. We now turn to the inhomogeneous

Strichartz estimates in (1.7), which we prove via the T7T*-method and Christ-Kiselev

lemma in [12]. Recall that U(t) = V29 . [2 5 [2; we have already proved that
the inequality

1U@)uoll pap72 < lluollas
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holds for all (g, r,s) satisfying (1.4) and (1.5). For s > 0 and (q,r) € A,y satisfying
(1.4) and (1.5), we define the operator Ty by

(4.11) T, L2 — LILT2, [ (14 Ay) 5etVIF80y

By duality, for (q,7) € A;__ 5, we have

(4.12) LIPS L2 F(r ) e / (14 A,) T e VI F(r)dr

Therefore we obtain -
‘L@CKQUWTNL+AQ§FUﬁh’

By the Christ-Kiselev Lemma, if ¢ > ¢’, we thus obtain

H/ sin (t — 1) 1—|—A
1 + A
On the other hand, we have the following

o= DT Fll g e S NP g o
tHz

(4.13) (T)df‘ )

q 2,2 S ||FHL§/LT/2
Lemma 4.4. If (q,7) € Asp and (¢,7) € A;__ 5 with 0 < 0,0 <1, then q > q.

Proof. By the definition of the set A, g, if (¢,7) € Asp and (¢,7) € A,_ 5, we have
1 1

l=s=(+i)G-P-z <m+riG-3)
s=(+0(G-1) =2 <TG
then we have
1,2(n+0) ~ 1 1. 1_1,2(n+80)
q(m 1)>I_S:(n+0)(5_?)_5Zé(n—1+9_1)

which implies

-t ) e (),
q n—1+6 q n—1+6
hence
RS 2,2 > 0.
¢ q Gn—-1+06) (n—1420)

0

Hence we have proved all inhomogeneous Strichartz estimates for (¢,r) € Agy and
(q,7) € A;_, 5 with 0 < 6,0 < 1. Therefore, we conclude that:

Proposition 4.5. Let s >0, (q,7) € Asg and (¢,7) € Ay__ 5 with 0 < 0,0 <1 and let
u be the solution to

(4.14) u+Agut+u=TF, u(0)=ug, du(0)=u,
the following Strichartz estimates hold:

(4.15)  lut, 2) || La;zr2(x)) < C (HUOHHS(X) + [Jua | rs—1(x) + HFHLli’(]R;LT"'?(X))) :
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Remark 4.6. This result concludes the full set of global-in-time Strichartz inequalities
when V = 0. Hence, by the embedding inequality for Lorentz spaces, we obtain (1.7).

Remark 4.7. The Sobolev norm in (4.15) is equivalent to the Sobolev norm in (1.8)
and (1.9) when 0 < s <1 due to the argument of [0, Proposition 1.3, Corollary 1.4].

5. INHOMOGENEOUS STRICHARTZ ESTIMATES WITH ¢ = § = 2

To prove the Strichartz estimates on the board line ¢ = 2 (i.e. (1.9)), we need the
double endpoint inhomogeneous Strichartz estimates, that is, (4.15) with ¢ = § = 2.
However, the above argument breaks down here due to the failure of the Christ-Kiselev
lemma. We follow the argument in Keel-Tao [22] to overcome this obstacle; notice
that here we need to face the additional difficulty due to the the lack of the usual
dispersive estimates, that are known to fail in presence of conjugate points in the space,
for example, see [19]. Nevertheless, we can overcome this by following the argument
in [20].

Proposition 5.1. Let 0 < 0,0 < 1, and let r = 2(7::_31:90), T = 2(:__31:;), the following

inhomogeneous Strichartz inequalities hold
ata 1 t - 1 + A
(5.1) ‘M14_Agy-éit/ sin ((t —7)4/ g)F%ﬂdT
Tt m
1 1

5.2 I S S
(5:2) CThCire YT a1+

L2L72 ~ HF||L2L§/’2’

where

Remark 5.2. This inhomogeneous inequalities are not included in the above estimates
(4.15) since if ¢ = q = 2, then at least, one of the conditions (q,r) € Asp, (4,7) € A5
is not fulfilled (see Lemma /.4).

Proof. The proof directly follows from the following proposition. O

Proposition 5.3. Let 0,0, r,7, o, & be in Proposition 5.1. Then the following inequal-
ities hold:
e Low frequencies estimates

(5.3) H/ i t‘f;ﬁ*”ﬁ)wﬁ¢Zvawﬂ

° High frequencies estimates

H/<t81n t—T m)(l_wO)(@)F(T)dT‘

VI+A4,
where pg € C2°([0,00) such that po(A) =1 for A <1 and vanishes when A\ > 2.

S HF”Lva;’a

LIL:

a+a
oy SN+ 8 Fl

Proof. Recalling that U(t) = ¢*V1+29 we have

sin ((t —7)y/1+ Ay) B _1 . “\ oy
(5.5) JTEh, = (VAg)UMU(r)* = U(=)U(=7)")/2i.
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We first prove (5.3). We only estimate the term involving ¢o(1/Ag)U(t)U(7)* since
the other one follows from the same argument. To this end, we write

<\/A79>_1¢0(\/A79)U(t)U(T)* = UUlow(t)(UUIOW(T))*’

where
ot o it/ 2 1/2 —c
(5.6) Uiow (1) = /0 eltVitA cpo/ (M) (N) dE\/Ig()\)’ o=1/2.
For the partition of identity operator Qx(\) in Proposition 2.1, we further define
o F VTR 1/2 o
(5.7) o 1 (t) = /0 TR 0) () T QuNE (V). 0 <k < N.
/2

Compared with “Uley x(t) defined in (3.3), we replace ¢ by go(l) respectively. The
differences are harmless in view of obtaining Proposition 3.3, so we drop off the tilde
from now on.

To prove (5.3), due to the finiteness of N, it is enough to show the bilinear form

estimate

(58) ‘T(F7 G)| 5 HFHL%L?’Z||GHL?LZ/’2’

where T'(F, G) is the bilinear form

T(F,G) = / / (" Usons ()" Uiow s (7)) F(7), G(8)) 12 drdt.
Tt
We need the following bilinear estimates

Lemma 5.4. Let “Ujoy (t) be defined as in (3.3) with o = 1/2, then for each pair
(k, k") € {0,1,...,N}? there exists a constant C such that, either

(5.9) / / (Ui 1) Vi (7)) F7), GO}z drdt < P |G
T T t—z

or
(5.10) / / (Ui 1) Vi (7)) F(r), GOz drdt < P |G 0
T> THE tz

We postpone the proof at the end of this section. Note that o plays no role in the
low frequency estimates. In Proposition 4.2, we have proved

(5.11) 17 Utow kol Laszr2(x)) < Clluollzzxy,  2/a < n(1/2—1/r).
In particular, we take (q,7) = (2, 2(:__31:99)) and (¢,7) = (2, 2(:__73:%5))- By duality, we
have

SIF]

2772 N
z

H / JUlow,k(t)(UUlow,k’(T))*F(T)dT’
R t
for all 0 < k, k' < N. For all 0 < k, k' < N, thus it follows that
5:12) [ (Va0 Vi) P(r), G012 drit < CF |Gy
R2 Tz tz

Hence for every pair (k, k"), we have by (5.9) or subtracting (5.10) from (5.12)

J[ Ui Vinso () PUr). GO} drd < CIP ol Gl o
< Tz z

7,2
2L
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Hence we obtain (5.8) once we have proved Lemma 5.4.
(

8
We next prove (5.4). By using (5.5) again, we only estimate the term involving
(1—0)(y/Ag)U(t)U(7)* since the other term follows the same argument. To this end,

we write
(VAg) U401 — o) (VANU DU ()" = 705 0) T Tj(r))7,

Jj=1
where 0 =1/24+«a, 6 =1/2+ & and
(5.13) Uity = | eYIENQV22TIN (N TUAE —(N).
0 g

Using Q(A) in Proposition 2.1, we further define

Ot = [ VTR P QUAE, (V). G2 0,0 <k < N.
0 &

o

(5.14)

Thus to prove (5.4), it suffices to show

(5.15) O DO OIS

0<kk/<N j>177T<t

L%L;’Q SJ HFHL%L;:,’Q

Compared with “Ujx(t) defined in (3.2), we replace ¢ by ©'/2. The differences are
harmless to obtain Proposition 3.7, so we also drop off the tilde on U}, from now on.

The argument is almost the same as the above argument for low frequencies. In
order to show (5.4), by using the Littlewood-Paley theory in Lemma 2.2, it suffices to
show the bilinear form estimate

(5.16) T3 (F, G)| < ClIEj[ 5, 721Gl

/
27 L2ry %

where Fj = p(279\ /Ay F, G; = ¢(277/A,)G and Tj(F,G) is the bilinear form

Ty(F,G) // Us(t) (U (1)) (), G(t)) 1 drd

where °Uj ), defined in (3.2). In Proposition 4.3, we have proved

n L. 1l 5
Uk fll p2renracxy S 2100 G@TD7270) £ pa

and

1°u;, kfllz@rm2(x)) S Pl +0)(5=5)=3- HfHL2
Recall r = 2(:__31:99) and 0 = 5 + m, thus (n +6)(3 — 1) — % o = 0 which also
occurs in the case of 7 and &. By duality, for all 0 < k, k¥’ < N, we have

| [ 00U (7)) o]

< _
L2 ™ #7022

which implies

617 [ CUROCU) P, 62 drde < CF ool Gl

To show (5.16), we need the following bilinear estimates



STRICHARTZ ESTIMATES IN A CONICAL SINGULAR SPACE 27

Lemma 5.5. Let 0,0, r,7,a,& be in Proposition 5.1 and let © ik(t) and &Ujk(t) be
defined as in (3.2) with o = &+ +a and 6 = 3 + &. Then for each pair (k, k') €
{0,1,...,N}? there exists a constant C' such that, for each j, either

(5.18) / / Uy (7)) (), G0) gz drdt < CIF 1y |Gl

or

(5.19) / / CUWOC U (7)) (7). GO drdt < CIF | prallGlL
> Thiz Lz

We postpone the proof for a moment. Hence for every pair (k, k'), we have by (5.18)
or subtracting (5.19) from (5.17)

[ CUROCU () (). GO drt < CIP a6l
Therefore, proving Lemma 5.5 completes the proof of (5.4). O

Proof of Lemma 5./ and Lemma 5.5. By (2.6), we need to consider three cases. We
first prove Lemma 5.4. In the case that (k,k’) € Jpear or (k, k') = (k,0) or (k, k') =
(0,k"), we have the dispersive estimate (3.3). We apply the argument of [22, Sections
4-7] to obtain (5.9). If (k,k") € Jnon—out, We obtain (5.9) adapting the argument
in [22] due to the dispersive estimate (3.3) when 7 > ¢. Finally, in the case that
(k, k") € Jnon—ine, we obtain (5.10) since we have the dispersive estimate (3.3) for
7 < t. We mention here that we have sharpened the inequality to the Lorentz norm by
the interpolation as remarked in [22, Section 6 and Section 10].

The same argument works for Lemma 5.5 by using the dispersive estimates (3.7),

(3.7) and (3.7). O

6. LOCAL-SMOOTHING ESTIMATES FOR KLEIN-GORDON

In order to prove Strichartz estimates for the Klein-Gordon equation associated to
Ly, we need a global-in-time local-smoothing estimate, that we prove in this section.
The local-smoothing estimate allows us to use the (standard) perturbation argument
to treat the potential term. We stress the fact that we will need to deal separately with
low and high frequencies when applying this method to the Klein-Gordon equation.

6.1. Preliminaries: basic analysis on metric cone. We consider the operator
Ap = Ap + Vo(y) with Vo(y) € C®(Y), on the closed Riemannian manifold Y. It is
well known that the eigenvalues {); }‘;‘;0 of the Schrodinger operator A}, form a discrete
set and that the sequence

A <A <-o- <A <o =00,
Let d()j) be the multiplicity of the eigenvalue \;, and let {¢x; ¢(y)}1<r<a(n,) be the
eigenfunctions of Ah, that is
(6.1) (An +Vo(y)ea e (y) = Xjox; e (y)-

This of course implies that
(A +Vo(y) + (n = 2)* [4)ex,e(y) = (A + (0 = 2)/4)o;,0(y)-
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By the assumption that the operator Ay, + Vo(y) + (n — 2)%/4 is strictly positive, we
have that ujz = Aj+ (n—2)%/4 > 0. From now on we will drop the subscript j in order
to keep the notation simple, and define the set y to be

(6.2) Xoo = {1/ cv=1/(n—2)2/44 X\; X is eigenvalue of Ay, + Vg(y)}.

For v € Xoo, let d(v) be the multiplicity of the eigenvalue v? of Ay + (n —2)%/4 and
let {¢y,¢(y)}1<e<d(w) be the eigenfunctions of Ay + (n —2)?/4. Then d(v) = d()) and
{0ve(Y) bi<e<dw) = {1oae(W) hi<i<an)- Let HY = span{p,1,. .., ¥y 4)}; we decompose

L*(Y) as
= P
VEXoo

For f € L?(X), we define the orthogonal projection 7, : L?(X) — H”
d(v)

mf = Z%z Jave(r),  aye(r /fry%e

then we can write f by separating variables as

d(v)
(6.3) FR) =D mf=> > anr)e.y)
VEXoo VEXoo £=1
so that
(6.4) 1F 20y = D Zm
VEXoo £=1

Note that as the Riemannian metric h on Y is independent on r, we can use the
separation of variable method [9] to write £y with respect to the coordinates (r,y) as

(6.5) Ly =-& - "=

8 t3 (Ah+Vo( ))-

Then, on each space H", the action of the operator is given by

n—1

(6.6) Ly =A,:=-0°— O (e %(n —2)?).

A crucial role in our argument will be played by the well known Hankel transform of
order v: for f € L*(X), we set

o0 n—2
(67) Do) = [ 00)7F o) fr. 37,
where the Bessel function of order v is given by
v 1
(6.8) Ju(r) = (?"{2) / e (1 — s N24s, v >—1/2,r > 0.
I(v+35)I(1/2)

We now recall the following very useful inequalities for the Bessel function (we refer
for them to [27,32])
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Lemma 6.1. Let J,(r) be the Bessel function defined in (6.8), then there exists a
constant C independent of v such that

Cr? 1
(6.9) S S D) (1 i V+1/2> '

Moreover, if R > 1, there exists a constant C independent of v and R such that

(6.10) /R " |, (r)|?dr < C.

For well-behaved functions F, by [31, (8.45)], we have

610 P = 5 Spnls ) [ FR0) Lol e

VEXoo (=1
d(v)
where bu,f(/)) = (Huau,f)(P) and g(r,y) = > ZZ auﬁ( ) @V,é(y)‘
VEXoo 1

6.2. Local smoothing estimates for Klein-Gordon. We are now ready to state
our result on the local-smoothing estimates.

Proposition 6.2. Let u be a solution of (1.1) with F = 0 and let vy be the positive
square root of the smallest eigenvalue of Ap + Vo(y) + (n —2)%/4. Let @q be given by
(2.9). Then there exists a constant C' independent of (ug,u1) such that:

o (Low frequency estimate) for f € [1,1 + 1p)

(6.12) Ir=eo(V/ Ly )ult, 2) |l 2rsz2x) < C (lwollp2ix) + lunllzax))
e (High frequency estimate) for 5 € (1/2,1 4+ 1p)
613) 1201 = eo)(VEr)ult, M zgzoy < C (ol ooy + tll ooy )

where z = (r,y) € X.

Remark 6.3. The two estimates are quite natural as indeed, as mentioned, the solu-
tions to the Klein-Gordon equation behave like the Schridinger ones for low frequen-
cies and like the wave ones for high frequencies. It is known from [33, 3/] that, for
B € (1/2,14 vy), for the Schridinger equation the following estimate holds

Ir 2™ Fll2mizzcxy) < ClFllgs-1x):
while for the wave one we have
[r=PeitvEe Ve xy) < C”f”HB*%(X)'
Remark 6.4. The restriction from above § < 1 4 vy can become more specific in the
following cases:
(i) If V=0, then vy > (n — 2)/2, hence B < 5;
(i) If the initial data satisfy the condition that the projection m,(ug,u1) vanishes
when v < k, then the above results hold for 5 <1+ k.
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Proof. We first prove (6.12). Let u!(t, 2) = @o(v/Lv)u(t, z), then we can write

1 1 Sin(t\/ 1 + EV) l
t,2) = cos(t\/1+ L TV T AV
u'(t, z) = cos( v)ug + NiEwy uy
(6.14) (eit\/m B e—itM)
_ 1 (eit\/l-i-ﬁv i e—it\/l—&—ﬁv) ub 1 ol
2 0" 9 VI+Ly !

where u}, = po(v/Ly)up and v} = @o(v/Ly)u1 (we are using the apex [ to recall that

we are dealing with low frequencies). We only consider the contributions of %V 1+£Vuf)

ity/14+L
and %uﬁ since the others follow from the same argument.

We write the solution using the harmonic expansion. By (6.3), we write

d(v)
= Z Zau,e(T)QOV,Z(y)? bu,ﬂ(p) = (Huau,f)(p>v

VEXoo /=1

d(v)
= 3 Y i) pne®), buelp) = Huiine) ()-

VEX oo £=1

By using (6.11) with F(p) = e®"™V1+%pq(p), we have
d(v)

VI = Y Y enly / (rp) ™% T (rp)e™ 17 0o (p)by,e(p)p™ Ldp

VEXoo £=1

and we apply (6.11) with F(p) = V1704 (p)(1 + p*)~'/2 to obtain

etVI+Ly 00 - et/ 1+p? B
vy / (rp)" 2 Ju(rp)——=0(p)bue(p)p" " dp.
m g; Z 1+ p?

We first consider e?*V1+£vyl. Using the orthogonality, one has

d(v)
/ ‘ Z Z‘Pv? u,ﬁ(ﬂ)|2dy: Z Z‘Jy(?ﬂp)byl(p).‘Q

VEX oo £=1 VEXoo £=1
Hence by using the Plancherel theorem w.r.t. time ¢, we obtain

HT B zt\/1+£V l”
L2(R;L2(X))

ZZ/ / (rp) =7 Ju(rp)0(p)bue(p)p" | VHP 1" 2B g,

VEX oo
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We recall that ¢o(p) = ;<o ©(277p). We use the decomposition to obtain
Hr_’Beitmu

l
HL2 (R;L2(X))
d(v)

(r an2 n—112 2:9—j @Tn—l—% r
o5 <ZZZ// P Tl P2 ) d

VEXo ¢=1 550
d(v)

S 220 Y YOTIRTIYG, (R Y),

VEXoo {=1 <0 Re2Z

where

2R B
(6.16) Gy (R, 27) / / (rp) "% Ju(rp)bue (27 p) P02 (p) dpdr
Then we have the following lemma.
Lemma 6.5. Let G, ;(R,27) be as in (6.16), then

. . n—1
R2v—n+39—nj ”bl/!(p)gp(Z_]p)pT ”%% RZ1

6.17)  Guu(R2) S ' )p"z
( ) ,E( ) {R(”2)2”3||by7e(p)<,0(2jp),021“%2’ R>1.

Proof. This lemma is proved in [33, Proposition 4.2]. For convenience, we provide the
sketch of the proof again. To prove (6.17), we break it into two cases.

e Case 1: R < 1. Since p ~ 1, thus rp < 1. By (6.9), we obtain
_n=2
2

2R
Z/ERQJ / /
2"F V+ F( )

— n—1
S R |y, (p)e (277 p)p 7 |7

b,,g(2j p)e(p )dedr

e Case 2: R>> 1. Since p ~ 1, thus rp > 1. We estimate by (6.10) in Lemma 6.1

Gyu(R,27) < R—(n—2) /OO’ ’ / L(rp ‘ drdp
0

e o (D) e—mi i\ n=1
< R /0 b (20)0(0)dp < B=02773 b, (p)p(27 ) p 7 2.

Thus we obtain (6.17).
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Therefore we apply (6.17) to (6.15) to obtain
HT zt\/1+£v ZH
L2(R;L2(X))

T

VEXoo £=1 j<O  Re2Z,R<1

+Y R R g b, (p)p(27 p)p |
Re2Z, R>>1

d(v)
S Y Y HE( N RO ST R h(p)e2 ) [

VEXoo £=1 j<0 Re2Z R<1 Re2Z R>>1
Note that if % < B < 1+ 1y the summation in R converges; this yields

d(v)
—B i i n—1
7 Bet\/lJrEVuéH%%(R;Lz(X) Z ZZQQJ Dlby.e(p)p(277p)p™ 2 ||2,.

VEX =1 j<0

Note that we benefit nothing from the factor (1 4+ Ly)~/? when we are restricted to
low frequencies. Following the same argument, we also show

9 d(v)

i n—1
iy S 2 20 2 PV bud0)e2 0" |

VEXx =1 3<0

eit\/ 1+Ly ;
I ==l
1+ Ly

Hence we obtain (6.12).
Next we prove (6.13). Following the same argument, we are reduced to estimate

[PtV |
L2(R;L2(X))
d(v)
L—Q n—112 —j n—1—
TR D 3 Bl A A e R et
: VEXoo £=1 j>0
d(v)

Z ZZ Z 2](77, 1+208) R" 1— QBG (R,2j).

VEXoo ¢=1 j>0 Re2Z
Therefore we apply (6.17) again to (6.18) to obtain
7ﬂeit\/ 1+£vu

h|2
I ollz2 @i (x)

d(v)
SDIDIILE (D DEE e RN DI ) | WO EC R 7S
VEXoo £=1 j>0 Re2% R<1 Re2Z R>>1
Note that if % < B < 1+ 1y the summation in R converges, thus we obtain

A o h —j n=1
[P ug | T oy S D 22223 2 bue(p)p(270)p T |2

VEXoo {=1 5<0
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Note that we gain a 277 from the factor (14 Ly )~ /2 when we restrict to high frequen-
cies. Following the same argument, we also have
H s ctVI+Ly h‘ 2

B— 3 )7 |2
Vi s 2 ZZW bws(p)p(27p)p™%" |3
L+ Ly L ®LA (X VEXoo =1 j<0

Hence (6.13) follows.
O

Corollary 6.6. Let u be the solution of (1.1) with F =0, then there exists a constant
C independent of (ug,u1) such that

619) I Pult 2o < C (ol gy o + ol ooy )

where z = (r,y) € X, 1 < 8 < 141y with vy > 0 such that I/g is the smallest eigenvalue
of An+ Voly) + (n — 2)2/4.

Proof. This is a consequence of (6.12) and (6.13).

7. THE PROOF OF THEOREM 1.3

In this section, taking the influence of the potential V into account, by making use
of Propositions 4.5, 5.1 and 6.2 we prove the Strichartz estimates in Theorem 1.3.

7.1. The Strichartz estimates (1.8). In this subsection, we mainly prove the ho-
mogeneous Strichartz estimates (1.8) for all ¢ > 2 and (¢,7) € A, Due to the
dependence on vy of the set Ay g ,,, we consider two cases.

Case 1: 0 <y < ﬁ with 0 < 6 < 1. In this case, the set A;g,, is the region
ACFE which is contained in ABF (n > 4; orn=3,0<6 <1)or ABO (n=3,0=0)
respectively.

1 1
T T
1 n—1+6 1A
2 =3 2 2,2 _
/5+?_1
1 141
2 n
11
2 n—1+6
l_l—l—l/oE
2
n N5
1 0 11
q q
Figl. n>4,0<0<1;orn=3,0<0<1 Fig2. n=3,0=0

Diagrammatic picture of the range of (¢,7), when 0 < vy < (1 —0)/(n —1+0).

If (¢,7) € As 9.4, on the one hand, by (g,r) € Agp, we have

(7.1) s:(n+0)<1—1)—72%(n+1+9)(7—;)20
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and on the other hand, by 0 < 1y < =% we have

n—1+6>
11y 1 1 1
(7.2) s:(n+9)<§—;>—6§(n+9) +n”°—q31.

Therefore, without loss of generality, we may assume 0 < s < 1.

Our strategy is then the following:

e prove (1.8) at the point A and C’, where C”’ is on the line AC and is close to C,
e obtain the Strichartz estimates on the line AC' (except point C') by interpolation,
e show the inequalities in the region ACE (except C'E) by Sobolev inequalities.

It is easy to prove the Strichartz estimate when (¢,7) = (00,2) € Agp (i.e. A in the

above figures) from the spectral theory on L2.
Consider now any fixed point C' = (%, 1) such that % =m-1+0)3—1) and
% = % — 1‘;—”0 + € with 0 < € < 1. In other words, the point C’ is on the line AC and is

close to C, and let us prove (1.8) at the point C’. Recall that as s = (n+0) (% - %) - %,
then

1+ n+1+86 n+1+6 €
— < - = 1+0).
(0~ S3m-1+g 2ntit?)

We thus consider the free Klein-Gordon equation

1<
— S:
5 =

Otu+ Lyu+u=0, u0)=ug, du0)=us,

and without losing in generality, we can assume u; = 0. In order to prove (1.8) at the
point C’, we split the initial data into two parts, ug = ug; + uo,, where ugp = ug — ug,
and
d(v)
ug,l = Z Zau,e(r)%,z(y% A={v € xeo v <1410}
vEA /=1

We remark here that the notation ug; has nothing to do with uf) = ¢o(vV/ Ly )ug defined
before. Correspondingly, we split the solution into two parts, u = u; + up, where wy
and up, satisfy

(7.3) 8t2ul + Lyu+w =0, u(0)=upy, ou(0)=0,
and
(7.4) Ofun + Lvup +up =0,  u(0) = ugp, dru(0) = 0.
Note that m,ug, = 0 when v < k := 1 + v, hence one also has m,u = 0 when
v<k:=1+4uy.
We first consider uy(t, z). By the Duhamel formula, we have
(7.5)

etVI+Ly 4 o—itVI+Ly
2
etV 1+8g | omity/1+8g bsin(t—7)/1+ 4y
= 5 Uo,h +/0 JITA,

up(t,z) = Uo,h

(V(2)up (T, 2))dr.
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By using (7.5) and Proposition 4.5, we have

lun(t, 2)| Lagrsrr(x

sin (t —7)y/1+ Ay
S uoallmscx + | / Ny VR v, )i

LA(R;LT (X))

Notice that since 0 < s < 1, as mentioned in Remark 4.7 the two Sobolev norms are
equivalent (independently from the fact that V' = 0); therefore we can safely use the
notation H® without any confusion. Now our main task is to prove

(7.6) H / sin t_f+Al+A (V(2)un(r, 2))dr

S ol e (x)-
L9(R;LT (X))

To this end, we estimate

H/ sin t—lT+A1+A (V(2un(r 2))dr

LI(R; L™ (X))

o0 5| [ R - (WA Gt

LA(R;LT (X))

o [ S BV e i

LA(R;LT (X))
Hence (7.6) is the consequence of the following lemma.

Lemma 7.1. We have

H/ sin t—lT+A1+A (1 — o) (/A (V (2)up (T, 2))dr

S llwoll e (x)
LA(R;LT (X))

S ol s (x)
La(LT (X))

) | / t‘f+ A”A o0 (v/Bg) (V (2)un(r, 2))dr

from above,

Proof. We first prove (7.8). Let 5 = % — s, then S is close to 1 —
hence % < B <1+ 1vy. We define the operator

n— 1+0

T: LX) » PR LX), Tf =r PVl - o) (y/By)(1+ Ag)3G A,

Thus from the proof of Proposition 6.2 when V = 0, it follows that T is a bounded
operator. By duality, its adjoint T*

T*: L*(R; L*(X)) — L?, T*F:/ (14+A)2 @A) (1—pg) (\/Ag)e ™V Rer =B (1) dr
TER

is also bounded. Define the operator

ei(tff) 1+4A,

B:L*(R;L*(X)) —» LYR; L" (X)), BF = ——————(1—90) (\/Ay)r P F(r)dr.

TER 1/ 1+ Ag
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Hence by the Strichartz estimate (4.15) with s = 3 — 3, one has

| BF||a(r;Lr(x))

—ir\/TTR,
ity/1+Ay o ,3
= e ﬁ/ \/1+—A (1= 00) (VA F ()7 | o

(7.10) ) F

1A,
< H (1+Ay)2 G-A /eR ﬁ vy - @0)(VA9)7’7’8F(T)dTHL2(X)
= [IT"Fll2 S IF Nl 2@iz2 x))-
Now we are ready to prove inquality (7.8). As
1, . .
sin ((t - 7_) /1 ¥ Ag) — Z(ez(t—T)‘/H—Ag o e—z(t—'r)y/l—i-Ag),

by (7.10), we have

| [ R R BV e i

La(R; L (X))

S ||B( BV( Jun(T, Z))HLq(R;Lr(X)) N ||7”ﬁ_2uh(7'a Z))HL2(R;L2(X))

H3P(X)’

where we have used Corollary 6.6 and Remark 6.4 in the last inequality since g =
(1—m)+ satisfies 1 < 2 — 8 < 2+ 1. Since ¢ > 2 and s = %—ﬁ, by the
Christ-Kiselev lemma [12], we have (7.8).

We next prove (7.9), in a similar way. We define the operator
T: LA (X) — (R, L*(X)), Tf=r""e"VH00(/Ay)f.
From the proof of Proposition 6.2 again, it follows that 71" is a bounded operator. By
duality, its adjoint T*
T : I*(R; L*(X)) = L?, T'F = / : po(y/Dg)e VBT E () dr
TE

is also bounded. Define the operator

B:L*(R;L*(X)) — LY(R; L"(X)), BF = /

T — N /By (e

Hence by the Strichartz estimate (4.15) with s = (n + ) (% - l) - %, one has

T

IBE|| Laq;zr(x))
_ir\/TF R,
_“enm/ m% (VB F 07| rr x)

(7.11)

. —im/1+8,
[(1+Ay) 2/ JTTA, =00 (\/Bg)r T P (T)d7 | 15

SIT*Flle2 S Il 2z cx0)-
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Now we estimate (7.9). By using (7.11), Corollary 6.6 and similar argument as above,
we have

H/ sin t—17'+A1+A @0(\/&)(V(z)uh(r,z))d7‘

SABEV (2)un(, 2) Lasprx)) S IIr ™ un(m,2) 2w r2ox0)

La(R;Lr (X))

H3(X)
Since 1/2 < s < 1, we can replace the H'/2-norm by H*-norm. Due to ¢ > 2, by the
Christ-Kiselev lemma [12] we obtain (7.9). O

Therefore we have proved (7.6); hence, we obtain
lun(t, 2) || Larsr(x)) S lwoll s x)
Next we aim to prove the same inequality for u;, that is
(7.12) lui(t, 2) | Lamszr(x)) S llvoll s (x)

Notice that the above argument breaks down since 7, (u;) does not vanish when v < k =
14 vg: this fact will lead to a tighter restriction on 5. Nevertheless, if v < k := 141y,
we can follow the argument of [29] which treated the radial case. Since

ez’tm + e—itm

we only consider the Strichartz estimate for e®*v1+£v ug,. By using (6.11), we write

. o n—=2 .
SARTTEDY Z ey / (rp) =% J(rp) ™V M, (a0)p" L dp,

Uo,i1,

IJEAZ 1
- ZZ‘PV@ Y Ltp? Hu(a Z)]( )
veA =1

where H, is the Hankel transform defined in (6.7).
By triangle inequality and the Hormander’s L>-estimate for eigenfunctions [21] i.e.

|Puelloe(xy < "2, one has
it\/1+Ly

e

d(v)
< 3 3 ||l (a0
veA (=1
For our purpose, we need the properties on the Hankel transforms which are proved
in [29, Corollary 3.2, Theorem 3.8] .

Lemma 7.2. Let H, be the Hankel transform of order v as defined in (6.7), and let
ICBJ, = H,H, where . = (n—2)/2. Then

(i) HuH, = 1d,

(ii) the operator ICB# is bounded on LV, , ([0,00)) if

max{((n —2)/2 —v)/n,0} < 1/p <1,

(X))
(7.13)

La(RLT,, )
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, 18 continuous on H® provided

(iii) the operator ICM
_mln{,uvl/nu - S} <1< 2+min{MaV7V— S}'

By using this lemma, the operator ICB’ is bounded in L’ ([0,00)) under the

rn—ldr
assumption 1 > 1 — HT”O since v > vy. Therefore from (7.13), we obtain
itV/ITL
e vUOlHLq (R:L™ (X))

Ty |Gt Y, (30 ()|

(7.14) — = La®LT, )

d(v)
<G, Y H’H#[e“\/l‘*‘PzHHICgW(aV,g)](’r)‘
veA (=1
On the other hand, the propagator

; 2
Huezt\/ 1+p HM

is the same as the classical Klein-Gordon propagator in the radial case in which the
Strichartz estimates hold. From (7.14) and using (iii) in Lemma 7.2 with 1/2 < s <1,
we thus get

LAR;LT, ;)

d(v)

uoull paizr(x)) < Cuo Y D [1KR (a0 (1) .

vEA (=1
d(v)

< Cl/o Z Z ”auﬁ HHs .

vEA (=1

it/ 1+ Ly

le

In the second inequality, we use [29, Theorem 3.8]. Recall that from (6.2) we have v =
V(n—2)2/4 4+ X where ) is an eigenvalue of the operator Ap + Vp(y). It is known that
A is in a discrete set and moreover \g < A\ < --- < A; < --- — oo. Therefore we have
vj — 00 as j — 0o0. As a consequence, by the definition of A = {v € xo : v <1+ 15},
there exists a constant C,, depending on 1 such that the cardinality of the set A is
1A < Cy,. Thus
1/2
™IV ug | pagrsrr (x)) < Coo | D Z llaw,e(r) |35 < Cplluol ms
veEA (=1

which implies (7.12), and this completes the proof of (1.8) at the point C".

By relying on standard interpolation theory, we then obtain Strichartz estimates on
the line AC’.

Now we show the Strichartz estimates in the region ACE. For this purpose, we need
a Sobolev inequality associated to the operator Ly .

Proposition 7.3 (Sobolev inequality for Ly ). Let n > 3 and vy be defined as above.
Suppose 0 < o <1+4+1y and 2 < p,q < co. Then

(7.15) Hf(Z)HLq(X) S H(l + EV)%fHLP(X)
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holds for o =2 — % and

n
p
n n

<g< .
min{l + § + vy — o,n} 1 max{g — 1 — 10,0}

(7.16)

Proof. The proof follows from the argument of [34, Proposition 3.1, Corollary 3.1,
Remark 3.4]. We omit the details here.
O

For any point (é, %) in the region ACFE, there exists a point (%, %) € Agy.0,0, On the
line AC". Since (q,7) € Asg,,, the condition 1/r > 1/2 — (14 1p)/n guarantees (7.16).
By using the Sobolev inequality in Proposition 7.3 , we obtain

lu(t, 2) | Laezr(x)) S L+ Lv) 2ult, 2)l| o pro (x)
SN+ Lv) ol oo (x) + I1(1+ L) Fa | grso—1(x)
S lwollzsxy + lutllgs—1x), s = s0+ o,

where s = (n+6)(1 =)~ 1 s = (n+0)(4 —L)~1and o = n(E —2). This concludes

2 r q’ 2 0 q 0 r

the proof in the region ACE.

Case 2: vy > n:ig with 0 < 0 < 1. In this case, the set Ay g ,, is the region ABCE
which contains ABF (n > 4;0rn =3,0 <60 <1) or ABO (n = 3,0 = 0) respectively.
However the most relevant case, ¢ = 2, is excluded in (1.8). Since ¢ > 2, the argument
of Case 1 proves the Strichartz estimates for all points of the region ABCE (except the

line BC).

1
T
n—1+46 %A ) )
2 2 | 24 2+
/a+T—T
1 1
2 n—1+9F
1 14w
2 n E g B
0 11 0 I
2 q 2 q
Fig3. n>4,0<0<1l;o0rn=3,0<60<1 Figd. n=3,0=0

Diagrammatic picture of the range of (¢, 7), when vg > (1 —0)/(n —1+0).

We have thus completed the proof of the homogeneous estimates in (1.8), in all the
cases. The corresponding inhomogeneous inequalities follow from the Christ-Kiselev
lemma [12] as in subsection 4.3 as we are assuming ¢ > 2. This completes the proof of
(1.8).

7.2. The Strichartz estimates in (1.9). In this subsection, we focus on the Strichartz
estimates on the line BC' in Figure 3 since the other Strichartz estimates are proved in
the above subsection.
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By using the Sobolev inequality (7.15), the proof of Strichartz estimates (1.9) on the
line BC' reduces to study the point B. We thus prove the following

Proposition 7.4. Let n > 3 and let vo > 1+9 with0 <0 <1, (n>4)or0<6<

1,(n = 3). Suppose u(t,z) solves (1.1) wzth F = 0. Then there exists a constant C
such that

11+ Ag) 2 ult, [ O EE)
(R;L n=3%7 (X))
(7.17)

sc(qun ettty H 0l siie )

SE0)
where a, g are as in (1.9).

Proof. To prove (7.17), we split u into a low and a high frequencies part. Define
ul(t, z) = po(v/Ly)u(t, z) and u"(t, z) = (1 — o) (VLv )u(t, z), thus u = u' + u".
Step 1: We first consider u!. Since u! solves the equation
Ot + Lyul +ul =0, w(0) =u), Fu(0)=ul,
we have by the Duhamel formula
etVIHLy | o—ityT+Ly l eitm _ e~ itVI+Ly

I !
t p—
u'(t, 2) 5 up + - 1+£V uy
/1+A —|—€ ity /1+ ity /14 9 _ e~ ity/14+Ag .
(7.18) - b+ & uj
2 23 l—i-A

tsin(t —7)4/14+ Ay ;
N /O V)

Now we aim to prove

0+ 8 U@ e
2R;L 310 (X))
(7.19)
(TS X [

We need the following
Lemma 7.5. Let u'(t,2) = oo(v/Lv)u(t, ), then

|+ a,) /Ot Sm(t;y(wz)ul(m))m‘

2(n—1+0)

(7.20) L2(R;L 7510 (X))

l 1
S ol grs—a-aixy + gl gs—a—a1(x),
where s = 28:_7% and a, & in (5.2) with 6 as in Proposition 7./ and 6=1.
We postpone the proof of this lemma to the end of this step. Once (7.20) is proved,

we have

_até
(7.21) [(1+Ag)" 2 ul(t’ 2)|| 2(n—=1+6) S H%”Hs—a—d(X) + Hullan—a—@—l(X)'
L2(R;L n=3+0 (X))
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Indeed, by using (7.18) and Proposition 4.5 with s = 2(”7;71;;99) and 0 < 6 <1, we get
ata

> ul(t, ) 2nm10) S gl pramamax) + 1ud | ramama-1x)
L2(R;L 7=3+0 (X))

ooy [ lVAl; 291 ()l (. )|

This together with (7.20) gives (7.21). Since & = = < ap = -1, we have

11+ Ag)™

2(n—1+40)
L2(RL S0 (X))

atag _ata
10480 F U] s S IO+ A) UG aeni)
L2(R;L =340 (X)) L2(R;L =340 (X))

Since the initial data is restricted to low frequencies, (7.21) implies (7.19).

The proof of Lemma 7.5. By using (5.1) with 6 = 1, we obtain

|+ a2 /Ot DV S (v (el r, )|

VI+A, LD AT (x)
l -1 1
S IV (z)w'(r, Z)HL?L;Z%,Q S e (T 2) || e e

By using (6.12) of Proposition 6.2 with g = 1 that, we prove

Ir = eo(V Ly )ult, 2)ll 2z S llvo(V Lv)uollzaix) + lo(v/ Ly )usll 2 (x)
Hence this shows (7.20). O

Step 2: We now consider u”, that we deal with in a very similar way. By the
Duhamel formula we can write

eit\/l-i-[,\/ + e—it\/ 1+Ly L eit\/ 1+Ly _ 6—’it\/ 1+Ly

ul(t,z) = 5 ug + m uy

722) itV IH By | oity/T h e etVIFBy _ omit/1+8,
. = u
2 “o 2i\/1+ A, !

tsin (t — T)m .
+/0 TR, Ve

Now we aim to prove

ata
(14 Ag)" 2 ul(t, )| 2n-140)
L2(R;L 7=3F9 (X))

(7.23)
(T T IS

Ses)

We thus need to prove the following
Lemma 7.6. Let u"(t,2) = (1 — o)(v/Lv)u(t, z), then

Ja+ag /Ot o (tW(V(z)uh(T, 2)dr,|

2(n—1+6)
LQ(R;L n—3+0 (X))

(7.24)

h h
S llugllgs—a-axy + [utll gs-a-a-1(x),
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where s = 2(”7;“_7% and a, & in (5.2) where 0 is in Proposition 7.4 and 6=0.

Once (7.24) is proved, we have

_ata
(7.25) [[(14+Ag)" 2 u"'(t, 2) 2(n—1+6) S HugHHS*a*&(X) + HU?Hst*&fl(X)-
n—3+0 (X))

||L2(R;L

Indeed, by using (7.22) and Proposition 4.5 with s = 2(7‘7;*'_7% and 0 < 6 < 1, we show
that
_ata
I(1+ Ay~ 2 u(t, 2)| sn1i0) S gl ge-a-agxy + 1l llme-a-a1x)

LA(R;L n=3%0 (X))
ata [tsin(t—7)/1+A
+ o+ Ag)é/ -7 2(V (=)l (7, 2))dr]
0 /14 Ag
This together with (7.24) gives (7.25). Note that ag = &(0) = —L5, thus (7.25) shows
(7.23).

The proof of Lemma 7.6. By using (5.1) with 6 = 0, we obtain

2(n—1+40) .
LARL R (X))

2(n—1+46)
LA(R;L »=3F0 (X))

|0+ ag-= /Ot siu (t;% VAlj B9 v ()b (r, 2))dr|

_n=2
SIVEE (A e, ST mtulr, 2) | p2pes
2,

By using (6.13) of Proposition 6.2 with 8 = (n — 2)/(n — 1) that, we prove
17201 = o) (VEvYults 2z S Wl g+ g

Recall s = 2("7::7%, thus 5 — % = s — a — &, hence this shows (7.24). O

Collecting (7.19) and (7.23), we complete the proof of (7.17), and hence we obtain
(1.9). O

7.3. The necessity of the assumption (1.6). We conclude with the following result,
to claim the restriction (1.6) is necessary for Theorem 1.3.

Proposition 7.7. If (¢,7) € Asg but (q,v) ¢ {(¢g,7) : + > § — X0} the Strichartz
estimates might fail.

The proof of this Proposition is identical to the one in [34, Proposition 6.2]. We omit
the details.
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