MODIFIED SCATTERING OF SOLUTIONS TO THE RELATIVISTIC
VLASOV-MAXWELL SYSTEM INSIDE THE LIGHT CONE
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ABSTRACT. We consider the relativistic Vlasov-Maxwell system in three dimensions and study the limiting
asymptotic behavior as ¢ — co of solutions launched by small, compactly supported initial data. In partic-
ular, we prove that such solutions scatter to a modification of the free-streaming asymptotic profile. More
specifically, we show that the spatial average of the particle distribution function converges to a smooth,
compactly-supported limit and establish the precise, self-similar asymptotic behavior of the electric and
magnetic fields, as well as, the macroscopic densities and their derivatives in terms of this limiting function.
Upon constructing the limiting fields, a modified L>° scattering result for the particle distribution function
along the associated trajectories of free transport corrected by the limiting Lorentz force is then obtained.
When the plasma is non-neutral, our estimates are sharp up to a logarithmic correction. However, when
the plasma is neutral, the limiting charge and current densities may vanish, which gives rise to decay rates
that are faster than those attributed to the dispersive mechanisms in the system.

1. INTRODUCTION

The motion of a collisionless plasma, namely a completely ionized gas that is sufficiently dilute to neglect
collisional effects and sufficiently hot to consider relativistic velocities, is often modeled by the relativistic
Vlasov-Maxwell system. Within this system charged particles interact with one another via self-consistent
electromagnetic forces induced by the charges. In particular, the plasma consists of N € N different species,
e.g. ions and electrons, each with associated masses m, > 0 and charges e, € R for a =1, ..., N. Addition-
ally, each particle species is described in phase space by a distribution function f*(¢,z,p), which represents
a number density at time ¢ > 0, position z € R?, and momentum p € R3. The motion of particles is then
governed by the Vlasov equation

(RVM;) O f* +va(p) - Vauf*+ea (E+%C(m ><B> “Vpf* =0,

where ¢ is the speed of light and the relativistic velocity of the ath species is given by

(RVMy) Va(p) = P

VmZ +pPfe

The distribution function gives rise to charge and current densities, defined by

N N
M) plt)=tn Y eo [ tap)dp  and ) =4n Y eo [ vl () dp
a=1 R3 a=1 R3

and these densities generate electromagnetic fields E(¢,z) and B(t,x) according to Maxwell’s equations
OE —cV x B=—j, V-E=p

(RVMy) B+cVxE=0, V-B=0.

The equations (RVM;)-(RVMy), which we will group together and denote by (RVM) are then supplemented
by the initial conditions f(0,z,p) = fo(x,p), E(0,2) = Eg(x) and B(0,z) = By(z), which must further
satisfy the compatibility conditions

(1.1) V- Eo(x) = po(z) and V - By(z) = 0.
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For each species, the particle number is conserved, namely

/ / F°(t,2,p) dpde = / / £9 () dpda = M®
R3xR3 R3 xR3

for all ¢ > 0, with the overall net charge of the system given by
N

Mnet = Z €aMa.
a=1

Additionally, as our methods will require precise estimates on the growth of the characteristics associated to
(RVM), we define the functions X(t,7,z,p) and P(t,7,x,p) for all t,7 > 0 and x,p € R?® as solutions of
the system

(1.2)

Xo(t,1,2,p) = vo (P(t, 7, 2,p))
,Pa(t7 T7 :I;7p) = Ka (t7 Xa(t7 T7 x7p)’Pa(t7 T7 x7p))

with initial conditions X“(7, 7, z,p) = x and P*(7,7,x,p) = p, where the Lorentz force on the ath species
is defined by
e (p)

K%(t,z,p) = ea <E(t,a:) + = B(t,x)) .

Though the global-in-time existence of solutions to (RVM) for arbitrary data remains a crucial unsolved
problem, a variety of small data solutions are known to exist, ranging from classical results [15, 17] to newer
theorems [6, 20] that utilize Fourier or vector field methods to remove the assumption that the particle
distribution functions be compactly supported. For additional background, we refer the reader to [10] as a
general reference concerning (RVM) and associated kinetic equations.

In addition to a lack of global-in-time well-posedness of large data, classical solutions to (RVM), the time
asymptotic behavior of small data solutions is also not completely understood. Partial results concerning
the asymptotic growth or decay of quantities for (RVM) or its classical limit, the Vlasov-Poisson system, are
known in some situations, including small data [1, 6, 19, 20, 27], monocharged and spherically-symmetric
data [3, 18, 21], and lower-dimensional settings [2, 5, 11, 12, 13, 26]. These results generally provide either
time asymptotic growth estimates of characteristics or decay estimates of the electric field and charge density.
One typically expects that, inside the light cone, the fields and macroscopic densities tend to zero as t — oo
like t=2 and ¢~3, respectively, for all smooth solutions of (RVM) due to the dispersive properties induced
within the system by the transport operator 9; 4+ v4(p) - V. In fact, it is known that the Cauchy problem
does not possess smooth steady states (cf., [14]). That being said, it remains a longstanding open problem
to demonstrate that smooth solutions of (RVM) satisfy these decay properties or scatter to a profile along
the trajectories generated by the (possibly modified) free transport operator as ¢ — co. Hence, the goal of
the current work is to establish the precise large-time behavior of solutions to (RVM) and construct small
data solutions that display exactly this asymptotic dynamic.

Prior to submitting the current paper, we were made aware of similar work in this direction due to Big-
orgne [6], concerning the asymptotic behavior of small data solutions to (RVM). Though our results are
similar, we only assume C? data for the particle distribution, and we do not employ vector field methods
to achieve the theorems that follow. Instead, we use more classical methods of a priori estimation, which
significantly shortens the proof and makes the result more accessible to the PDE community, especially for
those who are unfamiliar with some of the geometric and vector field methods utilized in [6].

For brevity, we will use the small data solutions previously constructed by Glassey and Strauss as a start-
ing point; however, our methods can be applied to other solutions with compact momentum support, such
as the nearly-neutral small-data solutions constructed by Glassey and Schaeffer [15]. Additionally, it may be
possible to remove the support assumption completely, as some recent studies have done just this for similar
kinetic equations [7, 20, 24]. It must be noted, however, that removal of the compact momentum support
assumption for the distribution function would allow for some particles to travel at speeds arbitrarily close
to the speed of light and thus, enable resonant particles to travel along the boundary of the light cone. The
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additional decay of the electromagnetic fields and their derivatives inside of the light cone may be lost, and
this would create a significant challenge to establishing sharp estimates of the limiting behavior of solutions.

As the small data solutions we will construct remain bounded on any finite time interval, we are essentially
concerned only with large time estimates, and thus we use the notation

At) 5 B(t)

to represent the statement that there is C' > 0, independent of ¢, such that A(t) < C'B(t) for t sufficiently
large. When a specific constant is desired, for instance when there is 4 > 0 such that |z| < ¢t for ¢ sufficiently
large, we will include the constant in this notation, namely

2| < ~t.

Additionally, C' will denote a positive constant (independent of the solution) that may depend upon initial
data and can change from line to line. As B represents a magnetic field, throughout we will denote the balls
of radius r > 0 (open and closed, respectively) by

I, ={uecR3: |ul <r} and  T,={uecR®:|u <r}
1.1. Main Results. For ¢t > 0 and « = 1,..., N define the support of f*(¢) by

Spa(t) = {(z,p) € RO : fo(t,z,p) # 0}.
Next, for every p € R? denote the gradient of the velocity function by

Aq(p) == Vua(p)

and its associated inverse determinant by

Do (p) = |det An(p)| ™"

for a =1, ..., N. Furthermore, for every every q € I'1 let

g =

* VI=TlaP/e

v,

be the inverse function of v, (p) and

be its associated gradient for a =1, ..., IV.

Our main results can now be stated precisely, and, for brevity, we normalize the speed of light ¢ = 1
throughout. First, we establish a refined global existence theorem for small initial data that augments the
previous result of [17] by obtaining C? solutions from C? initial data, rather than C! solutions from C!
data. The improved regularity of solutions will be necessary to construct suitable limits for the electric and
magnetic fields in the sequel.

Theorem 1.1. For any L > 0 there exist ¢¢ > 0 and é > 0 with the following property. Let & € Cf,
a = 1,...,N, be non-negative functions supported on I'y, x T'r. Let Eg,By € C3 be supported on Ty,
satisfying the compatibility conditions (1.1). If the initial data satisfy

N
> f8llez + 1 Eollos + | Bollos < eo,

a=1

then there exists a unique classical solution of (RVM) for all z,p € R® and t > 0 such that
fotz,p) =0 for  |p|=p

foralla=1,..,N,t >0, and x € R®. Furthermore, |E(t,z)| + |B(t,z)| = 0 for |x| >t + L and we have

the estimates I
S+
s—|XY(s,t,z,p)| + 2L > ————
2 (s, 1,2, 7)] ey

for all s,t >0, z,p € R? and



C
(t+1)(t—|z|+2L)’
Cln(t+2)
(t+1)(t — |z| +2L)*
Cln(t+2)
(t+1)(t — |z| +2L)%
[IVaf*()lee <€ and ||V f2(t)[lec < C(1+1),

|E(t,x)| + [B(t, )| <

Vo E(t, 2)[ + Ve B(t, z)| <

V2E(t, )|+ |ViB(t 2)| <

and
lo(t, )| + 1j(t,2)| < C(1+1)7°
for some C >0 and allt > 0, x € R3.
Next, we establish precise estimates on the large time asymptotic behavior of these small data solutions.
Theorem 1.2. Under the conditions of Theorem 1.1, the small data solutions satisfy
(a) For everya =1,..,N, 7 >0 and (z,p) € Sa(7) the limiting function P, defined by
Poo(Ty@,p) i= lim P(t, 7, 2, p)
exists and is both C? and contained in T'z. Additionally, for 7 >0 and (z,p) € Spa (1),
[Pt 7,2, p) = P(T,2,p)] St
(b) For every a=1,...,N define
Qp ={P%(0,z,p) : (z,p) € Sp=(0)}.

Then, there exist F € C?(R3) supported on Q) such that the spatial average

F(t,p) = /f”‘(t,axp) dx
satisfies F*(t,p) — F<(p) uniformly as t — oo, namely

1F2(t) = Fitlloo S 71 (1),

~

and for every aa =1,..., N,
[ Pa) do = Mo,

(c) Due to the compact support of each FS, define the limiting charge density for ¢ € T'y by
N

Poo(0) = Y _ €aDa (v () F2 (v7'(0))

a=1
and smoothly extend pso(q) = 0 for ¢ € R3\ T'y. Similarly, define the limiting current density by
Joo (@) = apoo(q)

for ¢ € R3. Then, the charge and current densities have the self-similar asymptotic profiles

sup [¢°p(t, %) = po (E)’ St (),
z€R3 t
sup [t35(t, ) — joo (f)‘ <t (),
z€eR3 t

and poo(q) satisfies

(1.3) / pao(q) dg = Mo
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Furthermore, for every i = 1,2,3 the deriwatives satisfy

sup [t40,, p(t, ) — Oy, Poo (7)’<t n®(t),

z€R3 t

sup, t40,,5(t, ) — By, oo (%)’ ¢~ (1),
smp ot + 31 (5) + - vare ()] st

._ 1 28 .
(d) Let v := max { 5 W} < 1, and define the linear operator

3
Lu = Z (q’LQJ - 6 )aQ1QJu+6q V U,+6u
i,j=1
Further define for any i = 1,2,3 the functions E'_(q) and B'_(q) to be the unique C? solutions (cf. [9])
of the uniformly elliptic boundary-value problems
LEL(q) = —04,p00 (@) +3j5(a) + 4~ Vyiae(a)
and _
LB(q) = (Vy % j)' (a),
respectively, for |q| <~y with the boundary conditions
E(q) = Bi(q) =0 for |q| =
Then, E and B have the self-similar asymptotic profiles

sup |t2E(t,x) — Eq (E) ‘ <t (t),
ol St b
sup ’th(t, x) — Boo (f) ’ <t ().
jal St ¢

Additionally, the Lorentz force of the ath species satisfies

sup ’tQKa(t,x + va(p)t,p) — K (p)’ <t ! lng(t)
|z <SIn(t)
[p|<B

foralla=1,..., N where
K20) = o | Balva(p) + 1) x Buc(in)|-
(e) For every a =1,...,N there is f&, € C(R®) such that
(4 0nl)t = OB (0)0) > S (o)
uniformly as t — oo, namely we have the convergence estimate

fo (t, £+ va(p)t — In(t)Ag (p)K&(p»p) - f;(w)] <t (r).

sup
(x,p)€ERS

If the plasma is non-neutral, i.e. Mye # 0, then ps # 0 due to (1.3) and these estimates are sharp’,
up to a correction in the logarithmic powers of the error terms. However, when the plasma is neutral, i.e.
Mot = 0, it is possible that the limiting charge density po (and hence joo, Foo, and By) is identically zero,
which implies stronger decay of these quantities.

Theorem 1.3. If Myt = 0 and po = 0, then the asymptotic behavior described above is improved in the
following manner:

Hndeed, if Mnet # 0, then one can obtain lower bounds on the densities (as in [22]) so that [|p()]leo, [7(t)[leo ~ t73.
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(a) For any a =1,..,N, 7 >0 and (z,p) € Sfo(7), we have
|P(t, 7,2, p) — P (7, 2,p)| <t 2InB(2).
(b) We have the faster decay estimates
lp®llse + 17 B)le St (1),
IVapt)lloo + IVai(®)lloo + 105 ()llc < 5 (2),

as well as
sup (|E(t,z)| + |B(t,z)]) St~ (1)
oSyt
Remark 1.4. Though we do not prove such a refinement here, we note that the improved decay estimates
on p, j, and their derivatives in Theorem 1.3, also induce faster decay of the derivatives of the electric
and magnetic fields. Indeed, following the iteration argument of Glassey and Strauss [17], and using these
improved decay rates one can establish the estimate
sup (|VLE(t,z)| + |V B(t, z)|) <t 4 In®(t).
[z <t
This faster rate uniformly bounds derivatives of the translated distribution function via Lemma 3.5 (as
Ki(t) < t=*1n®(t); see Section 2) and induces faster convergence of the spatial averages via Lemma 3.6.
These results can then be iteratively utilized with our tools to improve the rates on the charge and current
density, as well as other quantities in the system, and ultimately obtain the subsequent estimates

|’Pa(t,7—ax7p) - P&(T,l’,p” S t_27
[F(t) = Fllo St72

~

lp®)lloe + 7)o S 77
IVap(®lloo + 1Vai(®)lloo + 1067 (D)l S 77,

as well as
sup (|E(t,x)| + [B(t,z)]) St72,
|| St

and

sup (|VoE(t,z)| + |V.B(t,z)]) <t

|z St
Finally, these faster rates remove the need to modify the scattering trajectories and yield the improved
convergence of the particle distributions, namely

sup | f(t,x +va(p)t,p) — foo(a,p)| St
(x,p)ERS

for any a = 1, ..., N. As previously mentioned, we do not present a proof of these improvements here, and
as such, do not include these statements in the above theorem.

Remark 1.5. Analogues of Theorems 1.2 and 1.3 can likely be shown for small data solutions of the relativistic
Vlasov-Poisson system using a combination of our methods to allow for relativistic velocity corrections and
the simpler tools created in [22] to estimate an electrostatic, rather than electromagnetic, field. Additionally,
spherically symmetric solutions of the classical and relativistic Vlasov-Poisson system, as considered in [21],
should also display these asymptotic dynamics.

1.2. Idea of the Proof. To establish the scattering result, we will show that the time derivative of the
distribution function decays faster than ¢t~' in L>°. Dropping the o notation, as well as all masses and
charges, we note that this cannot hold if the particle distribution is evaluated along (z,p), as the transport
term v(p) - V.. f cannot be expected to decay in time. However, evaluating this function along the translated
curves in phase space (z 4+ v(p)t,p) by defining

g(t,,p) = f(t,x +v(p)t, p)
transforms the Vlasov equation for g into

(1.4) Org — tA(p)K (t,x + v(p)t,p) - Vag + K(t,z + v(p)t,p) - Vpg = 0.
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Because the spatial support of g stays strictly inside the light cone, one generally expects the Lorentz force
to decay like =2 on this set (see Theorem 2.1). As we will demonstrate later (Lemma 3.5), the p-derivatives
of g satisfy || V,g(t)]|leo < In*(t) thereby making the last term in (1.4) integrable in time. Additionally,
IV2g(t)|loo ~ 1, which means that the second term in the transformed Vlasov equation (1.4) will decay at
best like t~!. Hence, in order to induce a faster decay rate, the trajectories must be augmented by a limiting

Lorentz force that is generated by the limiting electric and magnetic fields. In particular, we further define

h(t,z,p) = g(t,z — In(t)A(p) Koo (p), p)
so that
Och =t~ A(p) (K (Wt 2,p),p) — Koc(p)) - Vag — K(t, W(t, 2,p).p) - Vpg
where
W(t, z,p) =z + v(p)t — In(t)A(p) Koo (p)-
Upon establishing an estimate on the convergence rate of the Lorentz force inside the light cone so that
2K (t, W(t,z,p),p) tends to K (p) at some algebraic order, say t~¢ for some € > 0, we will arrive at

10:h(#)]loo < 717

~

which is integrable and guarantees the existence of a limiting particle distribution along such trajectories in
phase space. Of course, this requires an understanding of the higher-order behavior of the electromagnetic
fields and their limits along these same trajectories. In turn, one must identify the higher-order convergence
of the macroscopic densities and their derivatives in order to establish the limiting field behavior. More-
over, a crucial result (Lemma 5.2) is needed to pass from the asymptotic behavior of the densities and their
derivatives to the fields, which satisfy inhomogeneous wave equations with derivatives of these density terms
as sources. Within [22], the electrostatic scattering problem was considered, and this merely required one
to deduce the asymptotic behavior of the electric field as a solution to Poisson’s equation, given the known
asymptotic behavior of the charge density. Herein, the full electromagnetic description of the system is
imposed, and this requires the significantly more challenging task of preserving the asymptotic behavior of
the source terms in passing to the fields via inversion of wave equations.

In the next section, we establish some preliminary results that will be used throughout the paper. Sec-
tion 3 then contains estimates on the electric and magnetic fields, characteristics, and derivatives of the
translated particle distribution function, as well as, the convergence of the spatial average and charge and
current densities. Section 4 assumes an estimate on second derivatives of the fields that will be provided by
Theorem 1.1 and establishes the asymptotic behavior of derivatives of the densities and the spatial average.
Estimates that provide the analogous asymptotic behavior for the electric and magnetic fields are contained
within Section 5, as is the modified scattering result for the distribution functions. The proofs of Theorems
1.1, 1.2, and 1.3 are provided in Section 6.

Though our results pertain directly to multiple species, for the majority of this article we will derive
estimates for the single species system with charge e, = 1. Hence, the number of species N, particle masses
Mg, particle charges e, and the factors of 47 within (RVM) are all normalized to 1. We emphasize that
these assumptions are not needed to achieve the results stated above, but they do significantly simplify the
presentation. In Section 6 we will then use the established lemmas to distinguish between the non-neutral
(Mpet # 0) and neutral (M, = 0) cases in the proofs of Theorems 1.2 and 1.3. With this, the relativistic
velocity function defined by (RVMs) simplifies to

p
VT
and its inverse becomes
“g) = =2
1 —q|?

Additionally, the Lorentz force becomes

K(t,z,p) = E(t,z) + v(p) X B(t,x).
7



Upon inserting these simplifications, the system (RVM) reduces to
atf + U(p) : fo + K(t,$,p) : V;Df = Oa
plts) = [ ftnpds i) = [ o)) dp

HE -V x B=—j, V.E=p,
HB+V xE=0, V.-B=0.

(RVMSingle)

Many other previously-defined quantities then simplify and are now independent of «, including S (), A(p), D(p),
and B(g). In this case the particle number and net charge are equal, and we denote them by removing any
superscripts or subscripts, namely as M. When useful, we will also use the notation pg = 1/1+ |p|? to
denote the particle rest momentum.

2. PRELIMINARY LEMMAS

First, we state the small data theorem of [17], which provides the foundational structure of solutions from
which we will build. In particular, we state the result for N species, as in the original article.

Theorem 2.1 (Glassey-Strauss [17]). For any L > 0 there exist ¢ > 0 and 8 > 0 with the following
property. Let f& € C! be non-negative functions supported on {|x| < L} x {|p| < L}. Let Ey, By € C? be
supported on {|z| < L} satisfying the compatibility conditions (1.1). If the initial data satisfy

N
> lIf§ller + 1Eollc2 + [ Bolle < eo,

a=1
then there exists a unique classical solution of (RVM) for all z,p € R® and t > 0 such that
fe@z,p)=0  for  |p|=p

foralla=1,...N, t >0, and x € R3. Furthermore, |E(t,z)| + |B(t,z)| = 0 for |x| >t + L and we have
the estimates

N s+ L
s — |X (s,t,x,p)| + 2L > m
for all s,t >0, and x,p € R? with
B(t.2)| + |B(t,2)] < ¢ ,
(t+1)(t— |z + 2L)
Cln(t+ 2)

IV E(t, )| + V2 B(t, x)| <

(t+1)(t— |z| +2L)*
[Vaf*@lloc <C and ||V, f*(#)]lc < C(1+1),
and
lp(t,2)] + (8, 2)| < C(1+1)7°
for some C >0 and allt > 0, x € R3.

As the small data solutions that we construct satisfy the hypotheses of the Glassey-Strauss small data
theorem, we invoke their result to establish the existence of C'! solutions and derive new estimates that will
be critical in the construction of C? solutions. Hence, throughout this section, we work with the solutions
guaranteed by Theorem 2.1 and derive the large time asymptotic behavior of quantities in the system.

We first establish some basic properties of the function v(p) transforming momenta into relativistic ve-
locities and its inverse v~1(q) which takes velocities to momenta (see Figure 1).

Lemma 2.2. The symmetric, matriz-valued function A : R® — R3*3 defined by A(p) = Vv(p), so that its
entrywise representation is
Ay(p) = po° [(L+ [p*)dij — pins]
satisfies
|Aii(p)] <pgt <1
8



R? I={uelR: |ul <1}

FIGURE 1. Throughout this article, p € R3 shall denote the momentum variable and ¢ =
v(p) = p/po € I'1 shall denote the associated relativistic velocity.

for all p € R? and

|det (A(p))| = py .
Furthermore, the symmetric, matriz-valued function B : T'y — R3*3 defined by B(q) = Vv~1(q), so that its
associated entrywise representation is

_3
Bij(q) = (1—1q*) 2 [(1 = [a|*)6ij + qiq;] ,
is bounded on compact subsets of I'y. Additionally, we have the identity

3
(2.1) DB (v(p)Ajk(p) = b

for all i,k = 1,2,3 and every p € R3. Because it will appear frequently in later estimates, we further define
the function

(2.2) D(p) := pj,

which represents the inverse determinant of A(p). Finally, the functions v(p), v=1(q), D(p) and all of their
derivatives are C*° and bounded on any compact subset of their respective domains.

Proof. The proof consists of straightforward calculations and is therefore omitted. O

Remark 2.3. Because of the smoothness and boundedness of the velocity map v(p) and its inverse, we will
often neglect their contribution to future estimates, as well as those of their derivatives.

In order to establish decay of the electric and magnetic fields and their derivatives both along character-
istics and along translated curves in phase space, we define

Ku(t) = sup <|V£E<t,»c<t,7,x,p>>| i |V£B<t,»c<t,¢,m7p>>|)
T€[0,t]
(z,p)€Sy(T)

+ sup <|V£E(t,x + v(p)t)‘ + ’VfCB(t, x+ v(p)t)’),
|z <In(¢)
IpI<B
for £ = 0,1,2. The next result guarantees that the fields and their derivatives decay quickly on the spatial
support of the particle distribution function, which stays firmly inside of the light cone. The growth of the
spatial support of f will also be crucial to proving both the small data theorem and the large time behavior.
As f has compact support, we will estimate only the growth of those characteristics along which f # 0.

Lemma 2.4. Define ( = \/1/-34-? and vy = max {;, \/12-57132} where § > 0 is given by Theorem 2.1, so that

0<({<vy<1. Then, we have
X (t, 7,2, p)| St

for any T € [0,t], (x,p) € S¢(7), and
|X(t, 7, 2,p)| < L+(t
9



for allt > 0,7 €(0,t], (z,p) € S§(7). Furthermore, for |z| S 1n(t) and [p| < B we have
t—lx+o(p)t|+2L 2 t.
Finally, the fields and their derivatives satisfy
Ko(t) St72

and
K1(t) <t731n(t).

Proof. To begin, the first results are obtained using the compact momentum support of f(¢) and the char-
acteristic equations, namely

t

B 28
X(t,1,2,p)| < |z +/ v(P(s,7,2,p))ds < L+ ——=t =L+ (t S ———=1t < ~t.
¢ <l 0 (P ) 1+ 52 V14452

Next, we establish the spatial inequality on translated curves. The growth assumptions of z and p imply
o+ o(p)t] S Int) + —o—t S,
1+ 52
and thus
t—|z+o(p)t|+2L2(1—~v)t+2L 2t
The field estimates then follow from Theorem 2.1. In particular, we use the estimates on the fields and
spatial characteristics to find
¢ < C < t=2
(4L

B X (87, ) + B X720 < o 8D

for all 7 € [0,¢], (z,p) € Sp(7). Similarly, we have

C <42
(t+1)(t—|z+v(p)t|+2L) ~

[E@t, 2 +v(p)t)| + Btz +v(p)t)] <

for |z| <1n(t) and |p| < B, which, when combined with the above field estimate, implies the decay of KCy(t).
The estimate on derivatives of the fields similarly yields

Cln(t+ 2) < Cln(t+ 2)

Vo E(t, X(t, 7,2,p0)| + |VaB(t, X(t, 7, 2,p))| < CE D X0 12D = G+ IP

< t731n(t)

for all 7 € [0,t], (z,p) € Sf(7). Additionally, we have

T4 - Cln(t +2) 3
Vo E(t,z +v(p)t)| + [V B(t, z + v(p)t)] < D (t—|z+v(p)t\+2L)2§t In(t)

for || < 1n(t) and |p| < B, which gives the stated decay of Ky (t). O

Finally, we will need one lemma that will be used repeatedly to establish convergence of a variety of
quantities as t — oo.

Lemma 2.5. Let H : [0,00) X Rg X Rf; be a continuous, bounded function that is continuously differentiable
in its third argument with bounded derivatives. Then, for any x € R® and R(t) > 0 satisfying x +Ir@ CIYy
for t sufficiently large, we have

(ot (S2)) = (ot (3))] dy S0 ROIVH
/ysvaa) < ( ¢ )> ( (t))'
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Proof. As v=1(q) and its derivatives are uniformly bounded for |g| < 1, we omit their contribution below.
Estimating the given integral, we find

H t? ) -1 <x_y>)_H t; ) -1 E ‘d
/IySR(t) ( ho t ( %Y (t)) Y
td x— 0y
= — Mty v do| d
/y|,sva<t>/o d9[ ( hY ( t ))] ‘ Y

SONTHOI [l dy

[yISR()
SROMVHE) oo

and the proof is complete. ([l

3. LOWER REGULARITY ESTIMATES

Within this section, we obtain estimates on first derivatives of the particle distribution and fields, as well
as, characteristics and the charge and current densities. Because Theorem 2.1 provides C' solutions, higher
(i.e., C?) regularity is not needed for the estimates within this section.

3.1. Characteristics.

Lemma 3.1. For 7 sufficiently large, t > 7, and (x,p) € Sy(7), we have

oX oP
‘%(t,T7$,p)‘ St and ’ap(t77—7xap)‘ 51
Proof. Taking a p derivative in (1.2) yields

ox oP
afp(t) = A\(P(t))afp(t)?

%7;“) = VLK (X8, P) 25 (1) + VK (¢ X (1), P1) 2 (1),

dp
oxX oP
78}) (1) =0, —(r) =1L

Upon integrating, we can rewrite the latter ODE as

Z—Z(t) =1+ /T (VmK(s, X(s)fP(s))%—/:(s) + V,K(s, X(s),P(s))w(s)> ds

so that by Lemmas 2.2 and 2.4 we have
oP ¢ ox oP ¢
—_— <1 — <1 -
o (t)‘ < —l—/T (Kl(s) Ko(s) o (s) ) ds <1+ C'/T (3

57;0(8) +
for any a € (2,3). Now, we fix some § € [4, 6] and define

ox g
Bp(s)‘ §

7o)

i) =sup {72 7 \%;f@

<dé(s—7) and ‘?97;(3)

< ¢ forall s € [T,T]}.

Note that Ty > 7 due to the initial conditions. Then, estimating for ¢t € [r,Tp), we have

t
1
?;(t)‘ <1+ 05/ [(s—7)s*+s?]ds<14Cs(r*“+771) <2< 56
for 7 sufficiently large. Similarly, we integrate the first ODE to find
oX tlop
o)< [ |5

for 7 sufficiently large. Hence, we find Ty = co and the estimate on p-derivatives follows. O
11
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Because the fields decay rapidly in time inside the light cone, we can immediately establish the limiting
behavior of the momentum characteristics.

Lemma 3.2. For any 7 > 0 and (z,p) € Sf(7), the limiting momenta P defined by
Poo(T,2,p) = tlim P(t,1,2,p) = p+/ K(s,X(s,T,2,p),P(s,7,2,p))ds

— 00 T

exist, and are C?, bounded, and invariant under the characteristic flow, namely P, satisfies
POO(tv X(ta T, ‘Tap)7 P(tv T, I7p)) = 7)00(7.7 :L'vp)

for any t > 0. Finally, we have the convergence estimate
Pt.r2p) ~ Pulriap)| S [ Kals) ds

t
which further yields
(3.1) |P(t,7,2,p) — Poo(T, 2, p)| S 71

Proof. For any (x,p) € S§(7), we have from the characteristic equations

t
Plt,ra,p) = p+ / K (s, X(s,7,2,p), P(s, 7., p) )ds.
Thus, define
POO(Taxvp) :p+/ K(S,X(S,T,l‘,p),P(S,T,.’IJ,p))dS

for every 7 > 0 and (x,p) € S¢(7). Then, the convergence estimate
o0
PO~ Pul S [ Kolo)ds St
¢

follows from Lemma 2.4. Thus, the limit exists and is uniformly bounded for every 7 > 0 and (z,p) € Sy(7).
Finally, P is C? due to the regularity of the electromagnetic fields and spatial characteristics and invariant
under the flow due to the time-reversibility of (1.2). |

Next, we control the derivatives of these limiting characteristics and show that they are invertible functions
of p for sufficiently large 7. This property will be useful later to perform a change of variables and establish
limits of spatial averages.

Lemma 3.3. For (x,p) € S¢(1) we have
O (raup) = 1| £ 7 n(r),
Thus, there is Th > 0 such that for all T > Ty and (x,p) € S¢(7), we have

oP
det < ap

Do(T,x,p))‘ > .

Consequently, for 7 > Ty and (z,p) € Sf(7), the C? mapping p — Poo(T,z,p) is injective and invertible.

Proof. First, note that the limiting momenta given by Lemma 3.2 satisfy

%(T,x,p) =1+ /Too (VxK(s,X(s)J’(S))%f(S) + VPK(S’X(S)’P(S))W(S)> o

Hence, using Lemmas 2.4 and 3.1, we have

IPo < / s 2(1 4+ 1n(s))ds < 7 n(7).
op -
Therefore, by the continuity of the mapping A +— det(A), there is 77 > 0 such that for all 7 > T; and
(x,p) € S¢(7), we have
OPso
det( gp (T,w,p))‘ >

12
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Next, we define the collection of all limiting momenta on S¢(t), which will serve as the support of the
limiting spatial average. Notice that due to its invariance under the flow defined by (1.2), we have

(3.2) {Poo(7,2,p) : (2,p) € S§(7)} = {Poc(0, 7, p) : (z,p) € Sp(0)}
for all 7 > 0. Hence, define
Qp = {Poc(0,2,p) : (z,p) € S¢(0)} .

As P (0, z,p) is continuous due to Lemma 3.2, its range €2, on the compact set S;(0) is also compact.

3.2. Properties of the Translated Distribution Function. With the basic properties of characteristics
determined, we introduce some notation relating to the translated distribution functions. As mentioned in
the introduction, we let

g(t,x,p) = f(t7w + v(p)hp)

so that g(t,x — v(p)t,p) = f(¢,z,p), and because the translation alters the spatial characteristics of the
system, we further define

(3.3) Y(t, 7,x,p) =Xt 1,2,p) —v (P(t, T, x,p))t
so that
(3.4) V(t) = —tA(P(t))K(t, V() +v (P)t, P(t))

with V(1) = z — v(p)7. In addition, note that ||g(¢)||oc < || folleo for all £ > 0 and
g(t,z,p) =0 for |p[> 5.
For t > 0 define the support of g(t) by

Sy(t) ={(z,p) e R : g(t,x,p) # 0}

and note that Sy(0) = S¢(0).
Because our approach relies upon the growth of the spatial support and momentum derivatives of g, we
further define

R(t) = sup{|Y(¢,0,z,p)| : (z,p) € Sg(0)}
and let
G1(t) =1+ [[Vpg(t)lloo
and
Ga(t) = G1(t) + [[V39(t)l|oc-

With suitable decay of the field and its derivatives established in Section 2, we now study the behavior of
the translated characteristics of (RVMsgingle).

Lemma 3.4. For every 7 > 0, and (z,p) € Sy(7) the characteristics satisfy

t
Yt rzp) — o= o)) S | sKols)ds
and
t
R(t) <1 —|—/ sKo(s)ds.
0
In particular, Lemma 2./ further implies

Y@t 72,p) Sn(t)  and  R(t) < In(?).
13



Proof. Using (3.4) we immediately find
30| < Ha@EEIKE X0, PO S tolo).

and thus
t

t
y(S,T,I',p)‘ dSS/ S’CO(S) ds

Yt 7,2,0) — (& — v(p)7)] < /

T

for fixed 7 > 0 and (x,p) € Sy(7). Furthermore, this implies

t t
V(t,0,2,p)] < o] + / S|K (s, X(s), P(s))] ds S 1+ / Ko (s) ds
0 0

for (z,p) € S4(0). The estimate on the spatial radius then follows as

t
R({t)= sup |Y(,0,z,p)| S 1 —|—/ sKo(s) ds,
(z,p)€S4(0) 0

which by Lemma 2.4 implies the stated estimate. ]

This growth estimate of the spatial support of g will prove useful later on when determining the asymptotic
behavior of the Lorentz force, as we need only consider spatial values within the support of g, which satisfy
|z| < In(t), to derive such estimates. Next, we show that momentum derivatives of g grow more slowly than
those of f, which are established by Theorem 2.1.

Lemma 3.5. We have
t
Gi(t) <1 +/ (sKo(s) + s°K1(s)) ds,
1

and thus by Lemma 2.4
Gi(t) < In?(¢).

Proof. To establish the result we estimate

Oy g(t, 2, p) = (tAjk0a, [+ 3, ) (t, 2 +v(p)t, p).
Applying the Vlasov operator
V:i=0;+v(p) Vi+ K(t,x,p) -V,

to the untranslated version of this quantity yields
V(tAjk(p)azjf(t,x,p) + apkf(t,%p)) = —tAj0y, K -V f —0p K -Vpf +10,, fK -V, Aji,
and inverting gives
(tj10s, £ + Oy £) (£,2,) = Dy, folX(0), P(0)) — / gk (P() B, K (5, X(5), P(5)) - T (5, X(s), Pls))ds
-/ B K (5, X(5), P(s)) - Vp (s, X(5), P(s))ds
t

+ /0 50z, f(8,X(5),P(s))K(s,X(s),P(s)) - VphAji (P(s))ds

14



for j,k = 1,2,3. From the estimates on the derivatives of f within Theorem 2.1, as well as, those of the
fields and their derivatives within Lemma 2.4, this implies

t
|tAjk(p)azkf(tvmvp) + apkf(tvxvp)‘ S ||apkf0||oo +A S]Cl(S)Hfo(S)HOO ds

+ / 1B (5, X(5) [V £(5) loodls + / Ko ()17 £ (5)]] ol

t t
<1 +/ s2IC1 (s)ds +/ sKo(s)ds
0 0
t
< 1 —|—/ s~ (1 +1n(s)) ds
1
< ()
for 5,k = 1,2,3. Thus, we conclude
IVpg(t)lloo < In* (1),
which completes the lemma. (I

With the behavior of momentum derivatives along the translated characteristics well-understood as t — oo,
we can establish the limiting behavior of the spatial average.

Lemma 3.6. There exists Foo € C2(R3) with supp(Fs) = Q, such that

F(t,p) =/f(t7w,p) dw:/g(t,wm) dx

satisfies F(t,p) = Foo(p) uniformly as t — oo with

||F(t)_FOO||oo§/1 (Ko(s)R(5)*Gu(s) + sKi(s)) ds 71 n’ ().

In particular, the limit preserves particle number, i.e.

/Foo(p) dp = M.

Proof. Upon integrating the Vlasov equation of (1.4) in 2 and integrating by parts, we find

at/g(t7x7p) dx

\ [ Ka e+ oten)  GAGIV. - V)gltsr.p) de

/tr )V K(t,x +v(p)t,p)] g(t,x,p) da:+/Ktx+v( )t,p) - Vpg(t,z,p) dz

< KU F(t,p) + Ko(R(£)Gi(t).
Thus, we use Lemmas 2.4, 3.4, and 3.5 to find

|0:F(t,p)| St 2 In(t)F(t,p) +t 2 In°(¢).
As F(0) € L>(R?) and the latter term above is integrable in time, we find

t t
F(t.p) S FOp)+ [ 0F )] ds 1+ [ 5 n()F(s.p) ds,
0 1
and after taking the supremum and invoking Grénwall’s inequality, this yields
t
(3.5) 1 E(#)]loo < exp (/ 572 1n(s) ds) <1
1

Returning to the estimate of 9,F', we use the uniform bound on ||F(t)|| to find

0:F (t,p)| S t72In’(2),
15



which implies that ||0;F(t)|lo is integrable. This bound then establishes the estimate for s > ¢

/St O F (1) dr / 0,F(7)||oe dr <t~ 1In’(2),

and taking s — oo establishes the limit. More preasely, as F(t,p) is continuous and the limit is uniform in
p, there is Fl, € C(R?) such that

[1E(#) = F(s)lloo =

1F(t) = Foolloo S 7" I’ (2).

Next, we verify the properties of the limiting spatial average. Due to the uniform convergence, we further
conclude weak convergence of F(t,p) as a measure, namely

(36) tin [wwFEnd= [vo)F

for every ¢ € Cy (]R‘5) In this direction, let ¢ € Cy(R?) be given and fix any 7' > T from Lemma 3.3. Then,
we apply the measure-preserving change of variables (z,p) = (X (T, t,z,p), P(T,t,x,p)), so that

tli}m/l/} F(t,p)dp = hm//z/J f(t,z,p) dpdx
= lim //z/J f(,X (T, t,z,p), P(T, t,z,p)) dpdx

t—oo
Sf(t

Jim / / G(P(t,T, 7)) [(T,&,5) dpdi

/ / $(Poo(T, 7, 7)) (T, 7, ) didi

Sp(T)

by Lebesgue’s Dominated Convergence Theorem. Now, by Lemma 3.3 for any (Z,p) € Sf(T), the mapping
B PoolT, 7,p) is C? with
0P 1
det T,%,p) || > =
o (TEran)| = 5,

and thus bijective onto €2,. Hence, letting u = P (T, Z, ), we perform a change of variables and drop the
tilde notation to find

. g, (u)
tlggo/w(p)F(t,p)dp: //MU) (T2, W(u ‘det (87, ?T e )))‘ dudz

where for fixed z, the C? function W defined on Q, is given by
W(u) = (Poo)” ' (T, u).

Therefore, by uniqueness of the weak limit we find from (3.6)

(37) P = [ 1T, W) 10, () et ( 22 (0,2, W ) )

for any v € R3, and thus Fy, € C?(R?) with supp(Fs) = €,. Due to the invariance (3.2) of Puo(7,,p)
with respect to the time variable, F, is also independent of the choice of T' and thus, well defined. Finally,
the conservation of particle number is obtained by merely choosing #(p) = 1 within (3.6) and using the
time-independence of this quantity. O

-1

dx

Now that we have shown the convergence of F(t,p), we establish the precise asymptotic profiles of the
charge and current densities. First, recall that D(p) = |det(A(p))|" = (1+ |p|2)5/2 due to (2.2). From the
limiting density Fo(p), we define the induced charge density by

poc(q) = Foo (v71(q)) D (v (a))
for ¢ € 'y and smoothly extend it to 0 for all ¢ € R3\ T';. The induced current density is then defined by

JOO(Q) = 4P (U_l(Q))
16



for every g € R3. Of course, in the case of multiple species the quantities F(t,p) and F..(p) are replaced by
sums over « of F(t,p) and F (p), respectively, within the remaining lemmas. Then, we obtain the limiting
behavior of the charge and current densities as follows.

Lemma 3.7. The scaled charge density converges to a self-similar limiting function. In particular, we have

Eo(t,2) = poe (7)] S 1P = Fclloo + 7RG (1)

sup
z€R3
Thus, in view of Lemmas 3.4, 3.5, and 3.6, we find

3 . z < p—17,.6
Eolt,a) —p (7 )| S WOW).

sup
z€R3

Proof. Due to the growth of the spatial support of f(¢,x,p) established in Lemma 2.4, it suffices to consider
only |z| < ~t. To prove the result, we first conduct a change of variables

y=1x—uv(p)t
with
dy = t° |det(A(p))| dp

in the integral of p(t,z). Hence, this transforms

p(t,x) = /f(t,m,p) dp = /g(t,w—v(p)t,p) dp

into

o) = & [ (inet (552)) o (o (552))

Letting

H(t,y,p) =D(P)g(t,y,p),

pt,x) = t_3/7-l (t,y,v_l <xt_y)> dy.

Therefore, as pos(q) = Foo (v7"'(q)) D (v™'(q)) and F(t,p) = [g(t,y,p) dy, the difference of the charge
densities can be split into

this can be expressed as

olta) = poe ()| < T+11

1= [l (o (550) < (o (5) v
= [ (o () - Fe (7 (E) P (7))

We estimate I by noting that H(¢,y, p) is supported on |y| < In(¢) and invoking Lemma 2.5 to find
ISt ROMVHE) oo

As D(p), its derivatives, and ||g(t)||oo are all uniformly bounded, we have ||V, H(t)||cc < G1(t), and combining
this with the estimates of Lemmas 3.4 and 3.5 gives

I <tIR)YG() St nb(e).
The estimate for IT uses Lemma 3.6, the compact support of F(t) and Fi,, and |%| < v < 1 so that D(p) is

bounded on the supports of these functions and

ITS|F(t) = Foolloo St I°(8).

~

where

and

Combining these estimates then yields the stated result. O

Next, we estimate the current density in a similar fashion.
17



Lemma 3.8. The scaled current density converges to a self-similar limiting function. In particular, we have

E5(t2) = oo (3)] S 1P = Fuclloe + 7RG (2).

sup .

r€R3

Thus, in view of Lemmas 3.4, 3.5, and 3.6, we find

sup [£45(t,2) — jow ()] S 7 WO,

z€R3

Proof. Similar to the previous lemma, it suffices to consider only |x| < vt. We again prove the result by first
conducting a change of variables, namely

y =z —v(p)t

in order to transform

j(to) = / o()g(t,z — v(p)tap) dp

o= 2o () (552

(3.9) j(ta) =+ / o(r)D(r)g (t,y,7)

3

into

or

dy.

—yy—1l( =Y
r=v-1(Z32)

Letting
H(t,y,p) = v(p)D(p)g(t,y,p),

this can be expressed more succinctly as
jt,x) = t_3/7-l (t,y,v‘l (w;y>> dy.

Joo(@) = qD (v (q)) Fos (v (q)) -

With this, the difference of the current densities can be split into two terms as

fefone () en ()
o G (5) - (7 ()]

= I+1II

Recall that

Pt i (2)]

t

IN

dy

As in the previous lemma, we estimate the first portion by invoking Lemma 2.5. As the product v(p)D(p)
and all of its derivatives are uniformly bounded, we again deduce ||V, H(t)|lco S G1(¢). Combining this with
the estimates of Lemmas 3.4 and 3.5 then gives

I<t'R@)*Gi(t) <t n’(¢).

The latter term uses ’%‘ < v < 1, Lemma 3.6, and the compact support of F(t) and F, so that D(p) is
again bounded on the supports of these functions to find

ITS|F(t) = Faolloo S ¢ 100 (2).

~

Combining the estimates of I and I7 then yields the stated result. O
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4. HIGHER REGULARITY ESTIMATES

With the estimates on lower order derivatives of g, F/, and B established, we turn our attention to second-
order derivatives, which have not been previously obtained for (RVMsgi,gle) and are crucial to constructing
the time asymptotic limits and scattering profile that we wish to study. The lemmas of this section will
also be needed to prove the small data theorem. Throughout this section we will assume that the second
derivatives of the fields satisfy the estimate

(4.1) Ka(t) <t~ *In(t).

First, we estimate second-order derivatives of the translated distribution function; in particular, estab-
lishing a nearly sharp estimate on their growth using the decay of the second derivative of the fields.

Lemma 4.1. We have
t
Got) <14 / (s°Ka(s) + 52 () (s) + s In()Ko(s)) ds,
1

and thus by Lemma 2.4 and (4.1)
Ga(t) < In(1).
Furthermore,

~ ~

IV2glle S1 and [V, Vag(t)]oo S In*(1).
Remark 4.2. If, in addition to the stated assumptions, we have || fo|lcz < €o, then the estimate on spatial
derivatives becomes
IV29(t)lloo S €o-
Proof. On bounded time intervals, e.g. t € [0, 1], uniform-in-time estimates can be obtained via straight-
forward methods (see [10]). Hence, we take ¢t > 1 throughout and focus on large time estimates only.
Additionally, we suppress the argument of A(v(p)) and merely denote this term by A. To begin, we note

that spatial derivatives of g are merely spatial derivatives of f evaluated along translated curves in phase
space, and thus from Theorem 2.1 we find

(4.2) Veg(t)|loo = Hvzf(t)Hoo S

With this, we let V, denote the translated Vlasov operator appearing in (1.4). Then by a straightforward
computation we find

VolOmOngl(t, x,p) = 0 {On [AK (L, + 0(p)t, p)] - Vag} (¢, 2, p)
+ 100 {0 [AK (t,x +v(p)t,p)] - Vag} (t,7,p)
— 10,0 [AK (t, 2 + v(p)t,p)] - Vag(t, z,p)
= O {00 [K(t,z +v(p)t,p)] - Vpg} (¢, 7,p)
— O A{Om [K(t,z +v(p)t,p)] - Vpg} (t, 7, p)
+ OO [K(t, 2z + v(p)t, p)] - Vg (t, z, p)
where 0; € {0p,, 0z, } for 1 < i < 3. Recall that all derivatives of v(p) and A are bounded and that derivatives
of K satisty
Op,,, [K(t, 2 +v(p)t, p)] = 102, K (t, x + v(p)t, p)Ami + Oy, (v(p)) x B(t,z + v(p)?),
0z, 0p,,, [K(t,z +v(p)t,p)] = t0z, 02, K(t,x + v(p)t, p)Ami + Op,, (v(P)) X Oz, B(t, z +v(p)t),
Op,n Op,, [K(t, 2+ v(p)t,p)] = ty,, (02, K(t, 2 + v(p)t,p)Ani] + Op,, [0p, (v(p)) x B(t,x + v(p)t)]
= t2893]. Op, K(t, 2+ v(p)t, p)Anilryj + 102, K (¢, x + v(p)t, p)0p,, Ani
+t0p,, (v(p)) X Oy, B(t,x + v(p)t)Ani + Op,, 0p, (v(p)) X B(t, z + v(p)t)
+ t0p,, (v(p)) X Oy, B(t, x + v(p)t)As;.
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Due to the estimates of Lemma 2.4 and (4.1), this implies

|0p,,, [K(t,z +v(p)t,p)]| S tK1(t) + Ko(t) St > In(t),
|0, 0p,,, [K(t, 2+ v(p)t,p)]| < ta(t) + K1(t) S t7%In(2),
10,0y, [K(t,x +v(p)t, p)]| < t2KCo(t) + tKC1 () + Ko(t) St 2 In(t).

Next, for ¢t > 1 we define
Do(t) = [V2g()lloo + IV Vag(®)lloo + 12 [V5g(t)lloo

which we shall bound uniformly in time. Integrating (4.3) with 0,,0,, = 0p,,0p,, along the characteristics of
V, gives

1290l S 1+ [ [ (Ka(s) + 5K1(5) + Ko(5)) [V (5) 1o
(4.4) T 5 (5K () 4 Ko(5)) IV Vg () oo + (°Ka(5) + 5K2(5) + Ko(8)) [V59() oo

#5A(8) + Ko(e) V35| .
Then, multiplying by ¢=2 and using (4.2) and Lemma 3.5 yields
¢
O £ 24072 [ () Tag9) + 57 () [V, Va5 ) s
1

+172 /1 (572 1n(5) [ Vo9 (5)lloo + 572 In(5) [ V39 (5)lloc) ds

A

t t
14+t72 / s~ In(s)ds + / 572 1n(s) ]|V Vg (s)l| oo ds
(4.5) 1 1

t t
+t72 / s721n3(s) ds + / 54 ln(s)|\V§g(s) loo ds
1 1

N

t
1 +/ s72In(s) (sTHIVpVag(s)lloo + s72(IVg(5) o) ds
1
t
<1 —|—/ 5721n(s)Dy(s) ds.
1

Integrating (4.3) with 0,,0, = 0,,,0s, along the characteristics of V, and using the field estimates gives
t_lepvccg(t>||oo

t
St t_l/l s (s 1n(s)[|Vag(s)lloo + 57 1) V3 Vag(s)lloo + 7 In(s) | VZg(s)lloc) ds

+t7! /1 (s ()1 Vp9(8)llo + 572 In(5) [V, Vg (s) oo + 577 In(s)[[V39(5)l|c) ds

A

t t
() 1+t‘1/ 52 In(s) ds+/ (s~ 10(3) [V, Vg ()]loc + 52 In(5)[V2g(s)l|oc) ds
: 1 1
t t
+t71/ 573 1n%(s) ds+/ (72 In(s)[|VpV29(8)] 0o +5741n(s)HV22,g(5)||00) ds
1 1
t
Sl +/1 s721n(s) (IV29(3)lloo + 5 Ve Vag(s)lloo + 572 Vig(5)lloo) ds

¢
< 1+/ s 21In(s)Dy(s) ds.
1
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Integrating (4.3) with 0,,0,, = 0,,,0s,, along the characteristics of V, and estimating, we find

t
IVZg()llo < 1 /1 s (s ()| Vag(s)lloo + 577 In(s) | V2g(s)ll ) ds

" / (57 10(8) [V 9(8) oo + 5~ () |V, Vag(5) o) ds

t
< 1—|—/ S *4111 31n(s)HVig(s)||oo) ds
(4.7) !
+/ (s~ In(s) + 5~ In(s) [V, Vg (5) loc) ds
1
t
< 1+/ 572 1(5) (I929(5) oo + 51| Vp Vag(5)loo) ds
1
<1+ 3_2111 (s)ds.

1
Adding the estimates (4.5), (4.6), and (4.7) yields

¢
Dy(t) <1 —|—/ 572 1n(s)Dy(s) ds,
1
and upon using Gronwall’s inequality, we conclude Dy (t) < 1. This further implies

||vig(t)”oo S, vavzg(t)noo St and ”Vgg(t)”oo <t

~ ~ ~

We use these bounds to improve the estimate (4.6). Indeed, returning to this inequality and inserting the
above estimates gives

IVeVag(t)lleo S 1+ /lt (s In(s)IVag(8)lloe + 57> In(s)IVp Vag(s)lloo + 572 In(s)[[V2g(s)l|) ds
+ /1 t (s (s)IVpg(s)lloo + 572 () [V Vag(s) oo + 57 In(s) | Vg (s)lloo) ds
<14 /1 t (s72In(s) + 52 In(s)||V, Vg (s) oo + s~ In(s)) ds
+ /1 t (572 I’(s) + s~ () IV Vag(s) oo + s~ In(s)) ds

t
< 1n2(t)+/ 572 In(s)[|VpVeg(s)|lec ds.
1

Using Gronwall’s inequality again yields

19Vt 10200 e ([ 572 mis)ds) S 0

Using this estimate of the mixed partial derivatives within (4.4), we have the improved estimate

IV3g(Dlse < 1 +/1 [(8°Ka(s) + 5K (s) + 5Ko(5)) [Vag(s)lloo + (s°Ki(s) + 5Ko(5)) [VpVag(s)lloc] ds
+/1 [(°Ka(s) + 5K1(s) + Ko(5)) [ Vpg(s) oo + (sK1(5) + Ko(5)) [Vpg(s)lloc] ds
S14 /1 (s*Ka(s) + 8% In*(s)K1(s) + sIn*(s)Ko(s)) ds + /1 572 ln(s)||Vf)g(s)Hoo ds

t
S W)+ [ 57 In(e) Vgl d,
1
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which leads to the final application of Gronwall’s inequality, namely

t
||V12,g(t)||o<j < In*(t) exp (/ 5 21n(s) ds) < In(1).
1
Hence, we find

Ga(t) S (1),
and the proof is complete. O

Next, we use the estimate of Go(t) to establish the convergence rate of derivatives of the spatial average
as t — oo.

Lemma 4.3. The spatial average further satisfies V,F(t,p) — VpFoo(p) uniformly as t — co with
IVoF(t) = VpFulloo S ¢t~ " (2).

Proof. To prove the derivative estimate, we proceed in a similar fashion to the estimate of 9;F in Lemma
3.6. Upon taking 0,, within (1.4), integrating in =, and integrating by parts, we find

6t/6pig(t,x,p) dr = t/@m (tr [A(p)V K (t,x + v(p)t,p)| g(¢t, x,p)) dx

+ [ 0 (64 o)) Doglt,p)
Hence, using the estimates of Lemmas 2.4, 3.4, 3.5, and 4.1 yields
0:0p, F(t,p)l S t(Ka(t) + tKa(1)) F(t,p) + (Ko(t) + K1 (1) Gu(HR(1)® + Ko(t)Ga ()R (2)?
t=2In(t)F(t,p) +t~2In°(t) + ¢t~ 2In" (¢)
t=2In" (t).

Of course, this implies that ||0,V,F (t)|lc is integrable, and as before, establishes the existence of a limit §
with the estimate

AN N

IVpE(t) = Flloo S 7" ().
Finally, we find §(p) = VpFs(p) by the uniqueness of the uniform limit. |

Now, estimates of the large time behavior of density derivatives are needed in order to obtain a more refined
understanding of the field behavior, as spatial derivatives of p and both spatial and time derivatives of j
appear as source terms in the inhomogeneous wave equations for £ and B induced by Maxwell’s equations.
As F, € C2(R?), we can define the limiting derivatives of p and j in terms of derivatives of F.,. More
specifically, we have for ¢ € Ty

0.Poo(q) = g, [D (v1(a)) Fos (v (a))]
and

4rjo(0) = Dg, [¢D (v7(9)) Foo (v (9))]
for every k,f = 1,2,3, respectively. Additionally, due to the compact support of Fy,, these quantities
are smoothly extended by 0 to ¢ € R3. As within the previous section, in the case of multiple species

the quantities F(t,p) and Fu(p) are replaced by sums over a of F*(t,p) and F2 (p), and their respective
derivatives, within the following lemmas. Then, we have the following convergence estimates on derivatives.

Lemma 4.4. The spatial derivatives of the charge density satisfy
x _
sup |40, p(t,2) = 0y poe (5 )] S IF () = Fcllow + V(1) = Yy Focllow + R Ga(1)
z€R3

for every i = 1,2,3. Furthermore, in view of the previous lemmas, we have

F0,,p(t ) = 9o (7 )| S (D)

sup
z€R3

for everyi=1,2,3.
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Proof. Where necessary, we use the Einstein summation convention. As in previous lemmas, it suffices to
consider only |z| < «t due to the growth of the spatial support of f. We begin by taking a derivative with
respect to z; within (3.8) to find

dy.

—p—1( 2=y
r=v=1(23¢)

Doy plt, ) =t / But (0(r)) 0, [D (1) g (£,9,7)]

Furthermore, we have

04,P50(q) = g, [D (v™(0)) Fao (v (0))] = Bir(v(r))0r, [D(r) Foo (1))

r:v‘l(q)'
Letting

H(t,y,p) = Bir(v(p))0p, [D(p)g(t,y,p)]
and subtracting the above expressions for the charge density and its expected limit we find

10.,00t) ~ 00 (1) = [ (ty (”“y)) dy — Bk ((9)) Oy, [D(p) Foo(p)]

t

b= (3)

We split this into two pieces so that

[#40,,p(t,2) — Do (T)| < T+ 17

1= [l (o (7)) = (o (5)] o

11 = [Bix (v(p))| |y [D(p) (F(t;p) = Foo(p))]]

where

and

()

as [ g(t,y,p) dy = F(t,p). We estimate I using Lemma 2.5. As the time-independent portions of H(t,y,p)
and their derivatives are uniformly bounded, we find |V, H(t)]|co S G2(t). Combining this with the estimates
of Lemmas 3.4 and 4.1 then gives

I<t7'R@)*Ga(t) <t7 1 nd(2).

The estimate of I uses |%| < v < 1, the compact support of F(t) and F,,, and Lemmas 3.6 and 4.3, to
conclude

IS ||F(t) = Foolloo + V() = VpFalloo St~ In(2).
Combining these estimates then yields the result. O
Lemma 4.5. The spatial derivatives of the current density satisfy
sup [#402,3(t2) = Ouoe ()] S IF () = Foclloe +195F (1) = ¥y Foloe + 7RG (1)
for every i = 1,2,3. Furthermore, in view of the previous lemmas, we have

x)( <t n®()

4 . . . z
t°0,,j(t, ) Oy, Joo (t

sup
z€R3

for every i = 1,2,3. Additionally, the time derivative of the current density satisfies

. . x T . x B
sup [1100(1,2) + (30 (T) + T+ Ve (5) ]| S IFW) = Prclloe + IVpF(1) = VpPrcllow + 7 R G ().
2R3 t t t

and in view of the previous lemmas, we have

t10,5(t, x) + [Sjoo (%) +§

xT

-V oo (—)} ’ <ttt (t).

sup .

zER3
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Proof. Where necessary, we use the Einstein summation convention. As before, we need only consider
|z| < ~t due to the growth of the support of f. To prove the first result, we begin by rewriting the ¢th
component of (3.9) as

1

ita) =5 [P0 k0. dy.

—py—1( =Y
r=v=1(23%)

Then, taking an x; derivative within this expression yields

dy.

—y—1( =Y
r=v ( T )

(48) 0y f(t,2) = / Bit (v(r)) By [0°(r)D(r)g (2, ,7)]

Furthermore, we have

O3t (a) = Oy [o" (v(@)) D (v""(0)) Fro (v ()] = (Bikw(r))am [ (rYD(r) Fos (1)] )

r=v=1(q)
Next, we let
H(t,y,p) = Bir(v(p))dp, [v"(0)D(0)g(t,y,p)]
and subtract the derivative terms to find
. . T i (x—
10,.11(t0) = 0t (5) = [ (o™ (7)) o= By, [0 0P 0] .
p=v=1(%

Similar to the previous lemma, we split this into two pieces so that
x
’t‘l(’)zije(t,x) — 0455 (;)’ <I+1I

where

1= [l (o (572)) = (e (5)] oo

and

1T = By (v(p))] |0y, [v' ()P (p) (F(t,p) — Fos(p))]|

pv-1(4)

as [g(t,y,p) dy = F(t,p). As in previous lemmas, we estimate I using Lemma 2.5. Because the time-
independent portions of H(t,y,p) and their derivatives are uniformly bounded, this yields the estimate
IV H(t)|loo S G2(t). Combining this with the estimates of Lemmas 2.5, 3.4, and 4.1 then gives

I<t'R)*Ga(t) < t7 (1)

as v(p), D(p), and all of their derivatives are uniformly bounded. The term IT uses |%| < v < 1, the compact
support of F(t) and Fu, and Lemmas 3.6 and 4.3 so that

IS |IF(t) = Foolloo + [V F (1) = VpFuslloo S 71 " (1)
The combination of these estimates yields the first result.

Turning to the second result, we perform a similar computation and invoke the first result where needed.
As before, we write the fth component of the current density as

i —l o' (r)D(r r .
ita) = 5 [ 0D (. o ®
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Taking a t derivative, we find

8l (t,x) = —3t~1j0(t, ) — t~4 / i ;yilﬂiik (0(r)) O [0 (F)D(r)g (t,y,7)] dy

—py—1( =Y
r=v=1(23%)

+ t*3/vZ(T)D(7")3tg (t,y,7)

= 3t (t,z) — % Vit )

dy

—_yy—1( =Y
r=v-t(Z32)

+1 / DB (v(r)) Oy, [ (D(r)g (. 7)]

+17° / v (r)D(r)0eg (t,y,7) dy

7"=v*1(1: )

due to (4.8). Multiplying by ¢*, we expect the first term on the right side to converge to its previously
established limit, while the second term will converge to a limit involving the gradient of j, and the last
two terms are higher order. Indeed, the difference we wish to estimate becomes

thaus () + 378 (3) + T Vaite (7]

<ol () o3 (st it ()

+ dy

—py—1l( =Y
r=v ( 7 )

t

/ LBy (u(r)) O, [v'(r)D()g (2, 9,7)]

+1 dy

—y—1( Y
r=v-t(Z32)

/ A (rYD(P)9rg (£, y,7)

= 1-1V.

To estimate I, we use Lemma 3.8 to find

x
15 sw [t o)~ oo ()]
z€R3 t

[F(t) = Foolloo +t'R(t)*G1 (1)
=1 (t).
Next, we use the first result of the current lemma for 11, yielding

11 5 7Y sup t4vmje(t7$) - vq]ﬁo (E)‘
z€R3 3

IF(t) = Foolloo + IVpF(t) = Vi Fuclloo + 7 R(t)*Ga(t)
t~1In®(¢).

Within 771, the derivatives appearing in the integrand are all dominated by G;(t), and thus
IIT <t YR(E)G(H) <t In(2).

S
S

S
S

Finally, IV is the most challenging term. We estimate the integral and use (1.4) to write
Oeg(t,,p) = tA(p)K(t,x + v(p)t,p) - Vag(t,x,p) — K(t, 2 +v(p)t,p) - Vpy(t, z,p).
This expression is inserted into the integral but evaluated at the point (¢,y,r) where r = v~} (%) so that
Og(t,y,r) = tAMK(ty+v(r)t,r) Vag(ty,r) — K(t,y +o(r)t,r) - Vyg(t,y,7)
= tA(r)K(t,z,7) - Vag(t,y,r) — K(t,z,r) - Vpg(t,y, 7).
We will integrate by parts in the y variable, thus we compute

a@!z‘ [g(ta Y, T)] = 6a:lg(ta Y, T) - t_lBik (’U(r))apkg(ta Y, T)
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so that
aazlg(tv Y, T) = ayl [g(tv Y, ’I”)] + t_lBik (v(r))apkg(t, Y, 'I’).
Replacing 0g(t,y,r), we see that IV can be split into

IV < ¢? dy

—y—1( =Y
r=v ( T )

/ W (F)D(F) A K (8, 2,7) - Vag(t,y,r)

+1 dy

—_—yy—1( =Y
= ( 7 )

/ve(r)D(T)K(t, z,7) - Vpg(t,y,r)

< t2 /UZ(T)D(T)Aij(T)Kj(tvxar)ﬁyi [g(t,y,r)]

dy

—_py—1( =Y
r=v-1(Z32)

+t /Ue(r)D(r)Aij(r)Kj(t,x,r)IB%ik(v(r))apkg(t,y,r)

dy

—y—1(Z2=Y
r=v=1(E3%)

+1 dy

—o—1(z=y
r=v=1(23¢)

/ Vv (r)D(r)K (t,,7) - Vpg(t,y, 1)

= IVAa+ 1V 4+ 1IV;s.

T—

Within IV, we integrate by parts in y, and as every y; derivative of r = v™! (Ty) provides an additional

factor of t~!, Lemma, 2.4 produces the estimate
g (t,ym‘1 (m — y)> dy
’I”:’Ufl(x:y) t

dy

—py—1(Z2=Y
r=v=1(E32)

IVy =¢?

/ 9, lv%r)p(rmij(r)m(t,x,r)

<t / K (t,2.7)] gt . 7)
ly|SR(t)

<t ().

The term IVp is more straightforward as the boundedness of the functions of r within the integrand and

Lemmas 2.4 and 3.5 give
K <t,x, vt <ﬂ$ty>> ‘ dy <t tIn®(t).

Finally, the estimate for IV is nearly identical to that of Vg, and we similarly find
Ve StG (R Ko(t) <t In(8).

1V < tgl(t)/

lyISR(t)

Therefore, we have
IV <t 1 (1),
and further collecting the estimates for I, I1, and I yields the second result. O

Finally, we present a pivotal lemma that will be used to estimate kernel terms appearing in second order
field derivatives within the proof of the small data theorem.

Lemma 4.6. Let m : 'y x I'1 = R be bounded on the support of f and continuously differentiable in its
second argument with bounded derivatives. Define

M(t,w) = [ mleo,o(p)0u (t.9.) do
for any of k =1,2,3. Then, for all |w| =1 and |y| < vyt we have

M (¢, )] S 2.
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Remark 4.7. For the proof of the small data theorem, we will apply this result to the iterates. Hence, if in
addition to the stated assumptions we have || fo||c1 < €, then the estimate becomes

[M(t,w,y)| < Ceo(1+1)™" < Ceo(t + Jy| +2L) 7"
for all t > 0, |w| = 1, and y € R? due to the bound on the support of f and 9,, f.

Proof. Again, we use the Einstein summation convention where necessary. We first rewrite the integral as

M(t,w,y) = /m(w»v(p))am,g(ty —v(p)t,p) dp

and conduct a change of variables
z=y—v(p)t
with
dz = t3 |det(A(p))| dp.

Recall that D(p) = |det(A(p))| ™" = (1+ |10\2)5/2 due to (2.2). Hence, we have

dz.

—p—1( Y=z
r=v=1(L32)

M(t,w,y) :t_3/m(w,v(r))@mkg(t,z,r)D(r)

Next, we note that

i (y=2\)_ 4 1 (Yy=* -1 y—= 1 (Yy=*
a0 (7)) = o (o (7)) o (57 owa (o2 (457))

Hence, replacing the zi-derivative of g within the above integral splits it into two terms, and we find

e = o & e () ) o ()

e / Bie (v(r)) p,g (£, 2,7) m (w, v(r)) D (1) dz.

—p—1(¥=2
r=v=1(L32)

Integrating by parts in the first term yields

[ lo (e ()| (o 55) 2 (7 (157))
=1 [ (627 00, w,0(r)) + B (o)) D (1) dz.

=1 (¥==2
=0 ( 7 )

Noting that

Op, [m(w, v(p))] = Bum (W, v(p)) Are(p),
using the symmetry of A and B along with the identity (2.1), and assembling this with the remaining term
in the representation for M (t,w,y) gives

dz.

—py—1(¥==
r=v=1(L32)

M(t,w,y) =t* /BM(U(T))(?W [gmD] (t,w, z,7)

Therefore, we define
Moo (w, p) = Bre(v(p))Op, [Foo(p)m (w, v(p)) D (p)]
and note that this quantity is uniformly bounded due to the compact support of F,. Then, we denote

H(t, W, va) = ka(v(p))am [g (t7 va) m (w7 ’U(p)) D (p)]

and estimate the difference
tM(t,w,y) — My (w, %)’ = ’/7—[ (t,w,zm_l (y;z)) dz — (BgeOp, [IMDF)) (w, Q) ‘

This can be rewritten as

‘t4M(t,w,y) — M., (w, %)’ <T+1I
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where

1= [l (oo (2)) (o ()]

11 = |(Buy, D (7 - F) (1007 (4)]

and

as
[ t0.20) dz = BroE) By, [F (t.5) m (0,0) D 0]
We estimate I merely by fixing w € S! and invoking Lemma 2.5 to find
I StRONVHE) oo
As m(w,v(p)), D(p), their p-derivatives, and ||g(t)|| are all uniformly bounded, we have ||V, H ()| < Ga(t),
and combining this with the estimates of Lemmas 3.4 and 3.5 gives
I<t'R)*Go(t) <t7HIn'(¢1).
The estimate of IT uses Lemmas 3.6 and 4.3 and the compact support of F(¢) and F, to find
I S ||IF(t) = Foolloo + Vo E(t) = VpFuclloo St~ In*(2).

~

Combining these estimates then yields
‘t4M(t,w,y) — M., (w, %)‘ <t s ().
Finally, using this inequality and the boundedness of My, (w,p) gives

Mty S Mo (w0, 2) |+ MG wy) =17 Mo (w0, 5)] S 074 [0 (0. D) |+ 77 m%(0) S 27,

and yields the stated result. ([l

5. FIELD LIMITS AND MODIFIED SCATTERING

5.1. Convergence of the Electric and Magnetic Fields. With the large time asymptotic behavior
established for the charge density, current density, and their derivatives, we can further generate the induced
electric and magnetic fields as ¢ — oo via self-similar solutions of inhomogeneous wave equations. In order to
accomplish this, we will prove a lemma relating the asymptotic behavior of solutions to the inhomogeneous
wave equation in terms of the associated forcing function.

First, we state a change of variables lemma from [10] that will allow us to estimate complicated integrals,
both in the next lemma and within the next section, in which Theorem 1.1 is proved.

Lemma 5.1. [10, Lemma 6.5.2 (p. 176)] For any continuous function ®(1,\) of two real variables, and
V(o) of one real variable, we have

s+y|—7
[ ey ey == = = [ e = s =

ly|=|

where the integration on the left is over a ball in R3.
With this, we can establish the asymptotic behavior of solutions to the inhomogeneous wave equation.

Lemma 5.2. Let n € C' ([0,00) x R?) be supported on {(t,x) : |z| < (t+ L} where ( is defined within
Lemma 2.4. Assume that for |xz| < «yt, the function n satisfies the estimate
z

(tw) = (7)| S W)
where N € CY(T'1) has compact support. Let (t,x) be the unique solution of
(5.1) 0.9 =n(t,x)

with initial conditions

$(0,x) = o ()
9 (0,2) = Y1 (),
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¢y

—L L
F1cURE 2. Comparison of the sets enclosed by L 4 (t and ¢ where 0 < ¢ <~y < 1.

both of which are supported in {|x| < L}. Then, there exists 1o, € C?°(T1) for any § € (0,1) such that
29(t, ) — oo (%)‘ <t 1 nd(t)
for all |z| < ~t. Additionally, if ne = 0, then Yo = 0.

Proof. We begin by constructing the limiting solution of the wave equation, 1. In particular, note that by
assumption, the limiting profile of 1 (denoted 7.,) possesses a self-similar structure. Therefore, we will find
a solution of the wave equation with this same property. In this direction, we fix T" > 0 such that for t > T,
we have (t + L < ~t and thus n(t,z) is supported on {(¢,z) : |x| < ~t} for t > T (see Figure 2). Define the

linear operator
3

Lu:= " (yitj — 0ij) Oyy,u+ 6y - Vyu + 6u
ij=1
and note that for |y| <y <1
3

=D (i = 0) &g = |6 — |y - € > (1 =12 [¢f* = Clef?
ij=1
where C' > 0. Thus, the operator is uniformly elliptic for sufficiently smooth functions defined on {y € R3 :
ly| < v}. Further, as 1., € C', we define 9o, € C%9 for any 6 € (0,1) to be the unique solution of the
uniformly elliptic boundary-value problem [9]

Ltpoo(y) = 700 ()
for |y| < ~ with the boundary condition

Yoo(y) =0 for |y[ = 1.
Due to the boundary condition, we may merely extend 1 (y) = 0 for |y| > 7 to preserve continuity, and
oo will remain C?9 on the interior of the sphere of radius |y| = 7. Note that 7., = 0 implies 1o, = 0 due
to uniqueness. Then, a brief calculation shows

o2 e [ ()] = 1000 (5) = 0 (2

for |z| < ~t.

With this, we let ¢ (¢, z) be the unique classical solution of (5.1) with the given initial conditions vy and
11 at t = 0. As we are interested in the values of this solution within the region |z| < ~t for t > T', we recast
this as a forward-shifted initial-value problem for ¢ > T with “initial” data at ¢ = T and estimate within
this region of space-time. Using superposition, we may decompose the solution as

w(tv x) = wH(ta JT) + wl(t’ x) + 1/111(@ J))
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for |x| < 4t where (i) ¥y is a homogeneous solution satisfying
Ois¥e =0 for t > T, |x| <t
Vi (T,2) = P(T, ) = T2 (§) =: tho() for x| <~T
ath(Tv l‘) = 5’t?/)(T7 33) - at (tiz@/}oo (%))

=: Jl(x) for |z| < AT,

t=T
(ii) the function ¢, satisfies

Ot othr =t 100 (£) for t > T, |x| <t
Vr(Tyw) = T (1) for |2 < 4T

(T, x) = 0; (t Yoo (7)) for |x| < AT,

t=T
and (iil) ¢y satisfies
O o = n(t, ) — oo (%) for t > T, |x| <t
Yi(T,z) =0 for |x| < AT
o (T,x) =0 for |x| < AT.

We will estimate ¥y, 15, and ¢ separately. First, we turn our attention to t;. Note that by (5.2) and

uniqueness, we must have
_ x

(5.3) vi(te) =t ()
for all t > T and |z| < 4t, as these functions satisfy the same inhomogeneous wave equation with identical
“initial” conditions at ¢ = T. As we will show, the leading contribution to ¥(t,x) will be the (¢, z) term,
which is merely ¢ =21 (%) due to (5.3),

Next, we show that the homogeneous term 1y vanishes for sufficiently large ¢. In particular, using the
Kirchoff formula [8] we express the homogeneous solution ¢y (¢, z) for t > T and |z| < vt exactly as

1

(5.4) Yg(t,z)= (=T

/ (Fol) + Vi) - - =) ds. + (¢~ 1) | Jl(z)dsZ] |
|lz—z|=t—T |z—z|=t—=T

As ¢o(x) and (x) are supported on the set {|z| < L}, the solution (T, x) of (5.1) is supported on
{|]z| < T 4+ L} due to the finite speed of propagation of solutions to the wave equation and the support
assumption on the source term 7. In particular, we note that the portion of ¥ (T, z) that stems from the

source term is exactly
dz
winhom(Ta J,‘) = / T](T - |.’L‘ - Z|a 2)7

le—z|<T ‘x - Z‘

and a brief calculation shows that |z| > T + L implies
2| > (T =z —2[) + L>C(T = e —z2) + L
for any z € R3 satisfying | — 2| < T. As n(t,z) is supported on the set {(t,x) : |x| < {t + L}, such
values lie outside of the support of this function when evaluated at the point (T' — |z — z|,z). Hence,
(T — |z — 2|,2) =0 for |z| > T + L and any z € R? satisfying |z — 2| < T, and we conclude that ¢(T, x) is

supported on {|z| < T+ L}.

Furthermore, as s (%) = 0 for |x| > ~t, we see that (%) is supported on {|z| < ~t}, and this is a
subset of {|z| < t+L}. Thus, the new “data” functions o (z) and v, (z) are also supported on {|z| < T+L}.
Recall that for ¢ > T we have |z| < ~t. Therefore, we further take ¢ > % so that for z in the support of

120 and {/;1, we find
(5.5) |z —z| <Ayt+|z| <yt+T+L<t-T

)

where |z| < vt. However, the integrals in (5.4) are taken over |z — z| =t — T, and as shown by (5.5), this
set lies outside of the support of the integrands. Therefore, we have

(5.6) Y (t,z) =0
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for || < ~t and ¢ sufficiently large.
Finally, estimating 15 requires more care than the previous terms. We first denote

N(t,z) = [n(t,x) —t7 e (%)} 1<yt

With this, we can express the solution of the associated inhomogeneous wave equation with zero “data” at
t="1T as

dz
¢H(t,x)=/ N =T o — 2], 2)—2—
|z—z|<t—T |z — 2|
for t > T. For ease of notation, we let s =t — T and rewrite this as
dz
Yrr(s+T,x) = N(s—|x —z],2) ——
|z—z|<s |1’ - Z|

for s > 0. Upon multiplying by ¢~#, the assumed estimate on the integrand gives
‘n(t,x) —t s (%)‘ <t 70 ().
In addition, as {|z| < ~t} C {|z| <t+ L}, we can use the support of N within this estimate to find
IV (t,2)] S (¢ + |2] +20) "> n® (¢ + |z + 2L) Ljpy<ip -
This implies

[rr(s+T,x)] < / (s — |z — 2|+ |2| +20) °In®(s — |z — 2| + |2| + 2L)|z — 2T <o a2

lo—z|<s

To estimate the remaining integral, we rely upon Lemma 5.1. More specifically, we define a cutoff function
¢r(A) to be zero for A > 7+ L and then choose

B(r,\) = (T+A+20) P In®(r + A+ 2L)¢r(\) and  U(o) =01
in invoking Lemma 5.1. Thus, the integral of interest becomes

s b
|¢H(5+T,x)\§r*1/ /(T+)\+2L)’5ln8(7-+/\+2L)>\¢L(/\) drdr
0 a

where
r= |z, a=|s—r—r|, and b=s+r—r.
Using the inequalities
TH+A+2L <s+r+2L, T+A+2L>s—r+2L, and A<T+MN+2L

simplifies the estimate to

s b
[Wrr(s+T,z)| <r~'Ind(s4r+2L)(s —r 4+ 2L) ¢ / / (T +X+2L)"2 d)\dr.
0 a
Then, upon integrating in A we find

dr.

_ 4 [° (b—a)b+a+27r+4L)
, T,z) <r 'ln® 2L)(s —r + 2L 1/ (
67 Wuls+Ta)lsr i s +r+20)(s —r+20)7 | o T 1 ar)

To estimate the remaining integral, we first define the function
() x, x>0,

€Tr) =
a 0, <0

and split this into two pieces, namely

/s (b—a)(b+a+ 27 +4L)
o (

dr =I+1I
P Y 5 ] C Y A PR

where

dr

o /M”) (b—a)(b+a+ 27 +4L)
o (T+a+2L)%(1 + b+ 2L)?
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and

H::/ (b—a)btat2r+4L)
nw

(s—r) (T+a+2L)2(T +b+2L)?
To estimate I, we note that 7 < s — r on this interval so that
b—a=2min{r,s — 7} =2r and b+a=2max{r,s — 7} =2(s — 7).
Furthermore, this implies 7+ a =s—r and 7+ b = s+ r, and we find
n(s—r)
L= 4T/0 (s—r+ 22;(ZL—|— r+ 2L)2 dr
< r(s—r+2L0) (s +r4+2L0) (s —r)(s+2L)
< r(s+r+20) M(s—r420)7"

Contrastingly, we estimate I, by first noting that 7 > s — r on this interval so that

b—a=2(s—7)<2r and b+a=2r

Furthermore, because 7 +a =27 —s+r and 7+ b= s+ r, we find

8 T+r+2L
I = 4 d
T/#(s_r) (21 —s+r+20)%(s+r+2L)2 4

o0

< 7"(5+7°—|—2L)*1/ (t+2L)"% dr
p(s—r)
< r(s+r+20) H(s—r+20)71

as (s —r) > s —r. Now, as I and I satisfy the same estimate, we insert these within (5.7) to find
[rr(s+T,2)| < (s47r42L0) s —r +2L0) 2 In®(s + r 4 2L).
Changing back to the t and T variables and removing r = || > 0 where possible yields
lrr(t,x)| S (t =T +2L) "t =T — ||+ 20) "2 In®(t — T + |z| + 2L).

Therefore, for ¢ sufficiently large and |z| < ~¢, we find

Wit z)| < (t—T+2L) Y ((1—~)t—T+2L)"2In®((1 4+ )t — T + 2L)

< 3B (t).
Finally, assembling the estimate of ¢ along with (5.3) and (5.6) gives

[er(t ) = 2n (3] + o (2) | + s (1,)]
< (),

for |z| < ~t and t sufficiently large. Upon multiplying by #2, the stated estimate follows, and the proof is
complete. O

-0 2)

IN

With the lemma established, we now use it along with previous estimates of derivatives of p and j in order
to construct the limiting asymptotic behavior of the electric and magnetic fields.

Lemma 5.3. There exist Eo, Bo € C*(L,) such that

sup
| Syt

2 _ TN < p=17,.8
2E(t, ) Eoo(t)‘wt (1),

and
x

sup ’tQB(t,a:) — B (t

| Syt
Furthermore, there is Ko, € C*°(T.,) such that
sup |[PK(t,z +v(p)t,p) — Koo (p)| St71 In®(t).

|z|<In(t)
[p|<B

)‘ <+ ().
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Proof. Due to Lemma 2.4, the supports of p(t,y), j(t,y), and their derivatives all lie within {(¢,y) : |Jy| <
¢t + L}. Additionally, Lemmas 4.4 and 4.5 provide the estimates

sup [0, p(t:2) — . (5)| st wie)
and
sup [tt0uj(t.a) + [35 (5) + 5 Vi (3)] | 570000

for every i = 1,2, 3. From Maxwell’s equations, a straightforward calculation shows that the ith component
of the electric field satisfies the inhomogeneous wave equation

DwEi = =0y, p(t,z) — 07 (t, x)

with the given initial data expressed in terms of Ey(x) and Bg(z). Thus, applying Lemma 5.2 with ¢ (¢,z) =
Ei(t,z) and n(t,z) = =0y, p(t, x) — 0, (¢, ) provides the existence of a limiting electric field E., € C*(T,)
and the estimates

(5.8) 2B (t,x) — B (%)( <t 'md(t)

for every i = 1,2,3 with |z| < ~t.
Similarly a wave equation for each component of the magnetic field can be derived from Maxwell’s equa-
tions resulting in

OB (ny) (t,x).

Thus, using the spatial derivative estimate on j from Lemma 4.5, namely

t40,,5(t, 7) — O, joc (%)‘ <t i)

sup
TER3

for every i = 1,2,3, and applying Lemma 5.2 with ¥(t,z) = B'(t,z), and n(t,z) = (V x j) (t,x) provides
the existence of a limiting magnetic field B._ € 02’5(1"7) and the corresponding estimate

(5.9) ‘tQBi(t,x) _Bi (%)‘ <t B (1)

for every ¢ = 1,2, 3 with |z| < ~t. Finally, assembling the convergence estimates (5.8) and (5.9) and defining
E(q) and By (¢q) componentwise, we use these to construct the limiting Lorentz force given by

Koo(p) = Eoo(v(p)) + v(p) X Boo(v(p))

for every |p| < B. Further, considering |z| < In(¢) and |p| < 8, and using the boundedness of v(p) then
directly yields

(2K (t,z + v(p)t,p) — Koo (0)] < |PE(t, 2+ v(p)t) — Eno (v(p) )|+|t B(t,x +v(p)t) — B (v(p))]
< |E(t,x +o(p Eoo ( : )’
4B (o >+§) Ee (v(p))|
+|t2B(t,z + v(p)t) — Boo (W)’
+|Ba (v0) + ) = Bos (v(0))|
< t_llns(t)+(\|qu”0®+”V‘IBHOO)@
< ().

O

In the next section, we will use this limiting Lorentz force and the associated convergence estimate to
obtain a modified scattering result for solutions.
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5.2. Modified Scattering. With the field estimates solidified, we prove that the distribution function
scatters to a limiting value as t — oo along a specific trajectory in phase space that may differ from its linear
profile, and this is known as “modified scattering”. Many of the ideas in this direction arise from [20, 22, 24].
First, we remind the reader that using the field estimates of Lemma 2.4 in Lemma 3.4 produces

(5.10) |Y(t,0,2,p)| < In(t)

where the implicit constant in this inequality may depend upon fixed (z,p) € S;(0). Thus, the spatial
characteristics of g grow unbounded in time and require an additional logarithmic correction to construct
trajectories along which f converges as t — oo.

Lemma 5.4. There exists foo € C(R®) such that
h(t, z,p) = f (t, 2 + v(p)t — () A(p) Koo (p), P)
satisfies

h(t, z,p) = foo(z,p)
uniformly as t — co. Moreover, we have the convergence estimate

swp |f (t, 2+ 0(p)t — In(1)AQ) Koo (p>,p) - foo<x,p>\ <),

(z,p)€RS

Proof. Let
W(t,z,p) = = — In(t)A(p) K (p)
for every t > 1 and z,p € R? so that

Wt,a.p) = f (t, 2+ (p)t — In()A(p) Ko <p>,p) = g(t W(t,.p).1)-

We will further take ¢ to be sufficiently large as necessary. Because of the compact momentum support of
g, we note that g(t, W(t,z,p),p) = 0 for |p| > 5. Additionally, there is Cy > 0 such that |z| > CpIn(?)
implies [W(¢t,z,p)| > Ciln(t) for some C; > 0, and thus g(t, W(t,z,p),p) = 0 due to (5.10). Hence,
g(t, W(t,z,p),p) = 0 whenever |x| > Cln(t) or |p| > f, and it suffices to take |z| < In(¢) and [p| < 8
throughout the proof. This further implies |W(¢, z,p)| < In(t). Because g satisfies (1.4), we deduce that h
satisfies

Oih =t (K (W +0(p)t,p) — Koo(p)) - Alp)Vag(t, W, p) — K(t, W + v(p)t) - Vg (t, W, p).

Similar to the proof of Lemma 3.6, we wish to show that ||0;h(t)|| is integrable in order to establish the
existence of a limiting function in this norm.
To this end, we decompose 0;h so that

|Oeh(t, z,p)| ST+ 1T
where
I <t MKW +v(p)t,p) — Koo(p)| [Vag(t, W, p)]
and
IT = |K(t, W +v(p)t,p) - Vpg(t,W,p)].

The second term is well-behaved. Indeed, using Lemmas 2.4 and 3.5 we find

(5.11) IT< sup |K(t,z+v(p)t,p)|Gi(t) < Ko(t)Gi(t) <t 21In’(t).
|z <In(t)
Ipl<B

Using Lemma 2.4 yields
IVeg(®)lloo = IVaf ()]l S 1.
Thus, the latter term in [ is uniformly bounded in time, which implies
ISt HEPKEW +u(p)t,p) — Ko (p)] -
Because [W(t, z,p)| < In(t) and |p| < B, we invoke Lemma 5.3 to conclude

(5.12) I<t721nB(t).
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Combining (5.11) and (5.12), we have
18:n (1) |0 < 72 (2.
As this bound is integrable in time, there is f,, € C(R%) such that
1A(t) = foolloo S 71 I (2),
which completes the proof. O

6. PROOFS OF THEOREMS
We first prove the refined small data theorem, which comprises the majority of this section.

Proof of Theorem 1.1. To begin, we note that the smallness assumption of Theorem 1.1 can be guaranteed
to satisfy the hypotheses of Theorem 2.1 by taking € sufficiently small. Hence, the estimates from the latter
result, for instance on first-order derivatives of the fields and particle distributions, follow immediately. To
establish the new result, which requires estimates on second derivatives, we follow a similar argument to
that of [17] and let

15610 = sup ((@-+ 1ol + 2)(¢ ~ o] + 20) (E(e,0)] + [Bt.)) )
t
zER3
1Ky = s (t+|a| +2L0)(t — |o| + 2L)?
! In(t + |z| + 2L)

(V.E(t,2)] + va<t,x>>) ,

>0
z€R3
t+ |z|4+2L)(t — x| +2L)3
151 = sup (CEEZOE 2 (92 ) 4 928 ).

z€R?

and
1K = [ Kllo + [[K]lx + [[K]2-

Let € > 0 and define

X={KecC?: K(t,r) =0for [z| >t+ L and |K|| < ¢}.
The iteration scheme is, by now, standard. Given K € X, we define the associated characteristic system (1.2)
and f*(t,z,p) as the evaluation of f§ along the characteristics, so that f* satisfies the Vlasov equation.
With this, we can define p(t,z) and j(t,z) as in (RVMginge) and finally, the new electric and magnetic
fields E*(t,z) and B*(t,x) as solutions of Maxwell’s equations with the associated source terms given by
derivatives of p and j. Finally, we label K* = (E*, B*). Under this iteration scheme, Glassey and Strauss
[10, p. 177] established for a given L > 0

(6.1) IK*lo + |1K*[1 < Ceo (1 + | K]lo + || KIT) -
We will further derive the estimate
(6.2) IK*||l2 < Coeo (1+ K[|+ KI5 + 1K)

for some Cy > 0, which, when combined with (6.1), will then imply

1| < Ceo (1 + || K[| + 1 K1%)
where C is independent of 5. Taking K € X so that || K|| < e and then taking e and ey sufficiently small
will show ||K*|| < e, and thus K* € X. Finally, this can be used to show (cf. [10, Section 5.8] and [17]) that
the iterates and their first and second derivatives converge pointwise and satisfy the stated decay estimates.

What remains is to establish (6.2), and the remainder of the proof will focus on doing exactly this.
Let K € X be given. Then, we have

Cln(t+2) Cln(t+ 2) _
V2E(t, X(t,7,2,p))| + |[V2B(t, X(t,7,2,p))| < < <t *In(t
| ( ( P+ ( ( p))| (t+1) (t—|X(t)|+2L)3 (t+ L)4 (t)
for all 7 > 0, (z,p) € S¢(r) and
1 2
V2E(ta + o(p)t)] + [V2B(tz + o(p)t)| < Olnlt+2) S 4 In(t)

(t+1)(t — |z +v(p)t| +2L)* ~
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for |z| <1n(t) and |p| < 8. Putting these together, we have established
Ka(t) <t~ *1n(t),

and the results of Section 4, which rely on this estimate, are all valid. We estimate ||K*||2 by utilizing the
representation theorem of Glassey and Strauss applied to second derivatives of the fields. In their proof of
(6.1), they rely on a representation of the fields E* and B*, as well as their first derivatives, in coordinates
that respect the symmetries of the wave and Vlasov equations. This was introduced in [16] and later presented
in [10, Theorems 5.3.1 & 5.4.1]. For completeness, let us recall the representation of the first derivatives of
the fields (stated for E*, with an analogous representation for B*).

Theorem 6.1 ([10], Theorem 5.4.1). Assume the hypotheses of Theorem 2.1. Then for ik = 1,2,3 the
following representation holds:

7 = dato [ i) ] oo [ ot w) el dpy

|z—y|<t
+ //|zy<t b(w,v(p))(Sf)|z —y| =2 dpdy + //xqu e(w, v())(S2 Pl — ]~ dpdy

where S = 0y +v(p) - Va, f,Sf,S*f are evaluated at (t — |z — y|,y,p), w = é:& and where the data term
includes all terms that depend upon the initial data, and is given by

dato = O B0 5 [ d o) ot dpd, 41 [ el o)D) dpas,

The functions a,b,c,d,e are C* except at 1 + v(p) - w = 0 and have algebraic singularities at such points.
Moreover, [ . a(w,v(p)) dw = 0.

Jwl=1

We are now ready to represent and estimate the second derivatives of E* in an effort to prove (6.2). The
second derivatives of B* follow an analogous argument, which is omitted for brevity. Since the wave operator
commutes with spatial derivatives, differentiating the wave equation satisfied by the ith component of E*
and applying the Glassey-Strauss representation formula [10, 17] yields the same representation as above,
replacing f with d,, f, as follows (we suppress the ¢ index to simplify notation)

axkr@E* = Az + Aw + ATT + ATS + AST + ASS

where
Ao [ d v S dup
Arr= [ o v ol dpdy
Asrtdrs= [[ b v@)S@n el dpdy
=[] pe @) Sl ol dpdy
=[] T )00, (e i iy
= [ Tk (00K K0, = y17
Ass = [[ el v)S 0ufle i dpay
and

A= Oun B0~ [ w0 foty) oSy 5 [ e v (502,9)(0.0.) dpas,
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Note that the operator S commutes with any spatial derivative, so we are free to replace the order of .S
and 0,, within these expressions. Now we wish to estimate these terms one by one to show that K* € &.

Remark 6.2. Though we suppress the arguments, all quantities involving f and K within the integrals above
are evaluated at the point (t — |z — y|, y,p).

Remark 6.3. In the estimates that follow we will routinely use the following bounds, which hold for all ¢
sufficiently large and r < t 4+ L, namely

(6.3) tE<Co(l+t) P <O (t+r+20) P < Co(t —r+2L)7 T
for some Cy, C1,Ce > 0 which do not depend on t.

Throughout, we will also make use of an estimate on |p(t, )| implied by Theorem 2.1, namely
(6.4) lp(t,z)| < C(t + |z| +2L)7°

for all t > 0,z € R®, which follows because f(t,z,p) = 0 for |z| > ¢t + L due to Lemma 2.4. Finally, we
mention that the estimates that follow are not merely an extension of the tools in [17], but instead require a
precise estimate on the growth of the support of f, which is not used in the first derivative estimates of [17].
1. Estimate of A,,.
We first use Lemma 4.6 (more specifically, Remark 4.7) and the boundedness of d(w, v(p)) to obtain

(6.5) IAA<KP1/EWW@WMf®

2. Estimate of Apr.
Following the strategy of Glassey-Strauss (see, e.g. [10, pp. 178-179]), we split this term into two parts
in order to deal with the singularity as |x — y| — 0. In particular, we take ¢ sufficiently large and write

Arr = // a(w,v(p))0s, flx —y| > dpdy + // a(w, v(p)) D, flz — y| = dpdy —: I + IT.
le—y|<§ L |o—y|<t

dw 5 60t_4.

For I we use the fact that flwlzl a(w,v(p)) dw = 0 to introduce a term that makes no contribution but allows
us to write

z—y|<§

— // » a(w,v(p)) 0z, (f(t — |z —yl,y,p) — f(t — |z — yl,x,p)>|x — ™ dpdy.

By the Mean-Value Theorem and Lemma 4.1 (more specifically, Remark 4.2), we bound the difference by
aze(f(t - |.’E - y|ay,p) - f(t - |£C - y|,$,p

ly — |
Moreover, the integration in the p variable is only over the set

{peR® : |X(0,t— |z —yl| 2p)| <Lforall z € [z,y]}

D) 25— o — )| = V20t — |z — o], S 0.

where [z,y] is the line segment connecting = and y. From Lemma 3.1 (see also [10, Lemma 6.3.3]) we know
that the diameter of this set is of order (1 + ¢ — |z — y|)~!. Hence, we find

151Vl [ t=la=a) o=yl dy

le—y|<$
3 L |z — y| - 2
Smfl/ S EEY g2y
e—yl<t \ 1 ¢
S _3
For |z —y| < 1, we have (% +1- @) < 1 and thus conclude the estimate

(6.6) 1] S et |z —y| ™2 dy S et ™™
lz—y|<$
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Turning to the estimate of I, we use Lemma 4.6, (6.3), and Lemma 5.1 to find

11| < /
+<|z—y|<t

4 _
seo/ (t— |z — ) + |y +2L) |z — 4|~ dy
<\a: y|<t

/ a(w,v(p)) e £t — & — yl,9,0) dp| |z — | dy

t+r—r
/ / (T4+A+2L) " (t —7)72 X drdr
|

t—r—r|

where r = |z|. Next, we take ¢ sufficiently large so that 1/t < ¢/2 and split the 7-integral into
IT =2 (11, + IIp)
r
where
t/2 t+r—7
HA_/ / (7 A+ 20) " (= 7)"2 A dAdr
[t—r—T|
and
-5 t+r—7
I 7/ / (T+A+2L) " (t—71)72 X dAdr.
t/2 [t—r—7|
For brevity, we rename the lower and upper bounds of the A integral a and b, respectively, so that
a=|t—r—7| and b=t+r—r.
As A\, 7,L >0 we have A (T + A + 2L)74 <(rT+ X+ 2L)73. Then, using the relationships
(6.7) t—r<t4+a<T+A<T4+b=t+r
so that (7 + A+ 2L)"" < (t —r +2L)~! and performing the integration in A, we find

4 t/2 _

< 1 /t b-a ddr
“t2(t—-r+2L) Jy (a+7+2L)(b+T+2L)

B 4 tobh—aq
_t2(t—r+2L)(t+r+2L)/0 a+7+2L

Now, we distinguish between the cases where ¢ — r — 7 changes sign. Define the function

z, x>0,
p(x) = {0,

dXdr.

x < 0.

We split the remaining integral at 7 = u(t — r) and use both b —a = 2min{r,t — 7} and p(t —r) >t —r to

find
t b— u(t—r) 9 t 2t —
/ — % dxdr= / o dr+ / A=)y,
o a+7+2L 0 r+ 2L p(t—r) T —t+27+ 2L
_ t
<2r plt =) / 2(t — 7)dr
t—r—l—ZL t—?"+2L u(t— T

7"2
< e
_C<T+tr+2L)

SCT(1+W>

—r+2L
<Cr(t+r+2L)(t—r+2L)""
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Using this within the estimate for 14 then yields

Cr
IT4 < 20

Next, we estimate I1g. Because 7 > t/2, A > 0, and b? — a? = 4r(t — 7), we have

t—3 b
IIp = / / (r+A+20) " (t—7)72 X dAdr
t/2

t,,

g(t/2+2L)*4/ (t—7)" /b)\d)\dT

t/2
-
gC(t+2L)_4/ (t—7)2(8 — a?) dr
t/2
-
<Cr (t+2L)*4/ (t—7)"" dr
t/2

< Cr (t+2L) *In(t)
<rln(t+r+2L)(t+r+20) " (¢t —r+2L0)73

Combining the estimates for 174 and IIg then provides

eoln(t +r+ 2L)

11| < .
REIRS (t—r+2L)3(t+r+2L)

Finally, assembling the estimates for I and II within App, we have

eoln(t +r+2L)
(t—r+2L)3(t+r+2L)

(6.8) | Apr| 5%j+ Seoln(t+7r+2L)(t—r+2L)3(t + 1 +2L) "

3. Estimate of Agy + Arg.
First, we introduce a cutoff function ¢, = ¢r(Jy|) that is 0 outside the support of f(t — |z —y|,y,p); that
is, ¢r(|y|) = 0 for all y such that |y| > v (¢t — |z — y|) + L due to Lemma 2.4. Then, we estimate this term as

Asr + Arps = / /| Vb0 (100 K K0 ) 317 dpy
rz—y|<t

‘ / / (fO0, ) |z — |2 dpdy| + // Wb (K0, f) o — y|~ dpdy
|z— y\<f |z— y|<t

/ / (V) St~ |z — ol p) dp' VoK (t— |z —yl.y)| |z — | 20(y]) dy
lo—y|<t

v
le—y|<t

=T+l

IN

IN

J @it~ 3100 dp\ Kt~ |2 — gl y)] o — ey d

The two resulting terms are then estimated using (6.4) as well as, Lemmas 4.6 (more specifically, Remark
4.7) and 5.1 to find

In(t — |z — y| + |y| + 2L)
I < el K / d
ol Kl f -, <t—\x—y|—|y|+2L>2<t—|x—y|+|y|+2L>4\x—y|2 er(lv)
n(r + A+ 2L)
K
” ”1// >\+2L 2(r + A+ 2L)4(t—7) PLNA dX dr
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and

1
11 S e]| K / ;
o[l lo—yl<t (t =2 =yl = |y| +2L)(t — |z — y| + [y[ + 2L)5|z — y/? er(lyl) dy
1
< QYK
< ||0/ / iy iy ey gy v S AGVAR AR
€o 1
< —||K '
S ||o/0 / B PRy Y Gy sy Y e @L(AA dX dr

Upon reducing the three-dimensional integrals to a two-dimensional representation via Lemma 5.1, we have
or(A) =0 for all A > y7 + L where v € (%, 1). Hence, combining these terms yields

(6.9) [Ast + Ars| S CIIK A7)
where
In(T + A + 2L)
1 Alt, M)A dA dr.
(6.10) ) // r— At 2L+ 20— PrW T

As we’ll see in the next section, this term will appear again in the estimate of Agg. To conclude this section,
though, we merely estimate A(t, 7). We first use the upper bound on 7 to estimate the logarithmic term and
then employ 7+ A+2L >7+a+2L >t —r+ 2L to find

1nt+7”+2L//
t—r+2L (r—A+2L) (T—|—)\+2L)( T)

With this, we focus on estimating the remaining integral near and far from the singularity at 7 = ¢. In
particular, we break the integral at 7 = u(t — r) into

(6.11) Alt,r) < oL (V)X dX dr.

1
Mhdhdr=1T4+1
/O/a (T—)\+2L)2(T+)\+2L)3(t_7.)%%( A T=1I4+1I5p

t—r) 1
IA:/O /a (7-—)\+2L)2(T+)\+2L)3(t—7)§0L()\)/\ d\ dr

b
1
Iy = f M)A dA dr.
B /H(t_,,)/a S AP ES e T e LAY T

To estimate 4, we consider 7 < p(t — r). Then, u(t —r) = 0 implies 7 = 0. Hence, for 7 # 0 we have
wlt—r)y=t—r,and 7 < p(t —r) =t —r yields r < ¢ — 7. Thus, we conclude

A<b=r+t—7<2(t—1).

where

and

Similarly, as p(t —r) <t we find

1
< .
14 _QA /a (T—/\+2L)2(T+)\+2L)3SDL(>\) d\ dt

Next, we change variables via a =74+ Xand S =7 — A\, using 7 +b=t+r and 7+ a > |t — 7|, as well as,
T=AZT—(Ltar)=(1 -7 -L=>-L,

to give the correct limits of integration so that

< /t“ da /°° dg < /t“ da
A o (a2 ) (B+20)2 > ),y (@+20)%

Finally, we perform the integration in o and use |t — r| >t — r to find
<(t—r|+2L) 2= (t+r+2L)"7°
Sr(t—r42L) 2 (t+7r+2L) 2 (t+2L)

Sr(t—r+20) 2 (t+r+20)""
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Next, we estimate Ip by considering 7 > pu(t — 7). Then, using A < L + y7 and ﬁ > 2, we find

-2
(T=A+20L) 2 <[1-y)r+ L °=1-7)"2 {T + 1_1713} <C(r+2L)7?

With this, we further employ the inequalities
AZ<AT+ L <7+42L

and (7 + A+ 2L)72 < (7 + 2L)73 to yield

t b
Ip g/ (T+2L)71(t7’r)71/ (T+X+2L)3pL(N\) dX dr
p(t—r) a

t T At —7)"Yb—a)dr
[, ErmTe-nTe-a

¢

< / (r+2L)"* dr
p(t—r)

as b—a =2min{r,t — 7} < 2(¢t — 7). Finally, removing two powers, evaluating the remaining integral, and

using p(t —r) >t — r yields

t

Ip < (u(t—7r) +2L)72 / (r+2L) % dr
p(t—r)

S(ut—r)+2L)% [(n (t—r)+2L)—1—(t+2L)—1]

= (u(t—7r)+2L) 3t +20) " [t — p(t —1)]
Sr(t—r+20) 3t +r+2L0)71
Sr(t—r+20) 2 (t+r+2L0)71

ast —r+ 2L > L is implied by the field support condition » < ¢+ L.
Combining the estimates for I4 and Ip ultimately gives

1
< _ -2 -1
/0 /a (T—)\—l-2L)2(T+)\+2L)3(t—7)<pL()\)/\d)\dTNT(t r+20)7 (t+r+2L)"",

and inserting this within (6.11) yields

(6.12) Alt,r) Srin(t +r+20)(t —r +2L) 3t +r +2L0) 71
Finally, using (6.9), we obtain

(6.13) |As + Ars| < eol| K|/ In(t + 7 + 2L)(t — 7 + 2L) 3 (t + r +2L) 7"

4. Estimate of Agg.
We follow the strategy of [10] where this term is broken up into several pieces, relying on the following
representations of the expression S(K f) and the operator S? (see [10, pp. 150-151])

S(Kf)=-KV,-(Kf)+ [SK,

3 |
§f = v, (S + 3 W) gy gk gt ),

k=1 bo

3
=V, [KV, - (Kf) = [SK]+ Y éw(p) (0, K + K*0,, f),
Jik=1
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where we recall pg = /1 + |p|? and have denoted ¢;x(p) := 3k =0 (v (p) We therefore have

Po

Ass _//w St c(w,v(p))S%(0y, f)|x — y| ™ dpdy = //|zy<t (w0, 0(p)) By (S2f)|7 — y| ™" dpdy

3
_ / / c(w, v(p))Ds, (%-[K%-( —rSKl+ Y faIJK’wK’Ca%f)) o — y|~" dpdy
|z—y|<t

7,k=1

:// - (w, v(p))a, (V- [KV, - (Kf)]) |z — y|~" dpdy

+//z e (w,v(p))Bx, (V- [=fSK]) |&—y|~" dpdy

e[ e (Z_

J,k=1

[ e, (

7

5jk(p)(f3ij’“)) |z —y|~" dpdy

NE

Ejk(p)(Kkaxjf)) lo —y|™' dpdy =: T+ IT+ 111+ 1IV.

x>

=1

We begin with I and integrate by parts to find

1] = //|z y|<tc8u (V- [KV, - (KP)]) |z —y|~" dpdy

:Lﬁﬁ KJVAvw.wUKD.m7y+vAvw.KyawMjﬂm_yer@

IN

//u vl<t [vp(vpc' (02, K)) - (Kf)} |z —y|™" dpdy

+ //lw_qu [vp(vpc K)- 0, (Kf)} &yl dpdy

Estimating 74 and using (6.4) and Lemma 5.1 we find

Ln < (Ve + [V2¢]1) /| ) ( / 7 dp) 100 KNIE] & — | dy
r—y|<t

In(7 + X+ 2L)
K K M)A dAd
© ORI+ 1K) [ [ e 0 anar
as | K|lol|Kl: < 3 (||K||0 + || K|3). Similarly, we use (6.4) and Lemmas 4.6 and 5.1 to estimate Ip as

I < (IVelloe + [V2¢0) /| K [( /1 dp) 100, K| + \ [ou1 dp] |K|} o=y dy
r—y|<t

= IA+IB.

€0 9 9 In(7 4+ A +2L)
< —(||IK K - -
S5 (Kl +1 ”1)/0 /a (T+ A+ 2L)? |:(T+)\+2L)5(T>\+2L)5
n 1
(T+A+2L0)4(r — A+ 2L)2
(T+A+2L)
K K M)A dXdr.
© UK+ IKIE) [ [ e 0 v
Hence, 14 and Ip satisfy the same estimate, allowing us to conclude

€0 In(t + A+ 2L)
1< =(|IK K
0 LRI+ 1K) [ [ e ) e 0 v

or(\) dAdr




and thus

€0 T+)\+2L)
1< = (|IK K M)A dXd
NS LRI+ 1K) [ [ g S e v

We define the remaining 1ntegral on the right side of the above estimate to be

In(t+ A +2L)
(6.14) B(t,r) // AT 2D (T—)\+2L)3¢L(>\))\d>\d7—

so that
€0
(6.15) 1S = (KNG + 1K) B, ).

As we shall see below, all other terms I] — IV will satisfy the same estimate as I, namely they will be
bounded above by the right side of (6.15). Once we demonstrate this, we will then bound B(t,r) at the
end of this section to complete the estimate for Agg. We therefore turn our attention to I1. We note that
this term includes expressions involving the operator S = 9; + v(p) - V,. acting on the fields. The second

part of this operator, namely the spatial derivative, is straightforward. To estimate time derivatives we use
Maxwell’s equations. Indeed, this yields

10E(t)loc S 1IVa x B(t)]loo S IVaK (1) lloo
and from Lemma 3.8
10:B(t)lloo S 1V X E(t)lloo + 17 (1) oo S VoK (#)]loo +17°
with the latter term being higher order. Using these bounds with (6.4) and Lemmas 4.6 and 5.1, we find

1) = / /| 0 (T (£ =yl dy

= //I . Vpc(w, v(p))ds, (fSK) |z —y|~" dpdy

= //| - Vpe(w, v(p)) (SK)Oz, f + fS0:,K) o —y| ™" dpdy
=Yy t

Vol Oz, f dp| | V2K (t)] 0o dp ) |VZK oo] —y|™t dpd

< Vel /| H/ / p||| ol +(/f p)n (1)loo| 12— 91" dipdy
T+ A+2L) In(t+ A +2L)

S ”K”// [T+)\+2L) (T—)\+2L)2Jr(T+)\+2L)4(T—)\+2L)3]<'OL()\)/\d)\dT

< KBt ).

We next consider the term 71, and obtain the same bound. For simplicity we denote ¢;i(w,v(p)) =
c(w,v(p))é;k(p). Using (6.4) and Lemmas 4.6 and 5.1 as before, we arrive at

3

11| = //| w00 | 37 )10, K |l ol ey

3
= // é(w, v(p)) Z (ﬁwf@mjl(k + f@IjuKk) |z —y|~" dpdy
|z—y|<t

7,k=1
S”éHoo/ Z H/an dp‘ |{)$JK’“|+</]0 dp) |3%ka|] |z —y|~ ldy
|m7y‘<tjk- 1
€0 T+A+2L) In(7 + A+ 2L)
S TIK M)A dAd
ok ”// |:T-|—)\—|—2L) 5(r A+ 202 (T A+ 2L)A(r — A+ 2L) eL(A) T
< 9||K||B<t ).
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Lastly, we estimate the term IV. With ¢ defined as before, we have

3
n/:/y e, 0@)s, | 3 @) 0, 1) | 12—y dpdy
lz—y|<t j,k=1

3

= // é(w,v(p)) Z ((“)”Kkawjf + Kkﬁzj”f) lo —y| ™" dpdy =: TV, + IVp.
lz—y|<t jk=1

Estimating these two terms separately, we begin with IV, and use (6.4) with Lemmas 4.6 and 5.1 to find

3
IMIdeWZ%mMMMW@
rz—y|<t

jk=1

<Jelle [ /mJ@mew;ylw
lz—y|<t ] j k=1

In(r + XA+ 2L)
< Qg
S || ||1// TN ILRC /\+2L)2<pL()\))\d)\dT
<@ IIKIIB(H

which, again, is the expected bound.

Turning to IVp, we face the difficulty of having to deal with two derivatives of f. This is overcome by
expressing one of those derivatives in terms of the operators S and Tj (see [10, p. 141]), with the portion
that involves the operator S being integrated by parts in p so that

3
_ _ - WjS o wjvi :
/a:rjf(t |(,E y‘7y7p) dp—/ 1+’U'W+Z<6jl 1+’U-w)T’L

_ / n

1+Uw +Z( —%>ﬂf(t—|x—yl,y,p)]dp-

Inserting this into IV, we integrate by parts in the T; derivative as outlined in [10, p. 181], which gives

. > w;Vy - (Kf) i W5
J e 3 Ko [- S Dy (- e ) m

Gk=1 i=1

[1Vg| = |z —y|~" dpdy

3
) i05,Vp - (K _
ol o)) Y2 KOV D o g

z—y|<t =1 14wv-
¢(w,v(p Z K* < B wjv) TiOr, fla —y|~" dpdy
i,7,k=1
< Cllel [ K(m«mm/f@+mﬁ/mJ@Du—w*@
r—y|<t
/8zef dp‘ |V K|z —y| ™ dy+/ | /8Wf dp‘ |K||z —y| 2 dy)
rz—y|<t

+mwu</
le—y|<t

- |w|
+ C|¢]| oot // 0,9, foly,p)| dpdS,,.
it [ e KO oty )] s,

z—y|<t

The last term, which we denote A’ is estimated separately, along with the A, term, which is of a similar
nature, while the first two terms are bounded using (6.4) and Lemmas 4.6 and 5.1 by

In(7 + A+ 2L) 1
o (LK KT+ 1K) / / [ T+ A+ 2L)5(r — A+ 207 T (T+A+2L)6(7A+2L)2(t7)} LA dAdr.

44




The remaining integrals are bounded by the sum A(¢,7) + B(t,7) where A is defined by (6.10) and B is
defined by (6.14). Assembling the estimates for I, II, II11, IV, and IVp, we therefore find

(6.16) |Ass| S 670 (I + KIS + H1T) (A7) + B(t, 7)) -

To conclude this section we focus on estimating the remaining double integral within B(¢,7) given by
(6.14). First, we use 7+ A < 74+ b =t + r to bound the logarithmic term so that

t b
B(t,r) <In(t+r +2L) / / (T4+ A4 2L0) "4 (1 = A+ 2L) 30 (M) dA\dT.
0 a

Due to the bound on the support of f, we recall ¢, (A) = 0 unless A < 7 + L. Hence, we find
A<~AT+ L <7+42L
and
1 -3
(T=A+2L) 3 <[Q1—7r+ L =1—-~)3 {r + 1—74 <C(r+2L)7".

Using these inequalities within the double integral gives

t b
B(t,r) <In(t+r +2L) / / (T+A+2L)" 47 +2L) %L (\) dAdT.
0 a

Next, we change variables via o =7+ Aand f =7, using 7+ b =1t +r and 7 + a > |t — r| to change the
limits of integration so that

t b " da T _d8
—4 —2
/0 / (7+A+2L)74(r +2L) Ppr () dMdr < /t_r (a+2L0)t /0 (B+2L)

t+r dO{
§(|t—r|+2L)_1/ _da
t—r| (@ +2L)?

Finally, we perform the integration and use |t —r| >t — r to find

/t /b(T + A 2L) 7+ 2L) 0L (V) dadr S (1t — 7]+ 20) 7 [(jt 7+ 2L) 7 = (¢ 7+ 20) 7]
0 Ja

Sr(t—r+20) 2 (t+r+20) 2 (t+2L)
Sr(t—r+20)  (t+r+2L0) 7",

Incorporating this estimate in the above inequality for B(t,r), we have shown

(6.17) B(t,r) <rln(t+r+2L) (t—r+2L) 2 (t+r+2L)"".

Inserting (6.12) and (6.17) within (6.16), we ultimately conclude

(6.18) |[Ass| S eo (K| + 11K+ 1K) In(t 4+ r + 2L)(t — r +2L) (¢ + 7+ 2L) .

5. Estimate of A, and A..
Finally, we estimate terms involving initial data, namely

A, = (00, B )0 — tlQ//x_m:t d(w,v(p))0s, fo(y,p) dpdS, + % //;c—y|=t e(w,v(p))(S0z, £)(0,y,p) dpdS,

a,nd
|I y‘—t | v | ‘ Y

45



We start with the term A,, which has one additional derivative than the comparable term appearing in
[10, eq. (6.33)]. The first term within A, is traced back to [10, eq. (6.27)-(6.28)] and is given by

_ 1
T 4mt?

1
4t //lm_y_tv(p)azkzzfo(y,p) dpdsS,

1 w—(v-wv
- ? //|x—y_t maﬂ;kxf-fo(yap) dpdSy

(akazE*i)O [axkszO(y) +((y—z)- V)@kaEo(y) +1V x 89:WBO(?J)} dSy

|z—y|=t

In evaluating the various terms we use the fact that the initial data is supported in {|y| < L} so that
integrals over |z — y| = ¢ have support in {|t —r| < L} = {L <t—r+ 2L < 3L}. Points in this set satisfy,
in particular, 3L(t —r +2L)~! > 1. Hence, when bounding any of these integrals, we may use the fact that
the support decays faster than (t — r + 2L)~" for any power N € N. We shall take N = 3 which is enough
for our purposes. Together with the bound ¢t=! < (¢t +r + 2L)~! from (6.3), we conclude that A, and A/,
satisfy
(6.19) |A| + AL Seo(t+r+2L0) (¢t —r+2L0)73,
where we use the fact that S and d,, commute and Sf = —K -V, f in the last term of A,.

Combining all estimates, namely (6.5), (6.8), (6.13), (6.18), and (6.19), we ultimately find

020, E*(t,2)| S €oln(t+ 7+ 2L)(t+7+2L) " (t —r+2L0) 73 (14 | K[| + | K[ + | KI}) -
For ¢ bounded the same inequality holds as
t+r+2L<2t4+3L<C,
which allows us to multiply by negative powers of ¢ —r 4+ 2L and ¢ + r + 2L. Similarly, we have
In(t +7+2L) > In(2L),

which allows us to multiply by the logarithmic term wherever necessary, as well. Assembling large and small
time estimates then gives

|Oppae E*(t,2)| < CeoIn(t + 7+ 2L) (¢t + 1 +2L) ' (t —r+2L) 2 (L + | K| + | K|S + || K]|T)
for all ¢ > 0, with an analogous estimate for second derivatives of B so that
1K ||2 < Ceo (1+ K] + K15 + [1K]17)
which gives (6.2). With this estimate established, the standard iteration scheme, as well as the associated

first and second derivatives, converges to a solution (f, K) of (RVMsiygle) for €, ¢o sufficiently small. This
completes the proof of Theorem 1.2 with the corresponding solution satisfying the estimates

Kot) St72,  Ki(®) St2In(t), and  Ka(t) St *In(t),
and hence all of the estimates in Sections 2 — 4 are valid for the resulting solution. O

Finally, we prove the large time behavior theorems for arbitrary species by using the previous lemmas
and applying them to each species as necessary.

Proof of Theorems 1.2 and 1.3. The first result follows by merely collecting the estimates of Sections 2 — 4.
Indeed, as our assumptions on (f&, Eo, By) satisfy the conditions of the global-in-time small data theorem
(Theorem 1.1), the initial data generate smooth solutions, and we conclude the field decay estimates

K@) <t™2  and  K9(t) St 31n(t)
for each « = 1,...N. Then, we invoke Lemmas 3.4 and 3.5 for every o = 1,...IN to produce the logarithmic
growth of the spatial support of ¢g¢ and its momentum derivatives, namely

R(t) <In(t)  and  GX(t) < InP(h).
Furthermore, Theorem 1.1 and Lemma 4.1 guarantee that each f is C? and the resulting fields are C?, as
well, with the corresponding estimates

Ks(t) <t n(t) and GS(t) < In'(t).
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With this, the spatial average F*(t, p) of each species and its first derivatives converge with the estimates
provided in Lemmas 3.6 and 4.3. With the convergence of the spatial average, Lemmas 3.7 and 3.8 provide
the asymptotic behavior of the charge and current densities, while Lemmas 4.4 and 4.5 yield the stated
estimates on derivatives of the densities. Lemma 5.3 then gives a refined estimate of the behavior of the
fields and the Lorentz force of each species as t — co. The modified scattering result is provided by Lemma
5.4 for each @ = 1,..., N, which gives the stated convergence estimate and completes the proof of Theorem
1.2. Furthermore, if Myt # 0, then p, # 0 as

N N
[ ol do=3 co [ Pato @205 @) do= Y € [ F20) dp = Mo

using the change of variables p = v !(q), and the provided estimates are sharp up to logarithmic corrections
in the convergence rates.

Next, we consider My, = 0 and poo = 0. This immediately implies jo, = 0, as well. Hence, the charge
and current density estimates of Lemmas 3.7 and 3.8 yield

lp@®)llso + 15(B)loc <t~ °(2).

Of course, as the limiting densities vanish, so too do their derivatives; thus, Vg po = 0 and V j = 0.
Hence, Lemmas 4.4 and 4.5 give

IV2p()lloo + IVai(®) oo + 1805 (1)lloo S % (2).
Within Lemma 5.2, taking 1., = 0 yields oo = 0. Hence, we find F, = B, = 0. Lemma 5.3 then gives

sup (|E<t,x>| n B(t,w)l) <3 (0),

2| <t
and Kg(t) St73 In®(t) for all & = 1,..., N. Lemma 3.2 yields the improved decay estimate
[P (t, 7, p) — Po(r,2,p)] S t72 (1)
for every aw = 1,..., N, which provides the stated decay rates. We note that Lemma 3.4 further yields

sup [ Y(t,0,z,p)| + R*(t) S 1.
(2,p) €S2 (0)

Hence, the modification to the spatial trajectories is no longer needed in order for the particle distribution
to scatter to its “free-streaming” profile. However, to precisely establish such a claim, a refined estimate of
field derivatives is needed (see Remark 1.4).

O
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