SHARP TIME DECAY AND SCATTERING OF SMALL DATA SOLUTIONS TO THE
RELATIVISTIC VLASOV-MAXWELL SYSTEM
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ABSTRACT. A multispecies, collisionless plasma is modeled by the relativistic Vlasov-Maxwell system. As-
suming the plasma is globally neutral, we show that solutions can be constructed with arbitrarily fast,
polynomial rates of decay, depending upon the cancellation properties of the limiting spatial averages, as
well as the masses and charges of the particles. In doing so, we establish a countably infinite number of as-
ymptotic profiles for the charge and current density, electric and magnetic fields, and their derivatives, each
of which is necessarily realized by a sufficiently smooth solution. Our approach relies upon a refined field
representation that features self-similar behavior away from the boundary of the light cone. In each case we
establish a linear scattering result in L°° for every particle distribution function, namely we show that they
converge as t — oo along the transported spatial characteristics at increasingly faster rates. In the case that
charge cancellation does not occur, our methods can be further extended to demonstrate polyhomogeneous
expansions with logarithmic corrections.

1. INTRODUCTION

We consider the motion of a collisionless plasma, namely a completely ionized gas that is sufficiently
dilute to neglect collisional effects and sufficiently hot to consider relativistic velocities, that is comprised
of a large number of charged particles. If there are N € N distinct species of particles within the plasma,
then those of the ath species (for a = 1, ..., N) possess a charge e, € R, mass m, > 0, and are distributed
in phase space at time t > 0 according to the function f(¢,z,v) where z € R3 represents particle position
and v € R? particle velocity. The time evolution of the plasma is described by the multispecies, relativistic
Vlasov-Maxwell system. In particular, the motion of particles is governed by the Vlasov equation

(RVM;) Of* +va(p) - Vaif*+ea <E+1’<xc@ xB) -Vpf*=0,

where c is the speed of light and the relativistic velocity of the ath species is given by

p
RVM Vo (p) = ————=.
) O e
We note that v, : R?* — {|q| < ¢} is a smooth bijection, with inverse
_ maq
1 1) — _
1) o=

The distribution function gives rise to charge and current densities, defined by

N N
VM) pltr) = x> o [ ftapdy and () =4r Yo [ o)) dp
a=1 R3 a=1 R3

and these densities generate electromagnetic fields F(t,z) and B(t,x) according to Maxwell’s equations
OFE —cV x B = —}, V-E=p,

(RVMy) OB+cVxE=0, V-B=0.
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The equations (RVM;)-(RVMy), which we will group together and denote by (RVM), are then supplemented
by the initial conditions f*(0,z,p) = f§(x,p) > 0 for each &« = 1,...,N, and E(0,z) = Ey(x), B(0,x) =
By(x), which must further satisfy the compatibility conditions

(2) V - Eg(x) = p(0, z), V - By(z) =0, and /]RS p(0,z) dz = 0.

For each species, the particle number is conserved, namely

R3 xR3 R3 <R3

for all ¢ > 0, with the overall net charge of the system given by
N
Mnet - Z eaMa =0
a=1

due to the global neutrality assumption within the last equality of (2).

While it is well-known that given sufficiently small and smooth initial data with compact support in
phase space, (RVM;)-(RVMy) possesses a global-in-time smooth solution [10, 20], the large time behavior
of solutions has only recently become better understood [8, 31]. Indeed, [8] used vector field methods to
determine the asymptotic behavior of small data solutions to (RVM;)-(RVM,) from sufficiently regular
initial data without the need for compact support, while [31] used more classical PDE estimates to arrive
at a similar result for C? data, with improved decay rates in the case that the limiting charge demnsity
vanishes. Aspects of the proof in [31], specifically the representation of the electric and magnetic fields,
were then simplified within [12]. Additionally, the more recent study [9] further constructed a small data
scattering map to connect solutions as ¢ — —oo with initial data at ¢ = 0 and the forward limiting behavior
of quantities within the system as t — co. The analogous result for Vlasov-Poisson was constructed within
[14]. Finally, [13] recently proved that small data solutions of (RVM;)-(RVMy) do not verify linear scattering
in L'. Of course, the global-in-time existence and large time asymptotic behavior of classical solutions to
(RVM;)-(RVMy,) for data of arbitrary size also remains a crucial unsolved problem in the field.

Much more is known for the Vlasov-Poisson system, which is the classical limit of the relativistic Vlasov-
Maxwell system. In particular, solutions are known to decay in special cases, including small data [2, 23, 24,
30, 34], monocharged and spherically-symmetric data [22, 28], and lower-dimensional settings [3, 7, 16, 17,
18, 19, 32]. An understanding of the intermediate asymptotic behavior of spherically-symmetric solutions
of the relativistic Vlasov-Maxwell system was obtained in [6] with the analogous result for Vlasov-Poisson
occurring in [5], namely that there are solutions for which the L> norms of the charge density and electric
field can be made arbitrarily large at some later, finite time regardless of their initial size. For general
background concerning (RVM;)-(RVMy,) and associated kinetic equations, we refer the reader to [15].

Because of the dispersive properties imparted upon the system by the relativistic transport operator
Ot + v (p) - V. and the momentum averages inherent to observable quantities, one generally expects that the
charge and current densities and electromagnetic fields decay to zero like t =3 and t~2, respectively, as t — oo
for all smooth solutions. That being said, previous results for the Vlasov-Poisson system [26, 29], and more
recently [31] for the relativistic Vlasov-Maxwell system, have demonstrated that neutral plasmas (Mpey = 0)
can sustain decay rates that are faster than those generated by dispersion should the limiting charge density
vanish due to charge cancellation. Conversely, non-neutral plasmas (M, 7 0) cannot experience decay that
is faster than the rates provided by the dispersive mechanisms in the system [29]. Within the current paper,
we significantly extend this idea to small data solutions of (RVM;)-(RVM,), demonstrating that faster decay
rates of any polynomial order can be attained by solutions should successive limiting quantities within the
system vanish. In this way, we demonstrate that the relativistic Vlasov-Maxwell system allows for infinitely
many distinct regimes of asymptotic behavior, though the scattering behavior of the distribution function
can only assume two distinct states (linear and modified), albeit with accelerated rates of convergence.

1.1. Notation and Approach. For simplicity, we normalize the speed of light ¢ = 1 throughout. Doing
so does not affect our results in any way. In particular, this simplifies the relativistic velocity function, its
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gradient, and inverse determinant to

RVM2 Vo = La
(RVM) N AT
Aq(p) = Vua(p),
and
Da(p) = |det Ag(p)] "

for « = 1,..., N, respectively. With this, the characteristics associated to (RVM) are defined by X (¢, 7, z,p)
and P*(t,,x,p) for all t,7 > 0 and z,p € R? as solutions of the system

) Xe(t,7,2,p) = va (P*(t,7,2,D))
Pe(t,r,z,p) = K (t, X (t, 7, 2,p), P*(t, T, 2,p))

with initial conditions X(7, 7, z,p) = x and P*(7,7,x,p) = p, where the Lorentz force on the ath species
is defined by
K(t,z,p) = ea (E(t,z) + va(p) X B(t,2)).
Due to the appearance of the relativistic transport operator, our approach first recasts the system along
the associated free flow via the transformation

ga(tvxap) = fa(tvx + voz(p)t’p)

for « = 1,..., N so that the Vlasov equation becomes

« €a o fe Ca « fe
(RVMy) 0rg® — m—tAa(p)K (t,x 4+ vo(p)t,p) - Vaog™ + m—K (t,z +va(p)t,p) - Vg« =0,

where we denote the operator acting on g
e
(4) Vgo‘ =0 + miaKa(t,x + 0o (p)t,p) - (—tA(p)Va + Vp) '

Additionally, we transform Maxwell’s equations into linear wave equations with source dependence on
derivatives of the charge and current densities, which yields, for ¢ = 1,2, 3,

(5) Ot E'(t,z) = =04, p(t, ©) — 0,5" (t, ),
and
(6) Do B'(t,2) = (V x )’ (t,2),
where for the box operator we employ the convention

Ot = 07 — A,

Upon changing variables (via p — y = x + v,(p)t) in this reference frame, the charge density is expressed as

(7) plt,x) = 47rt_3(§ea /g“ (t,y,vgl (m;y» Do <u;1 (5‘”;9» dy.

From this representation, the large time behavior becomes more transparent, as one expects

N
1m0 (i (2) [ (o (2))
a=1

as t — oo, under the assumption that the spatial support of g¢ remains uniformly bounded in time. In order
to better understand the higher-order corrections to this limit, we merely implement a multi-dimensional
Taylor expansion up to order £ of the integrand around the point %, assuming that the distribution function
is sufficiently smooth. To simplify notation, we denote

N
(8) Ho(t,y,0) = > eaDa (v3(0) g% (ty,v5" ()
a=1

3



so that

p(tx)—47rt3/7{ (ty, )dy

Then, expanding to remove the y dependence within the last argument, we find

o 52 - 3 3 Gt ()« T et (00 252)

m=05|=m |5|=t+1

for some § € [0,1]. Here § € N} is a multi-index and we use the conventions that §! = §;!65!d3! and

20 = zflzgz z§3 for z € R3. Therefore, for any ¢ € Ny we arrive at

p(t, ) 47th_ 251/ ty,t)dy

m=0 |5]=
+ 4mt— 1 Z / (t Y Hy) dy
) ) t
|6]= z+1
for some 6 € [0, 1]. Define for any multi-index § € N3, the quantities
) o) = [(-4) 9" (typ) dy
and
(10) Zea o (va' (@) F*° (03" ()

the latter of which mimics the structure of Hp(t, Y, q) but incorporates spatial moments. Moving the spatial
powers and integration inside of velocity derivatives, this simplifies the expression for p(t, z) to

¢
1 -0
Bp(t,a)=4n Y ™ Y EDSA‘S( )+4”_é > 51/ S Dy (t’y’x t y) dy.
m=0 |6|]=m |5]=¢£+1
Upon defining

(11) pmlt,) = dr S %DSA(; (t%) =4r Y 5|D5 (A(; (t, q))

|6]=m " |6]=m

x
t

a=
this becomes

0
(12) plt, ) Zt"” (t,2) +4mt=0 S0 / )’ DS H (t y,y) dy

|6]= e+1

with the final term representing the error in the approximation of the charge density expansion.
Analogously, the current density can be represented as

tx—47rZea/ Vo (p)f¢(t, x,p) dp

S Zea/ (e (5 (s (57 )
a=1

Hence, proceeding in the same fashion we define

(13)

(14) H;(t,y,q) = qH,y(t,y, q) = Zean Y9) 9* (t:y,v2"(9))

it a) = 47rt—3/7{j (t,y, xt_y> dy.

4
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Ultimately, this yields the expansion (for some 6 € [0, 1])
¢ x — By
m -1 —
= Tt @) + dmt > / (ty, . )dy
m=0 |8]= £+1
for any ¢ € Ny where

(15) m(t,z) = 4r Z 'D‘S (qAa (t q))

[6]=

q=%

Finally, an expansion of the electric and magnetic fields is also necessary. For brevity, we focus on the
electric field and note that the construction for the magnetic field is identical upon altering the associated
kernel. Recalling the framework for the decomposition of the fields in [21] and small data solutions in [20], we
let 8 > 0 represent the maximal momentum on the support of all distribution functions (see also Theorem
1.1 below). Similar to [31], we denote

1 283
(16) v = maux{2 m2—|—4ﬁ2}

where m := I{un Mg, in order to capture the maximal velocity of particle propagation inside the light
@

cone. Below, in (45), we shall see that the electric field has the convenient decomposition E(¢,z) = Er(t,x)+
Es(t,z) + Eqata(t, ), where the so-called tangential part Ep remains dominant for large times. Its precise
expression appears in (46). Considering that expression, we define its kernel as

(w+a)(1—lq)
(1+q-w)?

KT (w,q) =

so that for ¢ sufficiently large and |z| < ¢

+ut — z du
tzE(t,x) N/ /HE (t,u,z,x> dz ———————
weud T t(1 = ful) [ul>(1 — fu])?

where we use the standard notation for a unit-length vector 4 = |Z—‘7 and the constant U/ < 1 is given by
1 Y
17 U=+ ——,
(17) TS
and
H%(t’ u, z, q) = H%(ﬁa q)HP<t(1 - ‘u|)7 z, Q)

Expanding to remove the z dependence within the last argument of HZ, we find

Euzm—z 1 (=2)° poayi (4, . EFut
e <t’ ’ ’t(llu)>_z R 2 o Dot <t’ | ’f<1|“'>)

m=0 |8]=m
1 (=2)% 5. & ( T+ ut — Qz)
o DSHE [tz LW 02
f— e 2 Dat 1~ Jul)

for some @ € [0, 1]. From this, we construct for any £ € Ny
1 1 N
(19) WE () = =y 3 508 (W ) Ase(1 = ul).0) )
|6|=¢ "

for t >0, |ul <U < 1, and |g| < 1, which mimics the structure of HE(t,u, z,q) and, as before, moves the
spatial moments from the expansion within the As term. Finally, this induces an approximating electric
field via

(19) Ey(t,z) = wF (t, u
|u|<U

x4+ ut ) du
Tt = Tul) ) )2 (1= Jul])?



with a similar construction for the magnetic field. The ¢th approximation of the electric field is then

Zt7 mtf‘C

with an error term that can be expressed in terms of previously defined quantities and is O (t~*1).
It will be shown that F®(t, p) converges as t — oo to

(20) F2(p) = / (=) 12 ()

where £ is smooth with compact support, and thus As(t, q) will converge as t — oo to

(21) As oo (q Zea o (21(0) FS° (va'(9))

for |q| < 1, as the functions D, (p) and v;'(¢q) are well-behaved. Upon controlling derivatives of these
quantities, we will show that p,(t,z), je(t,x), WE(t,u,q), and Ey(t,x) converge, respectively, to

1
(22) p@,oo(Q) =dm Z EDSAJ,DO (q)a
|6|=¢ "

(23) Jeoo() =47 _Dé(qAaooU),

|6]=¢
(24) Wi (u,q) = ﬁ ;£ 5,05 K2 (11, q) As 00 (9)]
(25) Brool)= | WE. (u 1q_+|z|> |u|2(1du i
(26) WP (u,q) = m %}Z %Dg (2 (1, q) As.00(q)]
and
27) Brw@= | Wi (u f’_ﬂZO |u2(1d1_b E

with these limits occurring along ¢ = ¥ and where fg are the limiting functions introduced in Theorems 1.3
and 1.4.

As the small data solutions we will study remain bounded on any finite time interval, we are essentially
concerned only with large time estimates, and thus we use the notation

A(t) 5 B(1)

to represent the statement that there is C' > 0, independent of ¢, such that A(t) < C'B(t) for t sufficiently
large. When a specific constant is desired, for instance when there is 4 > 0 such that |z| < ~t for ¢ sufficiently
large, we will include the constant in this notation, namely

(28) 2| < ~t.

Additionally, C' will denote a positive constant (independent of the solution) that may depend upon initial
data and can change from line to line. Finally, the notation

A(t) ~ B(t)
means that both A(t) < B(¢) and B(t) < A(t) hold.

1.2. Previous Results.



1.2.1. Small Data Solutions. We first summarize some previous properties of small data solutions, which
were obtained in [20]. We denote by I';, the open ball of radius L in R3.

Theorem 1.1. For any L > 0 there exist ¢ > 0 and B > 0 with the following property. Let f§* € Cf,
a = 1,...,N, be non-negative functions supported on 'y, x T'y. Let Ey,By € C? be supported on Ty,
satisfying the compatibility conditions (2). If the initial data satisfy

N
S U5 ler + 1 Eolicz + | Bollcz < eo

a=1
then there exists a unique classical solution of (RVM) for all z,p € R? and t > 0 such that
f(t,z,p)=0  for  [p|=>p

foralla=1,..,N,t >0, and x € R®. Furthermore, |E(t,z)| + |B(t,z)| = 0 for |x| >t + L and we have
the estimates

s+ L

— |X%(s,t 2L > —————

S | (87 ,$,p)|+ j 2(1+62)

for all s,t >0, z,p € R? and
CEO

E(t,x)|+ |B(t,x)| < ,
B2+ 1B < iy D
C’eoln(t+2)

V.E(t x)|+ |V:B(t,z)| < ,
[VaE,2)] +]V2B(.2) (t+1)(t — |2 +2L)°

Cep ln(t+2)
(t+1)(t — |z| +2L)*
[Vef @)oo <C  and ||V f*(t)]lec < C(1+1),

[VRE(t,2)| + |ViB(t, )] <

and
lp(t, )|+ |i(t, 2)| < Ceo(1 +1)72
for some C >0 and allt > 0, x € R3.

Furthermore, for more regular initial data the decay of the fields can be extended to higher derivatives,
as in [8]. This can also be displayed by the new field decomposition (Lemma 2.5) occurring later herein.

Lemma 1.2. Assuming the initial distributions and fields are sufficiently smooth, the Glassey-Strauss the-
orem [20] further implies

In(t + 2)
(t+1)(t — |z| +2L0)F!

(29) IVEE(t )|+ [ViB(t o) <

~

for any k € N.

1.2.2. Modified Scattering. Next, we recall the large time convergence results of small data solutions, which
were obtained separately within [8] and [31], with a shorter proof of the latter theorem refined in [12]. In
particular, we state the main results of those studies in our current notation. First, the scaled densities and
fields converge to limits based upon the limiting spatial average, as follows.

Theorem 1.3. Under the conditions of Theorem 1.1, the small data solutions satisfy
(a) For every a=1,...,N there exist F%° € C}(R?) such that the spatial average

Fa70(t’p) = /fa(tvx’p) dx

satisfies F*(t,p) — F$(p) uniformly as t — oo, namely
[F0(t) = F&lloo S ¢4 I (1),

and for every a =1,...,N,

[ F20) dp=aae
7



(b) Due to the compact support of each FC, define the limiting charge density for ¢ € Ty by

N
P0.00(0) = Y €aDa (v5 () FEO (v (a))

and smoothly extend po o(q) =0 for ¢ € R3\ T'1. Similarly, define the limiting current density by
J0,00(4) = apo,c0(q)

for ¢ € R3. Then, the charge and current densities have the self-similar asymptotic profiles

sup |t®p(t, =) — po.oo (E)‘ <t (1),
z€ERS t
sup [£%(t,) — jooo (7 )| S 71 °(0),
TER3 t
and po,(q) satisfies
(30) [ ooela) d = 47 Moc =0,

Furthermore, for every i = 1,2,3 the deriwatives satisfy

t4at.7 (t7l‘) + [330700 (;) + ? ’ v11.70,00 (7

su
b t

s )| st mb.

(c) Letv <1 andU < 1 be as defined in (16) and (17), respectively. Denote the unit vector in the direction
of u by i = ﬁ Define the functions Ey (q) and By (q) by

(31) Eoce (¢) = WE (u qru ) du

sup [£'0,,p(t,7) = Opoe ()] S 7 (),
zER3 t
sup [£20,,5(t,) = Do (T )] S 71 W (0),
zER3 t

Jul<u Ll fuf? (1= Ju))?
where
Wooo (1 4) = KF( 4)po,00 (4)
and
B q+u du
(32) By (q) = e Wi, <u - |u|> T
where

Wiso (@) = £7. (2, 4) o0 (q)
respectively, for |q| <~ and |u]| <U. Then, E and B have the self-similar asymptotic profiles

sup |*E(t,7) — Ep o (E)‘ <t td(1),
ol St t
sup }tQB(t,x) — By (E)‘ <t Hnd(1).
el St t

Additionally, the Lorentz force of the ath species satisfies

sup [2K*(t, 2z + va(p)t,p) — K¢ o (p)| St In®(2)
|| <In(t)
lp|<B

forallaa=1,..., N where

K§ oo (P) = €a | Eo,00(Va(P)) + va(p) X Bo.co(va(p)) |-

8



(d) For every a=1,...,N there is f& € C(R®) such that

7 (t, £t (@) — 2 In(t)Aq <p>Kaim<p>,p> ()

Mo

uniformly as t — oo, namely we have the convergence estimate

Iz (t, ot valp)t— 1n<t>Aa<p>K&oo<p>,p) - f;(x,m' <),

e

sup
(z,p)ERS

In particular, fS is directly related to the limiting spatial average via

F20(p) = / 12 (e, p) da

for every o =1,...,N.

If the plasma is non-neutral, i.e. Myer # 0, then pg o 7 0 due to (30) and these estimates are sharp, up to
a correction in the logarithmic powers of the error terms. Hence, ||p(t)|so, [|7(t)|loc ~ t =2 and ||(E, B)(t)]|o0 ~
t~2. However, when the plasma is neutral, i.e. My = 0, it is possible that the limiting charge density
po0,0c (and hence, the current density jo oo and limiting fields Ep o and By ) is identically zero, which
implies stronger decay of ||p(t)|lco, | E(t)|loos [|B(t)]lco, and related quantities. Indeed, as we will show these
quantities can decay at any polynomial rate greater than the above powers, depending upon the behavior of
the limiting spatial averages. Note that a nontrivial neutral plasma is necessarily comprised of more than
one species of charged particles, so that N > 2 in what follows.

Theorem 1.4. If py oo = 0, then the asymptotic behavior described above is improved in the following
manner:

(a) We have the faster decay estimates
lp®llse + 17 ®)le <t (D),
IVapt)lloo + 1Vai () lloo + 105 ()lloc St~ (2),

as well as
sup (|E(t,z)| +[B(t,z)]) St In®(t).
|| Syt

(b) The distribution functions scatter linearly, namely for each oo =1,...,N there is f& € CL(R®) such that
f(t x4+ va(p)t,p) = [ (2,p)

uniformly as t — oo with the convergence estimate

sup |f*(t,x + va(p)t,p) — fo(z,p)| St
(z,p)ERS

Of course, the upper bounds listed above do not guarantee a sharp rate of decay or an identification of
the correct asymptotic behavior of these quantities. For instance, p(t,x) = j(t,z) = 0 satisfy these estimates
and can be constructed from a rudimentary initial profile in a neutral plasma, for example, in which the
distributions of all positive and negative charges overlap everywhere in phase space. Therefore, we now
turn our attention to stating new results that every order of decay is actually attained by some solution of
(RVM;)-(RVMy).

1.3. Main Results. We are now ready to present our main results, which extend the asymptotic behavior
described by Theorems 1.3 and 1.4 to higher order expansions and close the estimates with bounds on higher
order momentum derivatives of g¢.

Theorem 1.5. Let m € Ny be given. There exist nontrivial f* € C™9 ((0,00) x R®) for everya =1,..., N
satisfying (RVM1)-(RVMy) such that Myet = 0, and

1) oo 15(E)]lo ~ £,

sup |E(t2)|, sup |B(t,z)| ~ ™2,
|z| Syt || Syt
9



If m =0, then we have
sup |V.E(t,x)|, sup |V,B(t, )| ~ 3

[z <t e[St
and for every a = 1,..., N there is f& € C+9(RS) such that

7 (t, o+ valp)t — 1n<t>Aa<p>Kaoo<p>,p) - f:;u,p)' <+ (0).

Mo

sup
(z,p)ERS

In contrast, for m > 1 we have for every k=1,....m
sup |[ViE(t,z)], sup [ViB(t,z)| ~ ™72,
|| <t 2| <t

and for every o = 1,..., N there is f& € C™T(RS) such that

sup [f*(t,z +va(p)t,p) — foo(z,p)| S ™.
(x,p)€ERC

Remark 1.1. To the best of our knowledge, Theorem 1.5 is the first result to demonstrate decay rates of
the densities and fields that are nontrivial (i.e., p,j, E, B # 0) and faster than the dispersive rates (of ¢=3
and =2, respectively) for (RVM;)-(RVM,). Similar to [26, Remark 1.4], the main physical mechanism that
generates further decay of these quantities is charge cancellation within the quantity As «(¢), rather than
dispersion or phase mixing, which occurs in Landau damping [4, 25, 27] for the Vlasov-Poisson system.

Theorem 1.5 will be implied by the following result (taking m = n+1 and As o # 0 for some |§| =n+1)
when m > 1, which will be established inductively.

Theorem 1.6. Let n € Ny be given. Consider the class of initial data (f§, Eg, Bo) € CPT10(RC) launching
solutions f* € C"19((0,00) x R%) and E, B € C"*19((0,00) x R3) of (RVM;)-(RVMy) for a =1,...,N. If

(33) As.0 =0 for every |0] € {0, ...,n},

then for every o = 1,..., N there is f& € CPO(RO) with ppi1.00s Jntl.00s Entl.co, and Bpi1.0o defined by
(22), (23), (25), and (27) respectively, such that

sup | p(t, ) — pri1.00 <§> ’ St
r€R3 t
sup tn+4j(t,:c) - jn+1,oo < )‘
z€R3
sup |t"T3E(t,x) Ent1,00 (m)‘ <t !,
|z <t ¢
sup t"*sB(t Z) — Bpi1,00 <§>’ <t h
|zl Syt t
with
T
(34) sup |£H3VE(E, B)(t, x) — VE(E, B)nt1 koo (;)‘ <t

e[St

sup |V g%(t,z,p)| S1
(z,p)€ERS

foralll<k<n+1landl<j<n+2and
V(B B)(t,2) — VI T2(E, B)o s (%)‘ <t Um(),

sup
x| Syt

In each of these cases, we further have
sup [ (t, 2 + va(p)t,p) — foo (@) St
(z,p)ER®

and
sup |VEV]f* (t, @ +va(p)t,p) — VLV f (2, p)| SE7"72
(z,p)€ERS
fori,j eNgwithl <i+4+j<n+1.
10



Remark 1.2. Throughout the proof of Theorem 1.6, we will establish and utilize the functions F2°(p)
(defined in (20)), which will be initially understood only as the large time asymptotic limits of the functions
F0(t,p) (defined in (9)). However, at the end of the proof we will justify the regularity needed to assert the
ultimate relationship between the limiting distributions f2 (z,p) and the limiting spatial moments F;%(p).
Hence, this relationship is not needed to establish our results. Only the existence of the limits F%(p) =
lim; oo F*9(t, p) will be necessary, independent of an explicit formula for the limiting functions.

Remark 1.3. The additional regularity of solutions required by our main results is unlikely to be sharp,
but in order to utilize the scattering map developed within [9], it is necessary to assume considerably smooth
scattering states (i.e., f& € C™H9(RS)).

Remark 1.4. Our methods can further be extended, without the neutrality assumption or cancellation
conditions on Aj, in order to arrive at polyhomogeneous expansions of solutions, analogous to results
obtained for the Vlasov-Poisson system in [11, 33]. In this case, the spatial support of the translated
distribution function g® may grow in time like O (In(¢)) which introduces additional factors in the expansion

k
of the form (%) rather than t=* for k € Ny.

1.4. Organization of the paper. Section 2 is dedicated to some preliminary lemmas that provide asymp-
totic bounds (as t — oo) on the densities p and j and fields E' and B, as well as their derivatives. Then,
these bounds are used to prove the two main theorems in Section 3. A rather lengthy argument establishing
asymptotic bounds for derivatives of g® is postponed until Section 4 in order to facilitate the exposition.

2. LEMMAS

2.1. Preliminaries. To begin, the spatial characteristics in the moving reference frame are given by
(35) ya(tv T, l‘7p) = Xa(ta T, Jj,p) — Vo (Pa(tv T, xap)>t

with Y*(7) = @ — vo(p)7. Furthermore, the spatial-momentum support in the original reference frame and
the translated reference frame are given by

S7 (t) = {(z,p) € R®: fo(t,z,p) # 0},

and

S (t) ={(z,p) € RS : g*(t,z,p) # 0},
respectively. We note that S;(O) = SJ?(O) for all @ = 1,..., N and define the maximal spatial support
amongst all particles by

R(t) = max sup{|Y*(t,0,z,p)|: (x,p) € S5(0)}.

As we must track the asymptotic decay properties of the electromagnetic field, we define, for every for £ € Ny,
the quantity

Ke(t) := max sup ’VﬁE(t, T+ Ua(p)t)‘ + ’VﬁB(t, T+ Vg (p)t)’
o=l Ne <R (1)
lp|<B

+ max sup (’ViE(t7Xo‘(t7T,x7p))| + {ViB(t,X“(Lﬂx,p))‘).
a=1...N  1eo4)
(z,p)€SF ()
We only consider fields within the interior of the light cone to take full advantage of the decay properties
therein. Therefore, the suprema above are necessarily bounded for all time. Additionally, we must track the
time-asymptotic growth rates of spatial and momentum derivatives of g%, which leads us to define for every
{eN

¢
Gy(t) =1+ max > [[Vyg* ()],
o =1

11



and

GrpM=1+ max > [IDFDFg ()],

""" [Bpl+]Bz <t
[B21>0

the former of which traces the behavior of only momentum derivatives, while the latter groups together all
other combinations of mixed spatial and momentum derivatives. Note that these quantities are nested so
that, in particular, G} (t) < 1 implies gﬁ(t) < 1 for every 1 < ¢ <n with the same property for G ,(t).

With these definitions, we first establish some preliminary results and fundamental estimates that will be
crucial to the proof of the main theorem within the next section.

Lemma 2.1. The symmetric, matriz-valued function A, : R® — R3*3 defined by A, (p) = Vs (p), so that
its entrywise representation is

(Aa),. (p) = (m2 + Ip[*)di; — pip;
o (m3 + [p[?)3/2
satisfies
[Aa(p)] < (m% + |pI*) 72 <my!
for all p € R3 and

—5/2
|det (Aa(p))] = m2 (m +[p*) "

Therefore, the inverse determinant of A(p) has the representation

5/2
(36) Da(p) :=mg? (m, + [p*)”"" .
Finally, the functions va(p), v51(q), Da(p) and all of their derivatives are C* and bounded on any compact
subset of their respective domains.
Proof. The proof consists of straightforward calculations and is therefore omitted. O

2.2. Properties of the Translated Distribution Function. With the basic properties of characteristics
determined, we introduce some notation relating to the translated distribution functions. As mentioned in
the introduction, for every a =1, ..., N we let

9%(t.z,p) = f*(t,z + va(p)t, p)
so that f*(t,z,p) = g*(t,z — va(p)t,p). The spatial characteristics Y*(t) of g®, introduced in (35), satisfy

(37) Yot) = —tha(PO(1) K (t, V() + va (PH(O) 1, P%)) .
In addition, note that ||g*(¢)||cc < || folle for all £ >0 and

g*(t,z,p)=0  for  [p[>p.

Lemma 2.2. For every 7 > 0, and (v,p) € Sgf(T) the characteristics satisfy
t

|Ve(t, 7, z,p) — (x — va(p)T)| < / sKo(s)ds
and . '
R(t) <1 +/ sKo(s)ds
In particular, if poo =0, then Theorem 1.4 further irglplies
|Y(t, mz,p)| S1 and R(t) < 1.

~

Proof. Using (37) we immediately find
[Yo)] < thaa(PRO)IK (¢ X2 (1), P ()] S Ho(t),

and thus ,

t
ya(577—7x7p)’ ds SJ/ SICO(S) ds

T

Vot 2,p) — (@ — va(p)7)| < /

12




for fixed 7 > 0 and (z,p) € S5 (7). Furthermore, this implies

t t
V2 (t,0.2,p)| < J2] + / S| K (s, X°(s), P*(s))] ds < 1+ / $Ko(s) ds
0 0

for (z,p) € S§(0). The estimate on the spatial radius then follows as
¢
R(t) = max sup | Y*(,0,z,p)| S 1 +/ sKo(s) ds.
a=LN (4 p)eSe(0) 0

O

2.3. New tools for (RVM,). Throughout this section, we will assume Ag o = 0, which implies pg . = 0.
Hence, the spatial support of g% is uniformly bounded in time by Lemma 2.2, namely

(38) R(t) < 1.

In order to emphasize the uniform boundedness of the spatial support, we define for use in subsequent
lemmas the constant

R = sup R(t).
>0

Lemma 2.3. For every a=1,...,N and k € Ny, we have

under the assumption that the integral on the right side is finite. Moreover, if g}’;_l(t) < 1, then this reduces
to

LO < /t - f: zjj ST [ 1 ()67 (5) + K ()G ()] ds

j=0m=0

k a, «a,
vy (F o) — FOO0>

oo [ k+1
HV’; (Fa’o(t) — F(fé’O) H < /t { Z ST (s) + Ko(s)g§+1(8) + (lel(s) + ICO(S))QS(S)} ds.
S m=2
Proof. We follow the ideas contained in the proof of [31, Lemma 3.6]. Recall that

F”"O(t,p)=/ 9* (t,y,p) dy.
R3

Because the momentum support of g¢ is uniformly bounded, we take |p| < 8 throughout the proof. Using
(RVM,) we find

atFa’o(t,p) :/ Org® (t,x,p) dx
R3

Ca o [e%
= K*(t,x 4+ va(p)t, p) - (tAa(p)Va — V) g*(t,z,p) d
a JR3
Ca @ @ @ o
= / (t tr{Aa(p) Vo K (t, x + va(p)t,p) } g (t, x,p) + K*(t,x + va(p)t, p) - Vpg (t,x,p)) dx
a JR3

upon integrating by parts in x in the first term. Taking any kth order momentum derivative with multi-index
7 so that |n| = k, we have

Ca (1 (e
ODIF"(t,p) = =< | Dy(t te{Aa(p) VoK (b + va(p)tp)} 9% (t 2, p)
o JR3
+ K@+ va(p)tp) - Vg (t2,p) ) do

13



Applying this momentum derivative to the product of terms in the integrand yields derivatives ranging up
to order k on each, so that

3
0, D1 F*O(t,p)| < / ) [t Y Dy Dy Kt + va(p)t, p) D2 g (¢, 2, p) Dy AL (p)
R vidvatug=<n i,j=1

[v1|+|ve|+|vs|=k

3
N (Kﬁ(aﬁvauo)t,p))D;z—"Dpiga(m,p)] da.

v=n i=1

0<|v[<k
Above, the relation < on multi-indices, is defined as follows: for 3,7 € N3 we write
v=pB whenever v < B foralli=1,2 3,

and then we define

B == (B1—1,02— 28— 3);

which is also an element of Nj. Due to the bounded spatial support of g% given by (38), the integral here
is taken over |z| < R(t) < 1. As the derivatives of v, (p) and A, (p) of any order are uniformly bounded for
lp| < and

vl

‘D;(K&(t,xﬂa(p)t,p))‘:’D;E(t,xﬂa(p)t)JrD;( o(p) X B(t, 2z +va(p )‘ Zt%

taking the supremum over all momenta gives

[v1]

o DpFC()|| . < > th+1/c,,+ g+ > th/cb OGN (t) =T + I1.
vitret+rz=<n  b=0 v=<n b=0
lval+lvel+lvs|=k 0<|v|<k

To simplify the first term, we let |v3| = k— |v1| — |val, [v1] = j—m for j € {0, ..., k}, and o] = m € {0, ...,j}
to find

ko J
1S3 07K i (G5 ():

=0 m=0

To simplify the second sum, recall that |n| = k and let |v| = j, so that it yields

upon reindexing via m = j — b. Putting these together gives

k J
[ERRZRIOTNED D D m(t/CJ 1 (DGI(1) + Kt )Q;f_j“(t)).

j=0m=0

Hence, for 7 > t, we can write

|DjF*O(t) — DJF*°(r (D) F*0(s) ds /HathFavO(s)Hoo ds.

t

Thus, for integrands that decay sufficiently fast7 we let 7 — oo and find

|DIF0(t) — DIFSC|| < / Z s (s/Cj—mH(S)QZL(S) + ’Cj—m(S)gﬁ_”l(S))d&

j=0m=0

Summing over all such derivatives with |n| = k gives the first result for any o = 1,..., N.
14



Assuming g;,f_l(t) < 1 and breaking up the sums to eliminate such terms, this estimate immediately
simplifies to

oo k og—1
HV’S (o) - r20) H < l D020 ST K () + 5K (5) + 5K ()65 (5)
oo t j=0m=0
E o J
i Z Z s (8) + Ko ()GE T (s) + (Ko(s) + sK1(s)) G (s) | ds.
j=2m=0

Reindexing the remaining sums and using gg(t) > 1, which implies

Ko(s) + sK1(s) < (Ko(s) + sK1(s)) G (s),

yields the stated conclusion. O

Lemma 2.4. For everya=1,...,N, k € Ny, and |§| € N, the spatial density V’;F“"s(t,p) satisfies
V5 (P50 = PE) | S [ 30 D0 7 (K ()97 (6) 44K (G5 ()4 Ko ()57 (5) ) s
=0 m=0
under the assumption that the integral on the right side is finite. Moreover, if g;f_l(t) < 1, this reduces to
o [ k
HV’; (F“"s(t) — Fgg‘s) HOO < /t [ Z smHlCm(s)—i—skHleH(s)—i—(ICO(S)—i—s/Cl(s))Qﬁ(s)—l—ICO(s)g;fH(s)] ds

m=0

Remark 2.1. We note that the difference between Lemmas 2.3 and 2.4 is one additional term appearing
with the integration by parts in  within the latter result.

Proof. We follow the ideas contained in the proof of [31, Lemma 2.6]. First, recall from (9) that

,d — —x o« T )
Pt = [ (=" () dy

Taking a time derivative and using (RVM,), we find

5tFa’5(t7p) :/ (7x)5atg0‘(t,z,p)dx

s
= ;TO; /RS(*I)‘s {Ka(ta z 4+ va(p)t,p) - (tAa(p)Vy — V,,)g“(t,x,p)] d
= —;Ta / (t tr{(—x)lSVIKa(t, T+ Ua(p)t,p)Aa(p)}ga(t, z,p)

o JR3

+ ttr{ (Vx(fx)‘s) Ktz + va(p)t,p)Aa(p)}go‘ + (f:c)‘sKo‘(t7 r+va(p)t,p) - Vpga> dr

upon integrating by parts in . Applying any kth order momentum derivative with multi-index 7 satisfying
In| = k gives

8,5D;7Fa’5(t,p) = —;L—a /3 D} (t tr{(—x)nvao‘(t, T+ Ua(p)t,p)Aa(p)}ga(t, x,p)
a JR
+ttr{ (Va(=2)") K*(6 @ + va ()t p)Aa(p) bg® + (~2) K (4,2 + va ()L, p) - Vpy” ) da.
Taking the supremum over all |p| < 3, we note that derivatives of v, (p) and A, (p) are uniformly bounded,

and the spatial moments (—xz)" are bounded on the support of g% due to (38). Additionally, recalling the
15



estimate |Dy K| < Z‘[:lo 'Ky (t) from the previous lemma, we find

[v1]

||D;)78tFa,6(t)||oo S Z Z (tb+1’Cb+ |u2|( ) tb+1’Cb(t)gI|,U2l(t)>
vit+re+rvs=<n b=0
lval+lve|+lvs|=k

v

+ Z th’C g|n V\+1()

v=n =
O<\y|<k

where the last term has been estimated as in the previous lemma. Letting |vs| = k — |v1| — |pa|, |12] =
m € {0,....5}, and |11 = j—m for j € {0,...,k} (i.e. 0 < b <m < j < k) within the first two sums and
reindexing the last sum as in the previous lemma, this becomes

[E2230) <:§j§:tf"%fn7m+u>g (1) + £ Ksm (DG (1) + Kjmm (DG4 (1)).

7j=0m=0
/aD”F‘”

Thus, for integrands that decay sufﬁ01ently fast, we let 7 — oo and find

Hence, for 7 > t, we can write

||D17;Foc,5( ) DnFoz(S ‘

/|aD’7F” )| ds.

| D Ees () D"F“5||00N/ Y e (K (G5 (5) + 5Ky ()G (5) Ky (5K (5) ) s,

j=0m=0

Summing over all such derivatives with || = k gives the first result for any a = 1,..., N. Finally, assuming
Q;f_l(t) < 1 and breaking up the sums to eliminate such terms, this estimate simplifies in the same manner
as for Lemma 2.3. O

Lemma 2.5 (Refined Field Representation). Recall the definitions U := = 1+7 <1andd= | - Then,
for t sufficiently large and x € R? satisfying |z| < ~t, the fields admit the following representation
E(t,z) = Ep(t,z) + Es(t, z) and B(t,z) = Bp(t,x) + Bs(t,z)

where the T component satisfies

1 T+ ut—z du
(39) Er(t,x) = —/ / HE (t,u,z, ) dz

2 J<uJi<r T t(1 — Jul) [ul?(1 = |u])®
with
(40) Hg(tvu7Z7Q> = R%(a7q)HP<t(1 - |u‘>7ZaQ)
and

B _ (Wt —1ef)

(41) R ) = T
Additionally, the S component satisfies

1 T+ ut—z du
(42 FEs(t,z) = 7/ / HE (t,u,z, )dz .

: ) =5 i<u Jizi<m (1 — |u]) lu|(1 — |u])®

with

N
(43) HE(tu,2,9) = Y etws (0" (@))Da (03" (@) K (H(L = [ul), z + gt (1 — [ul]))g (¢(1 — |ul), 2,05 (0))

a=1

(a4) ) =9, (),
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For the magnetic field B(t7x) there is an analogous representation that merely replaces U + q wzthm k¥ by
@ X ¢ and @ + vo(p) within KE by @ x vy (p) in order to form the kernels k2 (whence HE) and k5 (whence
HE ), respectively.

Proof. Throughout, we will focus on the electric field decomposition and note that an analogous representa-
tion follows for the magnetic field via the same argument. The main idea generally involves changing variables
to the reference frame along free transport. We begin by recalling the Glassey-Strauss decomposition of the
electric field [21]. For any ¢ > 0 and x € R3, we may write

(45) E(t,z) = Ep(t,z) + Es(t,z) + Eqata(t, )
where

> w + va(p)) (1 [va(p) ) dy
46 Er(t,x) = / / o 2 Nt — |y —z|,y,p)dp ——,
( ) T( z:: y—|<t 1 +Uo¢ p) w)g f ( ‘y ‘ Y ) |y — CU|2

N
@0 Bsoy =Y e [ [ By = oly) Vs~ ol

a—1 ly—z|<t 1 +’Uo¢(p) w |y—£L"
and
Edata(t, ) = 4; / ‘_t (Eo(y) + (y—z) - VEy(y) + tV x Bo(@/)) dSy
- Z e (et ¢ B ) apas,

where w = \Z:il' Beginning from this representation, we proceed as follows.

Step 1: Vanishing of Fqata

We first claim that the data term vanishes for sufficiently large time because |z| < t. Indeed, each of the
terms within the above formula involves an integral over the boundary of the light cone {y : |z —y| = ¢}, and
we will show that the corresponding integrands vanish on this set for ¢ large. As we consider only |x| < ~t,
we have

yl =y -z —|z| 2t —yt=(1-7)t>L
on the spatial set of integration by taking t sufficiently large, and in particular, t > % However, due to
the assumptions on the initial data, Ey(y), Bo(y), and f§(y,p) all vanish for |y| > L. Therefore, the region
of integration lies strictly outside of the support of any of the integrands in the above expression, and it
follows that Egata(t, ) = 0 for |z| < ~t.

Step 2: Representation of Er(t,x)

Next, we recall the representation (46). Transforming the spatial variable y to a velocity variable u via
u= L=
[

W+ (1 —1gP)
(14q-w)?

K (w, q) =

for any |¢q| < 1, the integral becomes

tx —tZea/

Ju|<1

/n?(a,va(p))fa(t(l ~Ju]), x + ut, p) dp%.

With this, we change the reference frame via

fa(t,l‘,p) = ga(t7x - Ua(p)tap)
17



to find
. a du
r(t.a) —tZ co [ y | R ao)g™ (¢~ ud) -+ ut = o (41 ). p) dp 7
u|<1
Transforming the momentum variable p to a spatial variable z via

2= x4+ ut — va(p)t(L — |ul)

yields
) T +ut —z N _1(x+ut—z>
va(p) =~ p=vy | 77—
t(1 — [ul) t(1 = [ul)
Therefore, upon noting the compact spatial support of g, we arrive at the representation
T+ ut—z du
(48) Ep(t,z) = / / HE (tuz )dz
<t Jer t(1 — [ul) ul>(1 = u])?
where
N
(49) M (tu,2,q) =Y earf (i, ) Do (vg ' (9) g (1 = |ul), 2,05 (9))
a=1

= w5 (i, q)H,(t(1 — |ul), 2, q)

which nearly provides the stated representation of Er(t,x).
Step 3: Representation of FEg(t,x)

We recall the representation (47). Using the fact that the Lorentz force is divergence-free in momentum,
we integrate by parts in p, obtaining

Es(t,2) = - / |<t/ (‘””“(p) )K“(t—|y—x,y,p>fa(t—|y—x|,y,p>dp dy

1+ va(p) - w ly — x|

To simplify notatlon7 we define
.

Then, we make the change of variables u = ¥

W+ v (p)
L +va(p) 'W) .

§(w,p) = K§ (@, p) and

t

N
du
:—tzz /<1/KS p) K*(t — tlul,z + ut,p) f*(t(1 — |u|), z + ut, p)dp| k
o u

where @ = |Z—‘ Proceeding as for Fp by changing the reference frame using
fa(t7x7p) = ga(t7x - U(X(p)tap)

and changing variables via
z=1a 4 ut —va(p)t(l — |ul)

yields
_ 1 E(f gz 2 tut —2 z du
(50) Es(t,z) = t /|u|<1 /|z|<R Hs (t7 T (L= ul) ) ! ul(1 - |u|)3
where
HE(t 0,2 q) Ze (@) D (0 (@) K (00~ [u]), 2+t~ ul), v (@) " (11— Jul), 2,05 (a)),

which nearly prov1des the stated representation of Fg(t,x).
Step 4: Removal of Singularity

18



With the field representation close to complete, it only remains to remove the singularity within the u
integration appearing in both EFp and Eg. To this end, we note that this region of integration can be
dramatically simplified for ¢ sufficiently large due to the support of g¢. Because g* has compact spatial and
momentum support, we note that g*(¢,z,p) = 0 for |z| > R or |p| > . Therefore, the integrals within (48)

and (50) are constrained by |z| <R and
(T +ut— z) ‘
Vo | )| <5
< t(1 = Jul)

respectively. Notice that |p| < B implies |v,(p)| < 7. Thus, letting p = v ! (“‘“t_z), we find

t(1—[uf)

T+ ut—=z

W | =7

or
|z +ut — 2] < ~t(1 —|ul)
as |u| < 1. Because
Jult — [a] — [2] < |z + ut — 2],
rearranging the above inequality implies
(L +y)[ult < fa| + |2 + 1.
Finally, we take ¢ sufficiently large, consider only |z| < ¢, and use the constraint |z| <R to find
2y R

u < 4
ful < I+  t(1+7)
Note that v < 1 guarantees ﬁ < % Finally, taking ¢ sufficiently large, in particular
2R
(51) t> —
v
(1+9) ( - m)
gives
1 Y
<-4+ ——=U<1.
ful < 2 + 1+~

Hence, the support of g*(¢) is a subset of {(z,u) : |z| < R,|u| < U}. Thus, for ¢ sufficiently large and
|x| < ~t, the integrals above are equal to

1 r+ut—z du
Er(t,z) = —/ / HE (tu,z, ) dz
=g i<t Jiz<r t(1 = [u]) [u?(1 — [ul)?

1 x4+ ut —z du
E =— g :
stho) =@ /u|§u /R Hs (“‘ H(1— Ja]) ) Tl = Tl

This removes any singularity at |u| = 1 within these expressions. As HE(t,u, z,q) and HE (¢, u, 2, ¢) vanish

for [u;t(q)| > B, due to the compact momentum support of g%, the functions x%, k€, and D, remain C*>

and uniformly bounded on the support of g*(t). O

and

Remark 2.2. We note that the representation herein is significantly more useful, in terms of computing
and estimating field derivatives, than the original Glassey-Strauss field representation [21]. In particular,
the spatial derivatives of £ and B now clearly depend upon momentum derivatives of g® and gain an extra
t=1 decay factor with each derivative. Additionally, unlike the decomposition in [21], there is no need to
estimate additional projections of the T and S operators within representations of derivatives, e.g., no Epr,

Ers, Est, or Esg terms are necessary to estimate sup |[VEE(t,z)| or sup |V¥B(t,z)| for k € N.
2| <t 2| <t
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Lemma 2.6. For any k € Ny and ¢ € N, we have

m 1
sup [tFHPEVEE( x) — VE MOTRSS (—)‘ th HVkWE( oo + TF Ztﬂ sup K1 — Jul)) Q;f(t)

|| Syt j=o0 luI<
k+-¢
+ max sup ||V} (Fa"s(t(l —Jul)) — Fgg‘s> H + tilg:”LHl(t).
0 “Typ ™ lul<u 00
J=0 " |5|=¢

In the case ¢ = 0, this reduces to

sup |H2VEE(L x) — VEOOO(f)’ t1+k Ztﬂ sup K;(t(1— [u]) | G ()

|z St =0 lu|<U
k
+ ) max sup V2<Fa’°<t(1—lu|))—F§3°>’ +7G (D)
a=1,..., N\u|<1/{ -

Jj=0

for any k € Ng. The convergence estimates for B(t,x) are identical.

Proof. We begin by invoking the field representation of E(t,x), along with an analogous decomposition for
B(t,z), provided by Lemma 2.5 for |z| < ¢, namely

E(t,z) = Er(t,x) + Es(t, x)

where . ot p
B T+ ut —z u
KA /M /Wz o (t“ (1= ul) ) P P
with
HE(t,u, 2 Q) = k7 (a,9) Hp (11— [u]), 2,9),

where £ and H, are given by (41) and (8), and

/ / ’H,E<tuzx+mz>dz du

lul<u J|z|[<R t(1 = |ul) Jul(1 — |U|)3
with
N

HE (t,u,2,q) Z earg (@, 05" (9))Da (v5 () K (t(1 = [ul), 2+ gt(1 = [ul),v5 " (9))g* (1 = |u]), 2,05 " ()

where k5 is given by (44). Here, K%(t,z,p) = E(t,z) + vo(p) x B(t,x). Throughout the proof we will
use the fact that ng , k% and D, are infinitely smooth with derivatives that are uniformly bounded on the
support of g%.

Taking spatial derivatives of order k € Ny within this representation, we find

DyE(t,x) = Dy Er(t,z) + DyEs(t, x)

where
1 r+ut—=z du
(52) D¥Ep(t,z) = —/ / DFHE (t,u,z, ) dz ,
’ 24 < Jaier 0T t(1 = ful) |u?(1 — [ul)3+F
and due to the compact support of g<,
1 du
DFEs(t,x)| < —— sup |DF ’HS (t,u,z,q
| |5 jul<td |z |<7z| ) Jul(1 = Jul)3+F
lg|<v

Step 1: Estimate of DXEg(t,z)

First, we estimate the D¥ E5 term, which should ultimately decay faster than the convergence rate of the
corresponding D’;ET term. In particular, within D’;ES, we wish to bound derivatives of ’Hg(t, u,z,q). We
first note that the arguments of the field terms remain inside the set |x| < ¢. Considering the field term
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DIK*(t(1 — |ul), z + gt(1 — |u]),v,1(q)) for j € Ny we claim that the magnitude of the spatial argument is
bounded by v multiplied by its time argument, meaning

|2+ gt (1 = [uf)] < (1 = [u]),

for t sufficiently large. As we restrict |u| away from 1 for sufficiently large time via (51), this is equivalently
written

z
<
’t(l—IUI)

Beginning with the uniform bound on the spatial support of ¢g® and |u] <U < 1, we find

z 1 R
tl—|u))| = 1-U

The bound on the momentum support of g%, namely |v;(q)| < B, further yields |¢| < \/1[17 Hence,

assuming (51) and further taking times satisfying

gives

Therefore, upon rearranging we have
|2+ qt(1 = [u])| < 7t(1 = u]).

Applying this to the fields allows us to estimate for each j € Ng and a =1,..., N,

DL = a2 0t = @) S s (IDLEG( = )]+ DB~ ) )

S K (41— ul)) .-

The analogous argument holds for p derivatives of the force, as well, so that for « =1,..., N and j € N,

DI~ )+ a0 = o) @) S sup B~ ) )] S Ko (40~ )

and for j =0
K000 = ul) 5+ a1 ) ()| S Ko (o0 - ).
Thus, taking derivatives of HE and using the increasing nature of g;’(t) in j, we find

k
|DEBs(t,2)] £ i S 01— DA (61— Jul)) | Gt — ful)) ——
H <u \ S Jul (1 = Jul)

and, as G} (t) is increasing in ¢, this yields

k
(53) | Dy Es(t,x)| < preey Do sup K(t(1—[ul) | G ().

Step 2: Field Limit and Convergence of Er(t,x)
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Next, we return to (52) and consider the difference between the tangential component and the limiting
electric field. First, the kernel of the electric field can be expanded within its last argument so that

. T+ ut — 2 5/ E _rtrut
Hr (t’u’z o1~ ul) ) > 2. G 1—|u\ m(S'DqHT (t’“’z’t(l—IUI>>

m=0 |5|=m

5
§n B x+ut —0z
2 1—\u| f+15'DqHT (t“ HI— Jul)
|5|=+1

for some 6 € [0, 1]. Moreover, by (9), (10), (18), and (40) the z integral of the first term on the right side
can be rewritten in terms of the function W (¢, u, q) so that

1
X T e P )

|8]=m
-z m (Zem @,9)Pa (v () / (—2)°g™ (¢ = Jul). 2,05 (@) dz)

[6]=m

= 3 e P (s 00— )

=
= Wi (tu,q).

Upon taking derivatives to match the expression within (52), we insert this in the above expansion to find

1
[ ot (t 0z +t—) dz= 3 T DEWE (t u H)
sl<r t(1 = ful) o t(1 = ful)

m=0

(—2)° & G E( z+ut02>
+/ A pEpE (g, LT TR g
en 2 T Ty o O {1~ Jul)

Further, we note that from (19), we have

+ ut du
DWW,y (t,u, . ) = t"DF B, (t, ).
/|u|<u / t1—[ul) ) Ju)? (1 = |u))®**

Hence, inserting the above expansion within (52), subtracting the limiting field, and estimating the remaining
error term yields

/—1
DR B 7) — DBy o (f)‘ < S M DEE, (1 2)|
¢ m=0
X
n ‘tkD’;Eg(t,x) — DVEy o (2)‘
du
2(1 — [u]) AR+

—|—t71/ sup |Vk+£+1HT(t u, 2,q ‘
lu|<U |2|<R, |ul
lgl<~

=I1+II+1III

To estimate I, we immediately find from (19)

—1 -1
+ ut du
1<y DEWE (t,u, S S ETIVEWE () .
> = \/|u|<u q"V'm , U, t(l — |u|) |U|2(1 — |’U,|)3+k ~ —~ || q m( )”

Similarly, using (49) and the fact that gj; (t) is increasing in ¢, estimating IT1 yields

IIT St'gRttti(e).
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Finally, to estimate IT, we use the structure of the approximating and limiting fields in (19) and (25),
respectively, as well as (10), (18), (21), and (24) to estimate the difference of the corresponding kernels,

which yields
+ ut T + ut du
II g/ DFWE (t,u, I) — DFWE (u >‘
w4 t(1 = [ul) O NN = Jul) /| )2 (1 — Jul)®HF

< [P 50 ko) (At = ). o) - Ast))|

|6]=¢

du

z 4, 3+k+2L
g=+rm | Jul? (1= Jul)

k+¢
< max __ sup Vz (F‘l"s(t(l —|u])) — ngé) H
=0 *‘;" oV ul<u oo

Combining the estimates for I, 11, and IT1, and including the estimate (53) for Eg(t, ) completes the
proof. The analogous result holds for B(t, z), rather than E(¢,x), using identical methods. O

Lemma 2.7. For any k,¢ € Ny, we have

Xz .
sup |(“Vhpelt,a) = Vhoeoo (7)| S —rﬁlaxszw(F %5“)_@76)’ ’
= =
- ket ,
sup [tV je(t, ) = Viyje,co (*)’ S max HVfl (Fa";(t) ~ Fo‘g’é) H :
z€R3 t o azlgl,...l,zv -
kot
sup V’; (WZE(t,u, q) — Wfoo(u,q)) N Z maxN sup ||VJ (Fa"s(t(l —Jul)) — Fo(yo,,(S) ’
lg|<~ =0T lu|<U oo
lul<U o]=
and
kot
sup (V5 (WE(twa) - WE )| S 30 mox s [V (Fotte - ) - P
lq| <~ 0 6 N |u|<u ~
lul <t 15[=

Proof. Taking any kth order spatial derivative of p,(t, ) using the multi-index || = k in (11) and substituting
(10) gives

Dlpe(t,z) = 4mt™* Y .D‘;D” {Z eaDa(vy (@) F*° (t, v (q))]

|6]=¢
Thus, subtracting the proposed limit given by derivatives of (22), using the boundedness of D, (p), v;*(q),
and their derivatives, and estimating yields

=%

k+¢
k z j 6 6
EDLont) - Do (£)| £ 3 max |3 (P20 - £ )|
J=0"|s|=¢
upon summing over all such derivatives and taking the supremum over all x. This provides the stated result

for py(t,z), and the proofs for jo(t,z), WE(t,x), WE(t,z) are analogous upon using the boundedness of

kE(d, q), kB (1, q), and Sup |y <y (1 — |u|) =% for any k € Ny in the latter, field cases. O

Lemma 2.8. For any ¢ € N, we have

{—
x 1 _
sup [43p(02) — e ()] £ 3 0 o0l + 3 _max, [93(ro00)p20)| g
z€ER3 0 j_() ‘5‘ e -
and
z -1 V4
sup [¢3(t2) — oo (1) £ 1 lim @l + 3 max |V (Foo(r) - F22 )| +17iget ).
z€R3 t Lt 0=1,...,.N
m=0 J=0 " |s|=¢ o0



Proof. We begin by fixing £ € N. Then, utilizing the representation of the charge density within (7), we have

p(t,z) = 4mt™3 /HP (t,y7 x;y) dy.

Using the Taylor expansion in (12), separating the order ¢ term, and estimating derivatives of the remainder
using (8), we find

~

-1

Eplt,w) =Yt " pm(t,x) + 1t polt, )+t~ FVE®)
m=0
where
1 5§16 z — 0y 041
|E(t)| = sup sup |4n = (—y)°’DyH, ( L.y, dy| 5 G, (t).
veRoe01] | 525 O JIwsR t

Using (10), (11), (21), and (22) the ¢th order approximation of p(t,z) satisfies

¢
T :
g s (Y35 s 05|
J=0 " |5]=¢ oo

Thus, expanding p(t, z) as above, we find

-1
T m X —
‘t“_gp(t,.%‘) — Ploe <;)‘ < Z tt Pm(t7 a’;) + pg(t,x) — Pt,00 (;) +t 1 |5(t)|
m=0
-1 x
< S om0 + et ) = peoe (5) ]+ 4765 0
m=0

which, upon using (54), yields the stated result. The proof for j(¢, ) is identical upon expanding H;. O

3. PROOFS OF THEOREMS 1.5 AND 1.6

We first focus on proving Theorem 1.6, which will essentially imply Theorem 1.5 subject to the construction
of suitable scattering states.

3.1. Base Case. We begin by assuming the condition
(Ao) Apoo =0

so that po.co = Jo,00 = W(foo = W(foo = Eyoo = Bp,oo =0, as well. As a reminder, this condition implies
R(t) <1 due to Lemma 2.2. We wish to prove that (Aj) implies

sup t4p(t7x)7p1,oo (E) St717
T€ER3 t
X
thi(t, ) — jreo (= )| StTT
s GEIE (t) St
sup [£*(E, B)(t.2) = (B, B ()| St
(Qo) [z Syt N
sup [1*V.(E, B)(t,2) = Vy(E. Bows (7 )| S
lz] St
sup ‘t‘*vi(E,B)(t,x)—vg(E,B)O,OO (f) <t 1m2(t),
ol St t

Gz, +G2(t) S 1.

To achieve this goal, we outline the following procedure. First, in order to obtain (Q) we need to establish
the optimal decay rates of the fields and their derivatives, namely Ko(t) < ¢73 and K1 (t) < t=%. These rates
24



depend explicitly on uniform-in-time bounds for g; (t) and gg (t), respectively. Next, the convergence of the
spatial average and its derivatives must be refined using the updated field decay so that

100 = POl S 75
lF0 ) - F*l 577
1V, (F2 (1) = F)|o S 27
for |6] = 1. With this, improved decay rates of the densities and field kernels can be achieved

llpo )l o > 0 ®)llo - [Wa' O] o - [We' ]|, S 72
Finally, these improvements will give rise to the stated convergence of the densities and fields to their limits.

Step 1: Optimal decay rate of fields

We begin this process by obtaining the best possible decay rate for ICo(¢). From Theorem 1.4, we deduce
the improved decay rate

(55) Ko(t) St~ (1),
and Lemma 1.2 implies initial rates of decay on derivatives of the fields, namely
(56) Ki(t) St731n(t) and Kao(t) St~ *In(t).

With this, Lemma 2.2 guarantees that the particle distribution g® is compactly supported in the spatial
domain as R(t) < 1. Furthermore, G°(t) < 1 due to the boundedness of the initial data. Invoking Lemmas
A.1 and A.2 with (55) and (56) then provides initial decay rates on momentum derivatives of g, namely

(57) Gi(t) SIn’(t)  and  G2(t) SIn'(h).

Applying Lemma 2.3 with £ = 0 and k& = 1 and inserting (55) and (56), we further establish initial rates for
the convergence of the spatial average so that for every a =1,..., N

oo

#2060 = P20l 5 [ (Ka()8°() + Ka(o)Gh(9) ds £ [ s~ a(s)ds S ¢ hnlr)

t
and

IV (F0(1) = FEO)| o < / ) [SK1(5)G°(5) + Ko (5)G2(5) + 5 Ka()G°(5) + 5K (5)Gh () + Ko(s)Gp(s)] s

oo Y

</ s72In%(s) ds <t In(¢).
t

~

With this, we improve the decay rates of field derivatives by invoking Lemma 2.6 with k£ = 1, £ = 0, noting
Ey 00 =0, and using (55)-(57) to find

£ sup Vo B(t2)] S ¢2( sup Ko (1= [u])) +t sup K (61— [u)) )Go(t) + [|F*°() = P2,

el ful<U jul <
+ sup ||V, (P01 — |ul)) = FLO) [, +t71G (1)
lul<U

<ttt (0).
As the decay of the magnetic field is identical, we have
(58) Ki(t) <t~ (b).
This provides a refined estimate of G}(t) by invoking Lemma A.1 and using (55) and (58) to find
t

t
Qzl)(t) <1 +/ (sK1(s) + sKo(s)) ds S'1 +/ 57 2In%(s)ds < 1.
1 1

Similarly, the estimates of G2 (t) and G2(t) can be refined by invoking Lemma A.2 to find

t
G2 ()<1+ / PKi(s)ds < 1
1
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and
g,f(t) S +/ (s*Ka(s) + In?(s) [s2KC1(s) + sKo(s)]) ds S 1 Jr/ s 1In(s) ds < In?(t).
1 1

Of course, this improvement further provides a minor update on the estimate of ICi(¢) from the above
computations so that

(59) Ki(t) <t 4n?(t).

The uniform-in-time bound on first derivatives of ¢g¢ now further refines the convergence estimate of the
spatial average by applying Lemma 2.3 with k¥ = 0 and using (59) so that

[0 = FE0 < / T ($Ka(5)G%(s) + Ko(5)GL(s) ds < / (9 ds S 200,

t

The uniform bound on g; (t) also allows us to deduce the optimal field decay rate using Lemma 2.6 with
k =/ =0, which yields

tz‘s‘gp Bt )| S sup Ko (t(1 = [u) G°(0) + sup [[P0(0(1 = Jul)) = PO o + 7G5 S
z|Syt u

As the decay rate of the magnetic field is identical, we have
(60) Ko(t) St7°.
Step 2: Optimal decay rate and convergence of field derivatives
Now, we can apply the same steps from above to refine the decay rate of the next order field derivatives,

ultimately resulting in K;(t) < t~*. First, we find an initial decay estimate on third-order field derivatives
by invoking Lemma 1.2 with £ = 3 to find

(61) KCa(t) < t751n(t).

With this, we construct initial estimates on 2nd- and 3rd-order derivatives of g% with a lemma whose
proof is postponed until a later section.

Lemma 3.1. Assume (56) and (59)-(61), as well as the known estimates
GLO+GM S G051 and G <),
Then, we have G () < In?(t) and
(62) Go(t) < ().
Proof. The proof is contained in Section 4 below. |

With these initial estimates, we find a preliminary convergence estimate for second-order derivatives of
F*0(t,p) by invoking Lemma 2.3 with k = 2 to find

oo
V3 (200 = F20) L 5 [ 72 In(e)ds S 0 ne)
t

for every @ = 1,..., N. This result and (62) allow us to update the decay estimate on K(t) using Lemma
2.6 with k =2 and ¢ = 0 so that

2
1
t* sup |V2E(t,z)| < " > 0 sup K;(t(1 - [ul)) | G2(t)
2| Syt i luisu

+Z max - sup VZ(F“’O(t(1—|u))—F§;’O>H +t_1g§(t)

N Jul<u %
< t_l In?(¢).
As the same result holds for derivatives of the magnetic field, we have the improved decay bound
(63) Ka(t) S t7° ()
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as well as the convergence estimate

(64) sup ['V2(E, B)(t,2) — V2(E, B)o.oo (%)’ <+ M n(p).

e[St

Now that Ko(t) is known to decay faster, we apply Lemma A.2 to deduce the uniform-in-time bound
t t
gg(t) S Jr/ (s*Ka(s) + In*(s) [S2IC1(S) + sKo(s)]) ds $1 +/ 5 2In*(s)ds < 1.
1 1

Finally, (63) and the improvement to gf,(t) allow us to update the convergence estimate of V,F*° using
Lemma 2.3 with k£ = 1, which yields

| Vp (F0(t) — F%°) Hoo < /t s73In%(s) ds < t721In?(t).

Next, applying these new decay rates to Lemma 2.6 with £k = 1 and ¢ = 0, we find
€ — (0% (0%
sup [PV, B(t. ) = Vgl ()| £ 17 (Ko (0= ful) + 1K (41— [u])) )G (0) + [ E*(e(1 = ul)) = F°|
|| St
+ [V (FL(t(1 = Jul) = FSO) || +t71G5(#)
St
and as the decay rate for the magnetic field is identical, we achieve the optimal decay result K;(t) < t=4
along with the convergence estimate
(65) sup |3V, (B, B)(t,z) — Vg(E, B)o.s (%)‘ <1

lz| St

Step 3: Convergence of densities and fields

Now that the estimates for the fields and their first-order derivatives have been determined, we can update
the rate of convergence for F*°(t) using Lemma 2.3 with k£ = 0 so that

7o - £20lL, 5 [ (06060 +Ka(636)) ds 5 17

which gives

1P0 ()l s 10Dl o W& )] oo+ WG ()| o S 72
upon invoking Lemma 2.7 with £ = £ = 0 and noting that each of the respective limits vanishes. We then
use Lemma 2.4 with k =0 and k = 1, as well as, |6] =1 to find

||F°“’5(t) - FS‘O’JHOO < /oo (lel(s)QO(s) + 5Ko(5)G%(s) + ICO(S)Q;(S)) ds <t7!

and

oo N

1V, (F*° (1) = F&)|| . < /t N { (sK1()9°(5) + 5K ()G (5) + Ko (5)G2(5))
+ s(leg(s)QO(s) + sK1(5)G%(s) + /cl(s)g;(s))
+ (sK1(5)G (5) + sKo()Gh(s) + Ko(5)G3(5)) } ds

<t
Finally, we apply Lemma 2.8 with ¢ = 1, which gives

sup [#40(t,) = prce ()| S o0+ [1F*00) = L (|9 (F*0(0) = FL) | o+ 7G50

<t L

and analogously,

sup
z€ER3

. . x _
thj(t, ) — j100 (f)‘ St
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and Lemma 2.6 with k =0, £ = 1 so that

sup, PE(L2) ~ Broo (5)| S HIWED] .+ Ko(t(1 = )G () + || P21 — ul)) - FL°|

+ ||V (POt (1 = [ul)) — F&O)|| o, + 71 GE(t)
<t b

As the convergence of B is the same, we have

sup |t*(E, B)(t,x) — (F, B)1.00 (f)‘ Sttt
[z <yt t

and thus, combining these results with (64), (65), and the uniform bounds on G () and G2(t), the conditions

within (Qg) have been established, completing the base case.

3.2. Induction Step. To address the inductive step we fix n > 1 and assume P,,_1 = O, _1 and P,, so
that we must then establish Q,,. Note that, as P, implies P,,_1, we can immediately deduce Q,,_1, as well.
Thus, by the induction hypothesis

(Pn) V=0,..,n and [0 =/, As 0o =0

we further deduce

sup tn+3p(ta .73) — Pn,co (E) 5 t_la
TER3 t
sup [t (t,2) — o (7 )| S 7
r€R3
sup [t"2(E, B)(t,2) — (B, B)n.oo (%) <y 1
(Qn_1) o] St
. . X
sup |t"T2VI(E, B)(t,z) — VI(E, B)n—joo (;) <t ! Vi=1,..,n,
2| St
sup [tV (B, B) () — Vit (B, Bloss (7 )| S 71 (1),
lz| St

Grit) + Gt () S 1.

Because (P,,) implies pn o0, jn,co = 0 and (E,B)go = 0 for all £ = 0,...,n, the above time-dependent
quantities enjoy faster rates of decay, and thus we have the following set of estimates stemming directly from
the induction hypothesis

lp)loe S T4,
15Ol S 74
(66) Kit) St 3 vj € {0,...,n},
Kni1(t) <t 4In%(2),
n+1 n+1
Gt + Gy () S 1.
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With this, we must establish

sup [t"Mp(t, ) — ppi1,00 (f) St
Tz€R3 t
sup tn+4j(t7x)_jn+1,oo (f) gt_lv
z€R3 t
sup [t"%(E, B)(t.2) = (B, Bur1e ()| 17
(Q,) Ix\Svf | N
sup [t"OVI(E, B)(t,2) = VI(E, B)n—ji1,00 (;) Sttt Vi=1a,n+1,
|z| St
sup |V (B, B) (@) = Vi A(E, Blow ()| S 7 (),
|| St

N

G + G2 S 1.

For clarity, we separate the inductive step into several smaller steps.
Step 1: Preliminary estimates of highest order derivatives

We begin, as in the base case, by gathering preliminary estimates of n + 2 and n + 3 order derivatives. In
particular, Lemma 1.2 implies initial rates of decay on these derivatives of the fields, namely

(67) Knio(t) St 4 In(t)  and  K,as(t) St In(t).
Next, we state the following lemma, which generalizes Lemma 3.1 for the induction step.

Lemma 3.2. Let n € N be given and assume (67) and (P,,), which implies (66). Then, we have

t
(68) Gr(n) <1+ / S (s) ds,
1

Grtr) S1, GriP() SP(r),  and Gt Sn(t)

and, as a preliminary estimate,
G2 (1) < In().

Proof. The proof is contained in Section 4 below. |

With this, we have

(69) grt2) <1, grtr(t) S’(t),  and  Gr3(t) <In’()

and use them to estimate spatial averages and their derivatives. In this direction, we use Lemma 2.3 with
k=0,..,n— 1 along with the uniform-in-time bounds on G*!(¢) to find

k+1

a0) Vs (Fo0 - Fe) % [ (Z S"Kon(s) + /co<s>) ass [ as g o
t el t

for k=0,....,n—1and a =1, ..., N. Additionally, invoking Lemma 2.3 with k = n yields

HV; (FOt) — F°) HOO < / {S"HIC,H_l(s) + Z smlCm(s)} ds < / {8"“5‘"‘4 In?(s) + 8"8_"_3} ds
t 0 t

<t 2 (t).
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In order to estimate the (n + 1)st derivative, we separate the dependence on g;;+2 (t) and again use Lemma
2.3 with k = n + 1 along with (67) so that

oo N

[Vatt (FO)—FSO)|| S / {5"+2/Cn+2(8)+5"+1lCn+1(S)—|—ZSmlCm(s)—l—lCo(s)gngz(s)}ds
t

m=1
< / {572 In(s) + s 3In?(s) + s 245773 ln2(s)} ds
t
<t 'n(t).

Finally, we apply Lemma 2.3 with k = n + 2 and separate the terms with g;}”(t) and gg+3(t) as they
grow in time. Similarly, we separate the KCp11(t), Knt2(t), and KCpq3(t) terms so their distinct decay rates
may be applied individually. As the terms with the largest derivatives currently possess the most primitive
estimates, they dominate within the integral. In particular, we find

n

19372 (590) - P20l = [ {7 or6) 87 Ks) 7 Ko 6) 3 47
t

m=1

+ Ko(8)GpT3(s) + (sK1(s) + ICO(S))Q;”z(s)} ds

< / {s"+3s_”_5 In(s) + s"t2s7 " 41In(s) + s"T1sT "4 In?(s)
t

~

+ 5573 4 s3I (s) + (s7" 2+ 577 lnz(s)}ds
<t 'In(t).
Equipped with these rates, we may apply Lemma 2.6 with k = n + 2 and £ = 0 to obtain a faster decay

estimate of K, 2(t). In particular, we split each of the sums into four terms so that the n+2, n+1, n, and
remaining j = 1,...,n — 1 terms can be estimated individually, which provides

n+2

sup |t"TIVIT2E(t, 1) — VZ“E(J,OO (%) ’ <tpn3 ( Z ! sup K (t(1 — |u])) )g;”(t)
|z St i—o  lulsu
n+2 ]
+2 sup [V (P01~ ul) = F) |, 476,770
j=0 lul=

<3 (t”+2t_"_4 In(t) + " () + 3 tjt—"—?’) In(t)
7=0

n—1
+ (t—l In(t) + ¢ 'In(t) + ¢t 21In?(t) + Ztﬂ""—l) +t7 1 n’(t)
§=0
<t Hn?(t).
As the decay rate for V2 2B(t, z) is the same, we have
(71) Knia(t) St 510 (t).
Step 2: Refine decay rates of (n + 1)st order field derivatives

The improved decay rate for K,,12(¢) immediately implies a uniform bound on the corresponding derivative
of g* via (68), as

t t
(72) Gr2t) <1 —|—/ "3, 2(s)ds < 1 —|—/ s 2In%(s) ds < 1.
1 1
This allows us to update the rate of convergence of the (n+ 1)st derivative of the spatial average and ensures

that all derivatives of the spatial average up to order n + 1 converge faster than t~1. Using (66), (71), and
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(72) within Lemma 2.3 with £ = n + 1 gives

[Vt (F0t) = F2O)|| . S / {Sn+2lcn+2(5) + 8" M1 (s) + Z smlCm(s)} ds
t —

<t 2 (t).

We now obtain the convergence estimate for (n + 1)st order field derivatives and update the estimate of
Kp+1(t) by invoking Lemma 2.6 with k =n + 1 and ¢ = 0 and using (66), (70), and (72) so that

n+1

sup |t"TIVITIE(t ) — V;’HEO,OO (t )‘ <gpn2 < thlC t(1— u|)))g;}+1(t)

|z| St

n+1

+ 37 sup |V (FO((1 — Jul)) — FXO)|| +t71Gn 2 (1)

=0 |u|<U

n
<g 2 (t"+1t_”_4 In?(t) + tht—"—3)

n—
+ (PP PP ) + Y T !
<t L

As the convergence estimate for B is the same, we have

(73) sup [V (E, B)(t ) — Vit (B, Bowe (5)] St
| St ! Y

as in (Q,,) and

(74) Knai(t) St 4

Step 3: Convergence estimates for jth field derivatives for all j =0,...,n

To establish the convergence of these field derivatives, we take an iterative approach and do so in descend-
ing order. In particular, defining (R ;) for a fixed j =0, ...,n to consist of the estimates

IV (P2 (@) ’)||005 v
max (V7 (B9 - )| S o
0<|8|<n+1—j >
(Ra) IOl VWP W, S 2 e {0, 0in—j)
sup |t"T3VI(E, B)(t,x) — VI(E, B)nt1—j,00 (EN St
2| <yt t

we will first prove that (R;) holds with j = n and then show that for every j € {0,...,n — 1}, if (R;)
is true for every ¢ € {j + 1,...,n}, then (R;) holds. With this, we iteratively establish (R;) for every
j €40,...,n}, which provides the respective field and field derivative convergence estimates stated within
(Q,). Throughout, we make use of the uniform bounds g{}“(t) < 1 to simplify our applications of Lemmas
2.3 and 2.4.
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We first show that the estimates within (R;) hold for j = n. Applying Lemma 2.3 with k£ = n and using
(74) yields
|V (Fe0(t) — F20) HOO < / {Z S (s) + 5n+1lcn+1(s)} ds
(75) b Am=o
< / {s"sT" 3 4 s ds S0
t

Then using Lemma 2.4 with £ =n + 1 and |[6] = 1 along with (66), (71), and (74), we find

oo N

Vet (P2 (t) = FEO)| . S /too{s"+2/Cn+2(s) + Z s (s+ 1)Ko (s) + s”“(s+2)l€n+1(s)}ds

m=0

~

< / {Sn+257n75 1112(8) + Sn(Sle)anfB + Sn+1(5+2)57n74}d5
t
<t L
Similarly, we have for any ¢ = 0,...,n with |§] € N
(76) ||V; (Faﬁ(t) - Fggé)Hoo S/ (Z strl,Cm(s) +Si+1’Ci+1(S) + 8n2> ds < pimn—1
t m=0

by using Lemma 2.4 with k¥ = i. Moreover, using (70) and (75) within Lemma 2.7 with k = n and £ =0
gives
Ve (W (t) = Wooo) || o S sup ||V2 (F*0 (¢(1 — |u])) — FZO)||

oo N~

o0
j=0 lulstd

n—1
SY T S
j=0

As W, = WP, =0 and the estimate of VW (t) is identical, we find

IVawe O]l -

Vawg () St

Finally, using each of these within Lemma 2.6 with £ =n and £ = 1 we find

|| Syt t

sup |t"PPVIE(t,x) — VBl (f)‘ SHIVeWF )| + t—"—l(thlcj (t(1 - |u)))g;;(t)
j=0

n+1
+ ; max [V} (F*(¢(1 ~ ful)) = )], + 1G5 +2(0

St—1+t—n—1(ztjt—n—3) +t—1+ztj—n—1+t—1

=0 =0
< ¢ L

~

As the estimate for V2 B(t, x) is the same, we have established (R,,). Moreover, as (E, B)pt+1—k,00 = 0, this
last estimate implies C,,(¢) <t~ 4

Next, we let 0 < j < n — 1 be given and assume (R;) is true for all i = j + 1,...,n in order to show (R;).
Because the field limits vanish, the estimates within (R;) collapse to provide

Ki(t) st
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for every i = j 4+ 1,...,n. We begin by using this and (66) and applying Lemma 2.3 with k = j to find

oo [ J
V3 (P - 2Ol < [ (Z §"Kon(s) + 5j+1’Cj+1(5)> ds
t

m=0

00 J
</ { Sms_n_3+8j+18_n_4}ds
t -0

m

< tj7n72'

Next, we apply Lemma 2.4 with k = j + 1 taking 0 < [§] <n + 1 — j so that

0 J
HV{,+1 (F""‘S(t) — F;‘S) Hoo < / { Z s (s + D) (s) + 87 (s +2)Kj41(s) + sj+21Cj+2(s)} ds
¢

m=0
o0
< / {(s+1)s7" 3 + /T (s +2)s7" 4 5725771} ds
¢

< tj—n—l.

To estimate the field kernels, we use Lemma 2.7 with £k = j and ¢ = 0, ..., n — j while splitting into two cases,
namely ¢ = 0 and the remaining ¢ = 1,...,n — j, as only the latter depends upon the || # 0 moments of the
spatial average. In the £ = 0 case we use (70) and the above estimate on jth order derivatives so that

Hvé (WSE( ) — WoOo Z max - sup va (FQO( (1— [u))) ng’gO)H

o N ju<u i

j—1
< Z tm—n—l + tj—n—2 < tj—n—Q.
m=0

Taking 1 < ¢ < n — j and splitting the sum at j + 1, we use (76) for the m = 0, ...,j terms and (R;) for
i=j4+1,...,n applied to the m = j + 1, ..., j + £ terms in order to find

¥ 0VF @) - WE L S 30 max, - sup [ (12 101~ ) ~ £ |

1,...,.N 0
m= 00<O|£6|<n+1 ]I ul<u
J+t
6 5
+ Z airrlla)FN sup va (Fa (1 —|ul|)) — FY )||Oo
m=j+10<|5|<nt1— ]l ul<u
J Jj+e '
5 Z tm—n—l + Z tm—n—2 5 tj+£—n—2
m=0 m=j+1

because ¢ > 1. As WZJOO = Wfoo = 0 and the decay rates for VgWKB (t) are identical, this and the above
estimate on W implies

ALRC]

}ijB )Hoo S tj+e—'n,—2

for every £ =0,...,n — j.
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Finally, we invoke Lemma 2.6 with k = j and £ =n — j+1 (so that k+ ¢ =n+ 1) and use (76) and (R;)
for i = j+1,...,n to obtain convergence estimates for field derivatives, namely

sup
|| Syt

" . . T
VI Bt 2) — VB 1100 (;)‘

J

n—j
<Y e | WE |+ t‘l‘j( > sup K; (t(1—|u|)))gZ(t)
m=0 m=0 =

n+1

m a,d _ _ pas 1 a2
+;\6\%T§]f|u<pqu (F2(t(1 = [ul)) = FEO) || +t7Gp72()

J J n+1
g Z tn—,j+1—mt47‘+m—n—2 + t_l_j< Z tmt—n—3> + Z tm—n—l + Z tm—n—2 —l—t_l

m=0 m=0 m=0 m=j+1
St

as 0 < j < n — 1. Because the estimate for VI B(t,z) is identical, we find

(77) sup |3V (E, B)(t, x) — VI(E, B)ut1_j 0 (f)‘ <1

2| <yt t

With this, we have established (R;). Moreover, as (E, B)pt+1—j,00 = 0, this last estimate implies /C; () S

~

t~"=4, which continues the iterative process. Hence, as (R;) holds for every j =0, ....,n, we have established
(77) for every j =0,.....,n

Step 4: Refine other estimates using the updated field decay rates

To complete the induction step, we will make use of Lemma 2.7 to update the estimates of the charge
and current densities and their limiting behavior. First, recall that the previous step guarantees

(78) Ki(t) st

for all j =0,...,n+ 1. We further update the convergence rates of the nth spatial average using Lemma 2.4
with k = 0 and |0] € N, which yields

=)= Pl 5 [ {oKat + s Dot} o

Similarly, we update the estimates of derivatives using Lemma 2.4 with kK =1,...;n to find

k

HV’; (F(t) — Ffoﬁ)Hoo < /t‘x’{ Z (sm+1ICm+1(8) + 5™ (s + 1)/Cm(3)) + (s + 1)lCo(s)}ds < hon=2

m=0

for any a = 1,..., N and |§] € N and

oo N

5/ {5_31n2(s)+8_2}ds§t_1
t

using Lemma 2.4 with &k = n+1. With these estimates complete, we apply Lemma 2.7 again with £ =0, ..., n
and k = 0, which gives

[Vt (Fed(t) — FEP) || </ { " pa(s) + 8" 2K g (s) + Y ( M ( )+5m(3+1)lgm(s))}d8
t m=0

£ J4
sup |pe(t, ) = pr,o0 (7)‘ > max [[V] (F¥(1) - FLO)| < Y ¢t gt
rcR3 J= OO‘ |6| Z j=0
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and
¢

o [P0 = Wl S 32 o, st V3 (727600 1)~ F2)] o S
Mz =0 i s

with the same estimates for ji (¢, z) and W2 (¢, u, ), respectively. As the limits vanish, namely ps o = jo,00 =
Wfoo = Wfoo =0for¢{=0,...,n, we find

lpe(®)lloo el oo [WE®)]]

for all £ =0, ...,n. Finally, we apply Lemma 2.8 with £k = 0 and £ = n + 1 and use the previous estimates to
deduce

B t)Hoo 5 tﬁ—n—Q

n n+1
x _ ; _
sup [ 40(t, 2) — prs1 o0 (f)‘ ST o)+ S max ||V <Fa76(t) B F;,a) H L gr ()
z€ER3 =0 =0 0“6*‘:’”_”_1 oo
st
and
X
sup tn+4j(ta 35) - jn+l,oo <*)‘ 5 tL.
z€R3 t

Collecting the results of each step, including (69), (71), (72), (73), (77) and the above convergence
estimates for the charge and current densities, we have obtained (Q,,), which completes the induction step
and the proof.

Lastly, to justify the rate of convergence of ¢g*(¢,z,v) and its derivatives, we note that using the stated
decay rate of the field and the uniform boundedness of derivatives of g®, the Vlasov equation (RVM,) yields

18e9 () [loo < tRCo(1)Gy (1) + Ko ()G, (8) S 7772
Upon integrating in ¢, we find for any a = 1,..., NV
oo
swp 19" (tn.p) ~ ) S [ 10076 | ds S
(z,p)ERS t

Similarly, taking any kth-order z-derivative and ¢th-order p-derivative in the Vlasov equation (RVM,) with
k,t € Nand k +¢ < n+ 1 and taking the supremum over (z,p) € RS, we find

k—1 ¢

”atD/;Df; ()]loo < ZZZU]CHFJ <gk+é i— ]+1( )+g£+é—i—j+l(t)>

1= 0] 0
Ztﬂ/cﬁk <tgf AN )+g{§‘j+1(t)>

where the indices ¢ and j represent the number of x and p derivatives that are applied to the Lorentz force,
respectively. As this holds for arbitrary derivatives, we decompose the double sum and use the previous
estimates on the decay of the fields and their derivatives (78) and derivatives of the distribution function via
(66), Lemma 3.2, and (72) to find

L
10: V5V 59% (1)l SKo(t) (¢G5 1) + G (1) + D (¢t + 1K (1)

i
ZZt7t+1 z+J() Z (t+1)’C]+k()

=1 5=0
<t—n 3 th n— 3+’€Zlit] —n— 3 Zt] n—3
=1 j=0

l—n—3
<t .
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Upon integrating in ¢, we find for any a =1,..., N

o0
sup ‘ViVﬁga (t,z,v) — V’;Vf,fgo(a?,p)’ < / ||8tV§Vf;ga(s)||oo ds < ttn=2
(z,p)€RE t

for k,£ € N and k 4+ ¢ < n+ 1. The estimates are analogous for the boundary cases k =0, 1 </ <n+1
and £ =0, 1 < k <n+ 1. In particular, the uniform convergence for all derivatives of order n + 1 and the
previously known compact support of the limiting function then implies f2 € C**1(R%), which provides the
regularity needed to justify (20), as stated in Remark 1.2. This completes the proof of Theorem 1.6.

Next, we invoke Theorem 1.6 to prove Theorem 1.5.

Proof of Theorem 1.5. Assume Mye; = 0. Then, for m = 0, we merely take Ay # 0, which implies
P0,00 Z 0, and apply Theorem 1.3, which yields the sharp bounds

lp(t)]loc ~ 72,

sup ~ t_z,
|z| Syt (B, B)(t,z)]

sup ~t3
[z StV (E,B) (t,2)]

and the modified scattering result
(79) sup
(z,p)ERS

for every @ = 1,..., N and any associated solution of (RVM;)-(RVMy).
Otherwise, we let m > 1 be given, define n = m — 1, and take Aso = 0 for all § € N} satisfying
|6] =0, ...,n with As oo # 0 for some |§| = n + 1. Then, applying Theorem 1.6 with n =m — 1 gives

lp(®)lloo ~ 772,

sup ~ t—Tn—Q
lz| SyEl (B, B)(t,2)]

Iz (t, 2+ va(p)t — 2 1n<t>Aa<p>Kam<p>,p) - f&(x,p)‘ <t ()

Ma

)

sup ~tTm3

[z Sy VE(E,B) (ta)]

for every k = 1,...,m. Additionally, the distribution function scatters linearly so that

(80) sup |f*(t,x +va(p)t,p) — foo(z,p)| ST
(x,p)ERS
for every a = 1,..., N and any associated solution of (RVM;)-(RVMy,).

It remains to justify the existence of solutions f& € C™*9 ((0,00) X RG) for « = 1,..., N that satisfy
A 0o # 0 or, alternatively, the conditions As - = 0 for all |§] = 0,...,m —1 and As o # 0 for some |J| = m.
To do this, we merely construct smooth functions with compact support whose moments, up to a desired
order, must vanish. Thus, we build well-behaved limits and utilize the scattering map constructed within [9]
(see also [14] for the analogous result pertaining to the Vlasov-Poisson system) to guarantee the existence of
solutions that tend to these limits as ¢ — co. In particular, the limiting scattering state within [9] requires
fe e cmto (RG), and so we must construct a suitably smooth limiting function. We perform this separately
for m = 0 and m € N. Throughout, we will utilize the useful identity

(81) Do vy (q) = md (1 - |a?) ™,

which follows from a brief computation, so that this quantity only depends upon « via the particle mass m,,.
First, for m = 0, we let a nonzero function n € C?(R?) be given with

/n(Q) dq = 0.

f6.00 (@, p) = Go(2)Y§ (valp))
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where ¢g € C2(R3) is nonnegative (but nontrivial), and for every a = 1,..., N the functions ¢§ € C2(R?)
are nonnegative and satisfy the constraint

N
> eam3ug(a) = (1~ 1a?)** n(a)

for |g| <« < 1. With this, we have by (20), (21), and (81)

AO,OO Zea a \Vy )Fao /Zea a )f(]oo( T, al(q)) dx
- ( [ oot dw) (1) Y cambus(o)

= (/ bo(x) dw) n(q) 0
/po,oo(q) dq — 4W/A0,Oo(q) dq = 4r (/ e d:c) ( ) 0,

thereby satisfying the global neutrality condition Mye; = 0 imposed b
Next, for a given m € N, we take p > m + 10 and define ® € C™+9 ( ) to be the corresponding weighted
Gegenbauer polynomial of degree m (see [1]), namely

D (z) = (1—2%)"" 2 C2(2) 11

where C(z) is a kth order Gegenbauer polynomial satisfying the orthogonality relationship

/ (1- x2)p7% CP(z)CY(z) dz =0

-1

and

for all k,¢ € Ny with k # ¢ and
1 1
/ (1- 22 [CP(@)] de >0
-1
for any k € Ny. Because each C%(x) is a polynomial of degree k, we may normalize ®,,(z) so that

/zm@m(z) de =1,

/qu)m(x) dr =0, for all k =0,...,m — 1.

and orthogonality implies

We note that the support of ®,, can be rescaled to be a compact set of arbitrary size, if necessary, while
maintaining the moment and regularity properties. Then, letting ¥ € C™*+9(R) be any function satisfying

/\I'(x) v =1,

we define p,, € C™T9(R3) by
fim (x) = P (21) U (22) ¥ (23).
Then, for all § € N with |§| < m, this yields

/x%m(az) do = </xflq>m(x1) d:c1> (/xgzllf(xg) dxg) (/Jr:gS\IJ(ajg) dxg)

B {1 if § = (m,0,0)

]o else,

as 91 € {0,...,m — 1} implies that the first integral vanishes due to the orthogonality condition stated above.
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With the g, (x) functions in place for every m € N, we can now define the remaining scattering limits.
For a given m € N we choose

.00 (5 P) = Op, () (Va(p))
for every a = 1, ..., N where ¢,,, € C™T9(R?) is nonnegative and nontrivial, and the collection of nonnegative
spatial distributions ¢2, € C™+9(R3) satisfies the constraint

N
Z eaMo ®, (x) = i ()
a=1

where m,, is the particle mass. Using (20), (21), and (81), this construction implies for all |6] =0, ...,m — 1,

N
A&,oo(q) = Z eaDa (0;1(@) /(_y)6 70rtL,oo (yvvgl(Q)) dy
a=1

= m(q) (1 [g?) " (/(—y)‘S > camidn(y) dy>

= (1P 0n) (1= 1aP) ™ ([ rentin) =0

as the lower-order moments of fi,,(x) must vanish. Additionally, for the final limiting density with § =
(m,0,0) we find

A5 (@) = (—1) () (1 = [q2) " ( / ymm@)dy)
— (1) %%m(q) (1= |gI?) " 2 0.

We further note that the construction of each limiting state f, ., for a =1,..., N and m € Ny is invariant
under scaling of the distribution function. Therefore, we may merely multiply each of these functions by a
chosen € > 0, and the vanishing and non-vanishing properties of As , remain. Because of this, we let ¢y be
the minimum of the smallness constants within [8], [9], and [20], and then and take € < ¢y sufficiently small
so that the scattering limits and initial distributions (due to conservation of the L™ norm of f*) are as small
as desired. Furthermore, the limiting radiation fields obtained within [9] can be taken to be arbitrarily small
herein in order to guarantee smallness of the initial electromagnetic fields as well. All of this implies that
the initial data launching the solutions which converge to these constructed limiting states must satisfy the
required smallness conditions. This guarantees that the electromagnetic fields (F, B)(t, z) satisfy the decay
conditions of Lemma 1.2, as for suitably smooth solutions in [20]. Finally, as we have constructed a family
of limits f ., € CI"M(RO) for every o = 1,..., N and m € Ny, an application of [9, Theorem 1.8] implies
that for each m € Ny there exists a unique smooth solution of (RVM;)-(RVMy), in this case a small data
solution f& € C™+9 ((O,oo) X RG) for every a = 1,..., N, which is associated to this limit f7 (z,p) via
(79) for m = 0 and (80) for m > 1, respectively. O

4. DERIVATIVES OF THE TRANSLATED DISTRIBUTIONS
In this section we prove Lemmas 3.1 and 3.2, which are combined within the following result.
Lemma 4.1. Let n € Nqy be given. If n =0, assume (56) and (59)-(61), as well as
GLMO+GMH ST, G,MS1,  and  GHH) S W),
Then, we have G5 ,(t) < In®(t) and

G3 (1) S W(1).
Alternatively, if n > 1, assume (66) and (67). Then, we have

t
Gt S 1+ / s" 3,4 2(s) ds,
1

Gt 1, Rt S(t),  and  GpFR(1) Sn’(t)
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and, as a preliminary estimate from (67), we have
Gy 2 (t) S (1),
We introduce some notation to simplify the presentation. For each k¥ € N and j =0, ..., k, we denote
G"I(t):= max  sup [|Dyr DG g*(1)]oo
@=ho N |8y 418, =k
|:3p|:j

and
k
B () =1+ 76" (1)
j=0
We also recall the following notation introduced earlier in the paper:

k _ Bp
GhO =1+ max Y [Dpg (0

.....

|Bp<k
and
Gep®) =14 max > [DFDIg" (1)l
T 1B +1Be | <k
[B2]>0

Sketch of the proof. Before proceeding with the proof, we first provide a brief sketch, as the proof itself
is quite technical in some places. The strategy of the proof proceeds as follows.

We wish to understand the asymptotic properties of Dngffg“ with |8, + Bp| = n + m, where n = 0
in the base case and n > 1 in the induction step, and m = 2 or 3. To do this, we apply these derivatives
to the Vlasov equation Vi'g® = 0, where the translated Vlasov operator was introduced in (4). The idea is
to get an expression that one can bound, and then integrate along characteristics in order to eliminate the
operator V¢'. This will allow us to construct a bound on the sum of all n + m order derivatives in  and p
of g% to show

6n+m (t) 5 1

following an application of Gronwall’s inequality.
The uniform bound on "™ (¢) will then imply

6n+7n,€(t) 5 té’ Vi = 0,...,n+m.

This polynomial growth will be iteratively improved by applying a Gronwall argument until each of these
quantities is uniformly bounded for all £ = 1,...,n. The next terms, &"+"*(t), { = n+1,...,n+m, require
further iteration in order to improve on the initial polynomial bounds.

We only consider |8, + 8| = n+ m for m = 2 or 3 because we already have

k,j k
(82) GH(t) S Gup(t) S1
forj<k<n-+1, and

k,k k
(83) & () £ G,(t) 51

for j = k < n+ 1. These are implied by (66) for n > 1, and by assumption for n = 0. Using (56), (59)-(61),
(66), and (67), the following field decay rates are valid for all n € Ny:

Kty Sen3 vj €{0,...,n},
Kng1(t) S 77 41n?(¢),
(84) +1(2) ) (t)
Kirp2(t) St7" % 1n(t)
Knys(t) St In(t)



Proof. Because this result is a consequence of the Vlasov equation only, and not the form of the force field,
the proof merely follows that of Lemma 3.2 in [26], which establishes the analogous estimate for the Vlasov-
Poisson system, though we provide a full proof for completeness. First, we recall the expression (4) of the
translated Vlasov operator

« Ca 1
Vg = 8t + miK (t,fL’ + 'Ua(p)tvp) : (_tAa(p)vw + VP) y

(03

which we shall apply to n + m mixed derivatives (in space and momentum) of g©.

On the one hand, one can integrate along characteristics to eliminate Vg, while on the other hand, one
can compute the commutator between Vi and the derivatives. More precisely, we take [, derivatives in x
and 3, derivatives in p, respectively, within the Vlasov equation where f3;, 3, are multi-indices satisfying
|8z + Bp| = n + m throughout, then

n+m—1
n—+m _ _
voppie)= 2 (") X 0 (0 D)
J=0 [Ya+vp =3
Yo 2Bz vp =Bp

and note that the term with all |y, +7,| = n+m derivatives applied to g vanishes because the pure Vlasov
operator applied to g* is zero. We invert the operator V' (which later amounts to integration along the
characteristics), writing

n+m—1
z 4O n+m a\— p— Yz ))X e
(85) D D g = Z ( ; ) E: (V)L (DS~ D=V (DI DY g™)] .
Jj=0 [va+vpl=3
Yo 2B Vp 2Pp

The next step is to estimate the terms on the right hand side of the form
(D= DV (D D).
and, in particular, the coefficients appearing within the operator Df‘“—% DBs=7= V'
When considering the differences from the Vlasov-Poisson case, in this Vlasov-Maxwell system, the Vlasov
operator contains the Lorentz force,

K*(t,xz,p) = E(t,z) + va(p) X B(t,x),

which depends upon momentum, rather than simply the electrostatic force E(t, z), which does not. With
this in mind, it is a straightforward observation that spatial derivatives satisfy

|V;Ka(t7 x+ Ua(p)t,p)’ S ICj (t)v
while momentum derivatives satisfy

‘V; (Ka(t, T+ va(p)t,p)> ‘ < gtilci(t),

because of lower-order terms arising from derivatives being applied to v, (p) and all of its derivatives (recall
that v, (p) and all of its derivatives are uniformly bounded for |p| < ). These estimates imply that

|D5P_7PD9€$_7$V;| = ‘Dgp—vppgm—% <66‘Ka(t’ T+ va(p)t,p) - (—tAy(p) Ve + Vp)) ‘

Mq
[Bp =7l )
S Z tZICwa,%‘(t) (tVa+Vy).
=0
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Consequently, we have upon denoting j = |y, + V|

[Bp—pl
(D= DE==ve) (D DY g°) | S Y [E K, () (1Y + V) (D3 DY) |
i=0
[Bp =l . ) ‘
< Z i 15, (F) (t@Jﬂ,hpl(t) + Q5J+17|’Yp\+1(t)) .
i=0

Returning to (85) and using this, we have the following bound for derivatives of g%:
(86)
|Bp—pl

t n+m—1
1Dy D g° ||oo,§1+/ >y Z S48, 1 (5) (OTHEI0 () 4 &/ T L0 (5)) ds.

=0 |yatpl=j
7L'<B¢77p'<6p

Estimates of (n + 2)nd order derivatives of ¢g®. Letting m = 2 in Equation (86) above results in the
initial estimate for |3, + 8| = n + 2:

tn+1 |Bp—p
(87) ||D5ngx )]0 <1 +/ Z Z Z s ’CZHBz (s )(s®j+1,wp|(3) _|_Q5j+1,\vp|+1(8)) ds.
=0 |vat+pl=
’Yz<5zf¥p<5p

We will take the supremum over (87) for each |3,| = ¢ € {0, ..., n+2} to construct estimates of every &"+2:¢(¢).

Step 1: Initial estimates of &"+2£(t) for each £ =0, ...,n + 2

First, we set aside the mtegral and separate the terms within the sum over j on the right side of this
inequality as follows ZnH Zj o+ ZJ R ES ZJ 41 denoting these four terms by I4+IT+ITI+1V.
Observe that for n = 0 we only have the terms I and IV.

Term I (j = 0). Using (82) and (83) to bound derivatives of ¢g* and (84) to bound the field derivatives
of order £k =0,...,n+ 1, the term I has the straightforward estimate

1Byl 1Byl
88) IS s'Kivip,(s) (G ,(s) Z s Uiy 18,1(5) S 572 (s) + s I, o(s)
=0

as j = 0 implies |vz| = |, = 0.

Term I (j =1 with n>1). As |8, — 7| + 8z — V2| = |8p + Bz| — |7p + 72| = n+1, this term includes
derivatives of the fields of all orders up to order n+1. Also, with |v,| < 1, applying (82) and (83) and n > 1,
we find

362"%‘(3) + 052’””""1(3) < s

Thus we have

|5p ')’p n
Il = Z Z S ICZ+|BI v |( ) (862’”’7‘(8) + @27|’Yp‘+1<s>) S ZSH_lK:i(S) + Sn+2l<:n+1(8).
[Ya+vpl=1 =0 i=0

Yz =Bz sYp jﬂp

And using the field estimates in (84), we find

11 < Z sitlgTn=3 L gn+25 =412 (5) < 572 In’(s)
i=0
and II is integrable.
Term 1] (j = 2,...,n with n > 2). We first notice that |3, —p|+|8: —Vz| = |Bp+Bz|—Vp+72| = n+2—j
and from both (82) and (83), we know that the g® derivatives up to order n+ 1 are uniformly bounded. We
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also find field derivatives up to order n, therefore we have the bound

n [Bp—p n
III — Z Z Z Si’Cmﬁfm(S) (S®j+1,|’yp|(s) + @j+1,lvp|+1(8)) < Z sn+3—jlcn+27j(s).
J=2 |vatwpl=j =0 j=2

Yz ijf\/ijp

Applying the field decay estimates in (84), we find

n
(89) ISy s <s™?
j=2
and term 111 is integrable.
Term IV (j =n+1). Because |5, + B, = n + 2, it follows that either v, = 8, or vy, = B,, so that the
expression can be simplified to

[Bp—pl

IV = Z Z Si’Ci—&-l,@m—’Yﬂ(S) (s®n+2,|7p|(s) + 6n+2,|7p|+1(8)>
Yo +7p|=n+1 =0
’ijﬁ.’li1’ypjﬁp

(90) = Z (Ko(s) + sK1(s)) (s®"+2,hp|(8) + ®n+2mp|+1(s))

[Yz+vpl=n+1
Yz =B sVp <Bp

+ Z Ki(s) <3Q5n+27|"/p\(3) + ®n+2,|7p\+1(s))

[vz+vpl=n+1
Yz < Bz )’Yp:Bp

as s > 1.
Because there are n + 2 derivatives of g* appearing, the estimates (82) and (83) do not apply.

Putting all four terms together. Combining the estimates (88)-(90) and inserting them into the
integral within (86), we observe that the terms I and II] are benign, as both are integrable over s € (1, 00),
and we are therefore left with only terms from I and IV. This produces the following estimate, valid for
n € Np.

t
|DEr D g™ (1) low S 1+ / S, o (s) ds
1

. /1t Z (Ko(s) + 5K (s)) (s®n+2,hp|(8) + ®n+g,wp\+1(s)) ds

[Ya+vp|=n+1
Yz =B sVp <Bp

F[E K (e e )

|’Y.1: +'Yp|=n+1
Yz =Bz »'Yp:Bp

Within (91) we take the supremum over o = 1, ..., N and |8, + 8| = n+2 with |5,| = j, j € {0, ...,n+2}.
This gives us the estimates

(92a)  &"T20(1) <1+ /1 (sICn+2(s) + K1 (s) (s&™20(s) + 8" 21 (s)) ) ds
(92b) &™) <1+ /t <51+Z’Cn+2(5) + 5 (Ko(s) + sK1(s)) 8" T2 (s)
+ (Ko(s) + 25K () ™24 (s) + icl(s)c5"+“+1(s)) ds  Yee{l,....n+1}

(92¢) &"T2T2(1) <14 /t (Sn+3Kn+2(S) + (Ko(s) + sK1(s)) (s®&" T2 H(s) + & H2mH2(s)) > ds.
1

As the estimate (91) and thus (92a)-(92¢) are valid for n € Ny, we combine the cases n = 0 and n > 1 for
the remaining steps within this subsection, as the only difference between these cases is that K (t) < ¢4 In?(t)
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when n = 0 and K (t) <t~ 3 for n > 1. Because K1 (t) <t~ *1In?(t) < t~3 and the weaker bound is sufficient
for our remaining arguments, we merely use

(93) Ki(t) <3
for n € Ny in order to simplify the computations.
Step 2: Uniform bound on &"*2(¢) and a polynomial bound on &"+2¢(¢)

Within each of the resulting inequalities we use the field estimates (84) and (93). From (92a), we find
t

t
®n+2,0(t) <1 +/ $Kpya(s)ds _|_/ Ki(s) (s®n+2,0(s) + an+2,1(s)) ds
1 1
t
St [ (@) + 56 () ds
1

<14 /j sT"T2B" 2 (s) ds.
Upon multiplying (92b) by ¢~/ and using s < ¢, as well as (84) and (93), this becomes
eI <14+ /j sKpya(s)ds + /lt s (Ko (s) + sK1(s)) 8" 71 (s) ds
+ /1t 577 (Ko(s) + 25K (s)) &" 129 (s) ds + /1t s (5)B" T2t (5) ds
<1+ /1t s~ "2 (S—(j—1)®n+2,j—1(8) I (s) + s—(j+1)q5n+2,j+1(s)> ds

t
< 1+/ 5TV T2B" T2 (5) ds.
1
Finally, multiplying (92c) by t~"~2 and performing the same operations, we have

t t
t—n—2®n+2,n+2(t) 5 1+/ s/Cn+2(s) d5+/ g 2 (lCo(s)+le1(s)) (S®n+2,n+1(s)+®n+2,n+2(8)) ds
1 1
t
S/ 1+/ an72 (87(n+1)®n+2,n+1(s) +57(n+2)6n+2,n+2(s)> ds
1

t
< 1+/ 572G T2 (s) ds.
1

Summing these estimates yields
n+2 . ) t
B2 () =1+ Z et <1 +/ s 2B 2(s) ds
=0 !
and a straightforward Gronwall argument leads to
&2 () < 1.
From the definition of &"*2(t), for n > 0, the estimates for &"*2(¢) imply
(94) ®n+2,l(t) g t(

for n > 0 and for every £ =0,...,n + 2.

Step 3: Refined estimates of &"+2:£(¢) for £ =1,....,n + 2

We can now insert the polynomial bounds (94) into the bound (91) for n + 2 derivatives of g®. This will
lead to an improvement within each of these estimates.

We know that for £ = 0 the bound for &"*2:¢(¢) is uniform in time. Thus, for £ > 1, we set out to refine
the estimates of ®"2¢(¢t) for £ = 1,...,n + 1. We will do so recursively, by assuming &"*2¢~1(¢) < 1 and
taking 2441 (¢) <+ from (94).
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Starting from (92b), we apply ®"T2¢~1(¢) < 1 and the decay rates in (84) to simplify the expression.
Then Gronwall’s inequality provides the following bound,

®”+2’é(t) <1+ /t(sHlIC,Hg(s) + S(ICO(S) + lel(s)) + (ICO(S) + lel(s))Q5”+2’e(s) + ICl(s)Qﬁ’L+2’€+1(s)) ds

1

(1 —|—/ Ki(s s + &Nt ”1 ds> exp ( sK1(s) d5> .

Applying (94), we find for all £ =1,. >1),

t t
6n+2,€(t) /S 1 _|_/ g3 (82 + 6n+2,l+1(8)> ds 5 1 +/ S£7n72 ds 5 1.
1 1

Then considering the term with £ = n + 1, we have the initial estimate

t t
(95) R (S / K1(s) (52 + @”*2’““(5)) ds <1+ / s 1ds <In(t).
1 1

Using (93), this holds for all n € Ny and will be improved below. Finally, using (95) within (92¢), we find

B T2r2(4) <14 /1 <3"+3Kn+2(s) + s(Ko(s) + sK1(s)) In(s) + (Ko(s) + lel(s))QS"+2’"+2(s)) ds.

Using the bound on Iy from (84), an application of Gronwall’s inequality then leads to

BT2nt2() < (1 + /1 t {s"+3lCn+2(s) + 52Ky (s) 1n(s)} ds) exp ( /1 t sK1(s) ds> .

Then applying the decay of K, 42(t) from (84) and Cq(¢) from (93), we find

t
B2ty <14 / (s_l In(s) +s "¢ 1n(s)) ds < In®(t)
1

for all n € Ny. Using the equivalence of the norms, we find
(96) G"HER (1) S GRPA(t) S (n+2)8" AR (1) S In®(¢)
as a preliminary estimate, which we can then insert into (95). Doing so yields a uniform bound on

B +2nHL(t) | where in the case n = 0 we invoke the stronger estimate on Kq(t) from (84). With this,
we find

¢ ¢
1 +/ 54 1112(5)(82 + lnz(s)) ds <1 —|—/ s2In*(s)ds <1 n=0
< 1 1

®n+27n+1 (t)

~ t ‘
1+/s_"_3(52+1n())ds<1+/ s lds <1 n>1
1 1
so that &"T27+1(¢) <1 for all n € Ny. Therefore we have for all £ =1,....,n + 1,
n+2,0 n+2
(97) &"TN(t) S Gp () S 1

and .
g;}“(t) <1 —|—/ "3 10(s) ds.
1
for all n € Ng.

Estimates of (n + 3)rd order derivatives of g*. Taking derivatives of order |53, + B8,| = n + 3 within the
Vlasov equation now implies |y, + 7, < n+ 2 and the integral bound in (86) becomes

tn+2 |Bp—pl

©O8) DDl st [ S % 2, oKiria- ol (8) (56711 (5) 4 @TF MW ) ) s,

=0 |vat+pl=
'\/J.'<Bx"\/p'<ﬁp

As done above, we will take the supremum over (98) for each |8,| = ¢ € {0, ...,n + 3} to construct estimates
of every &"+3:£(¢).
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Step 1: Initial estimates of &"+3*(¢) for each £ =0,...,n + 3
We separate the terms within the sum over j in the integrand of (98) as follows:

n+2 0 1 n n+1 n+2
Z+Z+Z+ o+ Y =I+H+II+1V+V.
j=0  j=0 g=1 j=2 j=n+l j=n+2

In the base case when n = 0, the sum over 7 = 0,1,2 is given by I + II + V. In the case when n > 1, we
will show that terms I71 and IV integrate to O(1) given the decay rates in (84).
Term I (j =0). As j =0 implies |y,| = |v,| = 0, we use (82) and (83) to deduce

1By
I= Zs Kiti.(s MO(s) + &M (s)) S 572 In%(s) + s/ 1C,, 4 0(s) + 5152 1F1C, L 5(s).

Term II (j = 1). Here |8, — 7| + |8z — V2| = n+ 2 and |y,| < 1. From (96) and (97), we have the
estimates 21 (t) < G2 (t) S 1, and &22(t) S G2(t) < In?(t). Thus for any |v,| = 0,1, we have

5621l (s) 4 2+ (5) < s

Thus, we find

|Bp ’Yp

II = Z Z 5Kt 15,y (5) (56217 (5) + 82121+ (5))

[vz+vpl=1 1=0
Yo 2B 7p2Bp

< Z s1PelIC,, 1o (s) + Z slPelHEC, o (s)

|’Yp‘:1 [vz]=1,
Vp2Bp:V2=0 Vp=0,72 2Bz

S Sm”"Cn+2(5>11§|ﬁp|§n+3(s) + 8‘6’7‘+1’Cn+2(5)]10§\Bp\§n+2(8)~

Term IIT (j = 2,...,n with n > 2). We notice that |8, — | + |8z — V2| = n+ 3 — j and apply both
(82) and (83) to find

[Bp =l

111 = Z > Z S 41, -y (5) (5871101 (5) 4 @I LI+ (5))

J=2  |yatpl=J
Y -<ﬁ1,7p'<ﬁp

n n
S T I s i(s) S8 (s) + Y 8T K(s).
=3

=2

Estimating using the field estimates in (84), we find

ITT < s" 2574 1n?(s) + Z sHls™n=3 < 572 In?(s),
i=3

and I11 is integrable.
Term IV (j = n+ 1 with n > 1). For this term we have |5, — vp| + |8z — V2| = 2. Because we have
2,n+2 2 2 2,i 2 _
S’: () S GpTA(t) S In*(t) from (96) and &"T2(t) < GiEA(t) <1 foralli =0,..,n+1 from (82), we
n

s&" T2l (g) 4 @2l (5) < g
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for all values of |y,| =0, ...,n + 1. This yields

1Bp—p

|
w= > > Si’Cwmm—m(S)(805”*2"%'+®"+27W+1)

et aplmntl =0
Yz =Bz 7"/pjﬂp

1 2
S > K9+ )RS SEANCEIOL D DD DL IO
‘Bm_7m|:2 |ﬁp_’)’p|:1alﬁfn_')’:c|:1 1=0 |6p_7p|:2 1=0
p=VpsVx =Bz ’ijﬁpv'y:t =Bz 'ijﬁpvﬁ:l_':'\/:l;

S sKa(s)Lo<s, |<nt1(s) + (SICl(S) + 82K2(8))11§\ﬁp\§n+2(8)

+ (S’C()(S) + S2IC1(S) + 33K2(3)>12S|5p\én+3(5)~

Using the field estimates in (84), this reduces to

IV <

~

5345245 2In’(s) S5 2InP(s) forn=1
sTnT2p gl g < for n > 2.

In both cases, IV is integrable.
Term V (j =n+2). As |y; +7p| =n + 2, we conclude |8, —¥p| + |8z — 72| = 1, and thus

|Bp—p

\
V= Z Z Si/CiHﬁzf%\(S)(86%3’””‘(8) n @n+37|wp\+1(s))
la-taml=nt2 =0
'ijﬁxv')’pjﬁp

S Z (’CO(S) +8K1(8))(86n+3,|’>’p|(5) +6n+3,|’)’p|+1(8)) + Z IC1(8) (86n+3,|’>’p|(s) _|_6n+3,|’)’p|+1(8))
[Yo+vp|=n+2 [V +7p|=n+2
'Yz:ﬂa:ﬂ’p'<ﬂp 7z'<6m17p=6p

/S (Ko(s) + SICl(S)) (S®n+3,\ﬁp‘*1 + ®n+37\5p|(5)) 11§|ﬂp|§n+3(5)

K (s) (567N (5) 4 &I () Do, 1<nras).

With these estimates in place, we recombine the terms I-V to find

t
Igrozegl 51+ [ {80
1
(99) 4 [SIBPHUC,H_Q(S) + IC1(S) (86n+37|ﬁp|(5) + ®n+3,\5p\+1($)) }]10§|,8p\§n+2(3)

+ [Slﬁpllan(S) + (Ko(s) + sK1(s)) <s®”+3,|ﬁp\fl + @315y (s)) }]llﬁﬂpfn-&%(s)} ds.

We then take the supremum over each |3,| = ¢, recalling the definition

kg4 .— Bp B

O = max w10 Dzt (W]
|Bpl=d
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and express this inequality separately for £ =0, £ =1,...,n+ 2, and £ = n + 3, which yields

(100a) B30 <14 / t (szcmg(s) + 8K nta(s) + Ki(s) (s&™H30(s) + @31 (s)) ) ds,

t
1000) @) S 1 [ (55 o (6) 5 Kals) + (sKals) + 57K (5)) €77 )
1
+ (Ko(s) + 2sK1(s)) &"F3(s) + lCl(s)@"H’”l(s)) ds Vle{l,..,n+2},
t
(100) @) S 1k [ (5 as) 4 57 Ka(s)
1

+ (Ko(s) + 5K (s)) (56" 742 (5) 4 & H5153(s)) ) dis.

As in the previous subsection, we combine the cases n = 0 and n > 1 within the remaining steps where
possible by using (93).

Step 2: Uniform bound on &"+3(¢) and polynomial bound on &"3:¢(t)

As in the section above, we use equations (100a)-(100c) to construct polynomial growth estimates with
a Gronwall argument using the definition of &"3(¢). Begin by constructing the first two terms of "3 in
(100a) and use that the first two terms are bounded by the entire sum. The field terms will be estimated
using the decay rates in (84) for K,,1+5(t) and KC,,42(t), and (93) for Ky (t).

B H0(1) < 14 /1 t (s/c,L+3(s) + 5K pa(s) + 5K1 (s) (B7F30(s) 4 571" (5)) ) ds
<1+ /lt (s_"_4 In(s) + s " 3In(s) + s "2 (®"+3’0(s) + 3_1®"+3’1(5)) ) ds
<1+ /1t 572G (5) ds.

Similarly, multiplying (100b) by ¢t~/ for every j = 1,....,n + 2, using s < t, (84), and (93), we find
ISR () S 1+ /j (5Knra(s) + 5Knrals) + 570D (Ko(s) + 5K (5)) 39 1(s)
457 (Ko(s) + 25K1 (5)) 34 () + s_lel(s)Q5"+3’j+1(s)) ds
<14 /j g2 (Sf(jfl)@n%i’jfl(s) + s IE I (s) + 3*(j+1)(’5”+3’j+1(s)) ds
<14 /: 5723 (s) ds.
Finally, multiplying the last term (100c) by t~"~3 and performing the same operations, we have
TSNSy <1 4 /1 t (sICn+3(s) + Koga(s) + 572 (Ko (s) + sKi(s)) " F3mH2(s)
+ 5~ () (Ko(s) + sKl(s))®”+3’"+3(s)) ds
<1+ /1 fgne2 (s*<”+2>®”+3’"+2(s) +s’("+3)(’5”+3’"+3(8)) ds

t
<1 —|—/ 572G (s) ds
1

Summing these estimates yields

n+3 t
n+3 — —Jgsn+3,7 < —n—24n+3
ST (t) 1+a3r11aXNZt & (15)N1—|—/1 s B (s)ds

yeeey

=0
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and a straightforward Gronwall argument leads to
B" 3 (1) < 1.
Thus, for n € Ny we have
(101) ") <ttt W =0,..,n+3,

which we then refine iteratively.

Step 3: Refined estimates of &"+3:¢(¢) for £ =1,....,n + 3
As &"130(t) < 1 from (101), we estimate &™34(¢) for any £ € {1,...,n + 1} recursively while assuming
B +34=1(t) < 1 in equation (100b). Applying the decay rates in (84) and (93) and the polynomial bound
for &"+34+1(s) in (101), Gronwall’s inequality implies
t t
B3 <1 +/ K1(s)B" T3 (5)ds < 1 +/ s 2ds <1 W=1,..,n
1 1
for n > 1, and
t ¢
(102) G < 14 / [2K0() + K (98™372(0) L s S 14 / s~Lds < In(t)
1 1

for all n € Ny.
With this, we estimate the next term with £ = n 4 2 in Equation (100b) to find

t
G () S 1+ / (5" Knra(s) + 5" Knyas) + (sKo(s) + 52K (s)) In(s)
1

+ (Ko(s) + 8K1(s)) @"H3m+2(5) 4 Kl(s)®"+37”+3(s)> ds

Upon applying the decay rates in (84) only, we split into the cases n = 0 and n > 1 to accomodate K1 (t).
With the polynomial bound for &"+37+3(s), Grénwall’s inequality then yields

t
B2y < 14 / [ 4a(s) + K ()85 (5) L ds
1
¢
(103) 1 +/ s71In?(s)ds <In®(t) n=0,
S Lt
1+ / 1ds <t n>1.
1
Finally we estimate the last term with all p-derivatives on the fields, £ = n + 3, so that
t
G () <1 +/ (sn+4/Cn+3(5) + 5" K p2(s)+
1
(Ko(s) + K1 (5)) (5877 H2(s5) 4 87343 (5)) ) dis
Utilizing the decay rates in (84) as well as the results from (103), Gronwall’s inequality implies

t
BTt (1) <1+ / {s"+4lC,L+3(s) + 8" pya(s) + 52K1(8)6"+3’”+2(s)} ds
1

t
<1 —|—/ s 1In(s) ds < In?(2).
1

This estimate is optimal until both K, 42(t) and K, 13(t) are known to possess stronger decay rates. Now
that &"T37+3(¢) has an improved bound, we refine the estimate on &"+37+2(¢) using (103) and the field
estimates from (84) to find

t t
B2y < 1 / {s"+3lCn+2(8) + K1 (s) ln2(s)} ds <1+ / s~ In(s) ds < In2(t).
1 1

In summary, we have obtained

Grtd(t) S1+In(t) + &3 2(t) <In(¢)  and  GpT3(t) S &"TETE() <InP(t)
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for all n € Ny, as desired and the proof is complete.

APPENDIX A. EXTERNAL LEMMAS
First, we recall the previously-known growth of momentum derivatives of g*.

Lemma A.1l. [31, Lemma 3.5] We have
t
Gy(t) S 1 +/ (sKo(s) + s*°K1(s)) ds.
1

Next, we recall an estimate on second-order derivatives of the translated distribution function using the
decay of field derivatives.

Lemma A.2. [31, Lemma 4.1] We have

G2ty <1+ /1 " (57als) + n2(s) [2KCa(s) + sKo(s)]) ds,
and

¢
gi,p(t) <1 +/ 52K, (s) ds.

1
Hence, from the initial field decay we have the preliminary growth estimates

IV29(t)lloo S 1, IVoVeg(t)lloo SI(t),  and  [[Vig(t)]le < In*(2).
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