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Abstract

We consider the question of linear instability of an equilibrium of the
relativistic Vlasov-Maxwell (RVM) system that has a strong magnetic
field. Standard instability results deal with systems where there are fewer
particles with higher energies. In this paper we extend those results to
the class of equilibria for which the number of particles does not depend
monotonically on the energy. Without the standard sign assumptions, the
analysis becomes significantly more involved.

1 Introduction

1.1 The Relativistic Vlasov-Maxwell System

In this paper we consider the linear stability of a super-heated plasma. The
plasma is assumed to have low density, and thus collisions between particles
may be ignored. The behavior of such a system is governed by the relativistic
Vlasov-Maxwell (RVM) System of equations

HfE+0-VofT£(BE+E“ +0x (B+B«)).V,ff =0, (1.1a)
8tE:VXB_ja VE:[% p:/(f+_f_)d1), (11b>
dB=-VxE, V-B=0, j:/@(ﬁ—f—)du, (1.1c)

where v is the momentum, o = v/4/1+ |v|? is the velocity and all physical
constants (like the speed of light ¢ and the mass of the particles m) are set to
be 1. The superscripts £ indicate the two species — electrons and ions. The
transport equation is called the Vlasov equation, and it is coupled with
Maxwell’s equations. E(t,z) and B(t, z) are the electric and magnetic fields,
fi(t,x,v) > 0 are the electron and ion distribution functions, and E®*! and
B¢** are external electric and magnetic fields. In addition, p(x) is the net
charge density at the point z, and j(z) is the current density at the point x.
Particle charges are always +1 or —1. The assumption that all masses are equal



is physically relevant: It often occurs that interstellar plasma is made up of dust
particles of uniform mass charged positively and negatively.

The subject of this paper is the “purely magnetic” case, where the electric
field is assumed to be negligible compared to the magnetic field, at least on the
typical scale of the system. Together with a certain symmetry assumption on
the two species, this assumption makes certain aspects of the analysis simpler,
while keeping most of the interesting physical aspects. This result is outlined
in Section 9 of [20], though in [20] the authors fail to consider all possible cases,
and, therefore, their proof outline is incomplete.

Our equilibrium is represented in terms of two invariants of the particles —
the energy e and the momentum p. We explore the question of linear instability,
and give concrete criteria for instability in terms of the spectral properties of
certain Schrodinger operators acting on periodic functions of x alone, not v.

1.2 The 1% Dimensional Case

For simplicity, we take the lowest dimensional system which has a nontriv-
ial magnetic field and which has many physical applications: The so-called
1% dimensional case. In this setting, we have one spatial dimension and a
two-dimensional momentum space. The single spatial variable x corresponds
to v1, and the additional momentum dimension is denoted by vs. We write
v = (v1,v2). It turns out that this dimensional setting is actually quite signif-
icant even for physicists: When one considers a tokamak (which typically has
cylindrical symmetry), then locally, in a small region, the symmetries that one
observes are precisely those described here.

The notation in the 13 dimensional case is as follows: We let f*(t,z,v)
be the ion and electron distribution functions, E(t,x) = (F1(t, x), E2(t, x),0)
and B(t,z) = (0,0, B(t,x)) be the electric and magnetic fields. In addition, we
define the electric and magnetic potentials ¢ and 1, which satisfy

B = — I, 9.1 = B. (1.2)

We assume the existence of an equilibrium f%*(z,v) which is a solution of
RVM. By Jeans’ Theorem (cf [4]) this equilibrium can be represented in the
coordinates

=@  pF=w£y°(2)
as fOF(z,v) = pt(et,pt), where ¢ and ¢¥° are the electric and magnetic
potentials, satisfying EY = —0,¢" and B° = 0,4°, with EY and B° being

the equilibrium electric and magnetic fields, and (v) = /1 + |v|2. In addition
EY = 0. We note that the purely magnetic assumption implies that ¢ = 0, and,
hence, et = e~ can simply be denoted by e. Henceforth it will be understood
that u* are evaluated at e, p™, so we will simply write u*(e,p). In this paper,
we consider the “nonmonotone” case; by that we simply mean that

op*
+ .
he = 5 £0 (1.3)



on some subset of the set {u*(e,p) > 0}. Here, “uE” means “the derivative of

p* with respect to the first component evaluated at (e,p™).” Similarly, “,u;t” is
the derivative with respect to the second component. By “monotone”, we mean
that u < 0 on the set {u* > 0}. Roughly speaking, the coordinates e and p
should be understood to be energy and momentum respectively.

1.3 Main Results

We assume for simplicity that the equilibrium has some given period P. We
define two operators acting on functions of z, whose properties will be rigorously
treated later, as

Al = —9%h — (Z/uf dv) h+Z/u§Pih dv
+ +
—9%h — (Z/@w; dv) h— Z/ufff@??i(ﬁgh) dv,
+ +

where P+ are projection operators onto some subspaces of a certain Hilbert
space, also rigorously defined later. The operators A} and AY have as their
domain the space

Azh

H} = {his P periodic on R and h € H*(0, P)}

where H?(0, P) is the usual Sobolev space of functions on (0, P) whose first two
derivatives are square integrable. We also define the number [V as:

1 P
10 = 5 Z/ /ﬁlu;}Pi (1) dv d.
+ 0

In order to properly define function spaces that include functions that do not
necessarily decay at infinity, we define a weight w that has the form

w=ce (1.4)

for some a > 2 and ¢ > 0, where e is the particle energy as defined above. We
require pu* € C! to satisfy

(2] + iy (e, p) < w(e) (1.5)

so that [(|uE| 4 |uF]) dv is finite. Obviously, we require (e, p) > 0.
As previously mentioned, we assume that the equilibrium is purely magnetic
— that is, we assume that it is arranged in such a way so that there is no electric
field, only a magnetic field — and satisfies a symmetry property that ensures
that p¥ = 0:
¢"=0 and pt(e,p)=p"(e,—p) (1.6)
Lin and Strauss prove the existence of such equilibria in the appendix of [21].
The assumption ¢° = 0 is physical: In many physical systems the equilibrium



state has negligible electric fields which are only significant on small scales, while
the magnetic field is significant on the typical scale of the system.
In this paper, we denote

neg(F) = {the number of negative eigenvalues (counting multiplicity) of the operator F} .

Similarly, pos(F) denotes the number of positive eigenvalues. Later we will
show that AJ and A9 have discrete spectra. For a real number a, neg(a) is 1 if
a < 0 and 0 otherwise.

Theorem 1. Let fO%(x,v) = u* (e, p) be a periodic equilibrium satisfying (1.5)
and (1.6). Assume that the null space of A} consists of the constant functions
and that [° # 0. Then the equilibrium is spectrally unstable if

neg (A3) > neg (A?) + neg(—1°).

Theorem 2. Under the additional assumption that the null space of AJ is
trivial, the equilibrium is spectrally unstable if

neg (A3) # neg (A2) + neg(~1°),

By “spectrally unstable” we mean that the system linearized around the
equilibrium solution u* (e, p) has a purely growing mode solution of the form

(e’\tfi(;zc,v)7 ME(x), e’\tB(ac)) , A>0. (1.7)

Later we will see that the operator A essentially acts on the electric poten-
tial. Hence, the hypothesis on its kernel amounts to the simple fact that the
electric potential is only determined up to a constant.

The first step in proving these results is linearizing the problem (see .
We then proceed by integrating Maxwell’s equations along the particle trajec-
tories. The immediate benefit of this, is that we lose all dependence on the
variable v, and can work, for the remainder of the paper, with functions of
x alone. These calculations appear in §2.4] where operators that are closely
related to A9 and A9 naturally arise.

The integration along the particle paths leads us to three equations in three
unknowns. Moreover, these equations depend upon the exponential growth pa-
rameter \: finding a growing mode is equivalent to finding a nontrivial solution
to this system for some 0 < A < co. For convenience, we write the system as a
matrix of operators, denoted by M*. We show that this matrix of operators is
selfadjoint. Our general method for showing that the system has a solution for
some 0 < )\ < oo is to keep track of the spectrum of M* as ) varies, and show
that it must cross 0.

However, the matrix operator M* has point spectrum extending both to —oo
and to 400, due to the appearance of both 92 and —92. Therefore, to keep track
of the spectrum, in §3]we truncate the matrix operator into a finite-dimensional
mapping that we denote by M7, where n is the truncation parameter. A first
obstacle is to show that for fixed n the spectrum of M varies in such a way



that a nontrivial kernel is guaranteed for some 0 < A,, < co. We do this by
showing that M has a different number of negative eigenvalues for small values
of X\ and for large values of A and then applying the intermediate value theorem.
The next difficulty lies in showing that the A,’s are uniformly bounded away
from 0 and from +oo for all n. We show this in Proposition [3.6] and in Lemma
B3

In §4] we recover our original problem, by “taking the limit n — o0o.” This
process is tricky in itself, since we must define a proper sense in which finite-
dimensional mappings “tend” to an infinite-dimensional mapping on Hilbert
spaces. This is discussed, in part, in Lemma [3.4] appearing in the preceding
section.

Once we have shown that M* has a nontrivial kernel for some 0 < \ <
00, in §5| we demonstrate that the resulting solution is indeed a solution to
the linearized RVM system. §7] contains many of the technical details used
throughout the paper, whereas in §6] we demonstrate our results in two examples.

The main difficulty of this paper is in the truncation, and in recovering the
original problem from the truncated one. Moreover, the truncation is performed
by means of a spectral projection onto finitely many eigenvalues of M. How-
ever, the spectrum of M? may change quite dramatically at A\ = 0, since all
operators only converge strongly as A — 0, but not in operator norm. There-
fore, an additional difficulty is the need to deal with two varying parameters
simultaneously — the growth parameter A and the dimension of the truncation
n.

Our result extends the results of [21I], and, more specifically, [20], where
Lin and Strauss established a linear stability criterion for equilibrium solutions
that are strictly monotone, that is, the number of particles at a given energy
strictly decreases with the energy. They define a selfadjoint operator £°, acting
on functions of x, with a rather simple spectral structure, and derive stability
conditions based on those spectral properties. Namely, they prove that £° > 0
implies spectral stability (in [21]), while £ # 0 implies that there exists a grow-
ing mode (in [20]). The monotonicity assumption, which we drop in this paper,
proves to be important in [21], [20], as it determines the signs of some of the
operators. This implies that £ is not relevant to our case. The root cause of
most of the analytical difficulties of our paper is the inability to determine the
signs of any of the operators.

This paper is organized as follows:

1. Introduction.

2. Setup. We present our function spaces and operators.

3. Behavior For Small and Large A\. We “count” eigenvalues for small
and large values of .

4. Limit as n — co. We retrieve our original system from the finite-
dimensional approximations.

5. Construction of a Growing Mode. We verify that indeed the system
retrieved is the right one.

6. Examples. We give two examples that illustrate our results.



7. The Operators. We discuss the main properties of the operators.

1.4 Historical and Background Notes

Irving Langmuir [I8] first coined the term “plasma” in 1928. More precisely, he
defined plasma as a “region containing balanced charges of ions and electrons.”
Such phenomena had occurred in various experiments conducted over a period
of several decades prior to Langmuir’s 1928 paper. There are many examples
of plasmas, both natural and artificially produced. Perhaps the best known
example (for the general population) is that of plasma television sets, which
use plasma to display an image. For the physics community, however, interest
lies in the research of plasma in space, and plasma generated at extremely high
temperatures in laboratories.

The universe is mostly made up of plasma. Actually, more than 99% of
the universe is made up of plasma (see Nicholson [23]). All stars, including
the Sun, are so hot that the matter they are made up of is mostly plasma. In
addition, most interstellar space and intergalactic space is made up of (very
sparse) plasma. Nebulae are another example of plasma found in nature. As
far as man-made plasma goes, one of the important examples is that of fusion
reactors where physicists hope they can one day produce large amounts of clean
energy. The main problem obstructing the construction of a fusion reactor is
that of stability. In this paper we prove (linear) instability of a certain wide
class of equilibria.

While the Vlasov equation was only introduced in 1938 by Anatoly
Vlasov [25], it is, in fact, a collisionless version of the Boltzmann equation,
introduced in 1872 by Ludwig Boltzmann. Both equations represent an in-
termediate step between the purely microscopic level (in which one may de-
scribe the evolution of a gas or fluid from first principles such as Newton’s and
Maxwell’s equations) and the macroscopic level where all microscopic quantities
have been averaged (described by Euler’s equations, The Navier-Stokes equa-
tions and Magnetohydrodynamics). There is extensive literature concerning
these three scales, and whether the macroscopic ones can be obtained from the
microscopic ones via some sort of averaging mechanism.

In 1957, Bernstein, Greene and Kruskal [I] showed the existence of a large
family of exact, inhomogeneous, stationary solutions to the Vlasov-Poisson sys-
tem (VP) in one spatial dimension (by ‘homogeneous’ we mean that there is no
spatial dependence). These solutions are commonly referred to as BGK waves.
In 1960, Oliver Penrose [24] obtained his famous linear stability criterion for the
homogeneous equilibria of the VP system. The significance of his result is in
that he shows that under certain conditions even nonmonotone equilibria may
be stable. The problem of stability becomes significantly more difficult when
magnetic fields are introduced, in higher dimensions (1%, 2, 2% or 3 dimensions),
and when the homogeneity assumption is dropped. The stability of BGK waves
has been the subject of many papers, some mentioned below.

In 1963, Gardner [7] used the so-called “energy-Casimir” method for mono-
tone equilibria to prove some key energy bounds of Vlasov plasmas. Holm,




Marsden, Ratiu and Weinstein [I6] considered the Vlasov-Maxwell system (VM)
in the strictly-monotone, spherically-symmetric case, and showed nonlinear sta-
bility. In [I2], Guo and Strauss developed a perturbation argument to obtain
the instability of weakly inhomogeneous BGK waves of VP that are close to
Penrose’s unstable homogeneous equilibrium. Instability of BGK waves had not
been proven before. Further results in this direction can be found in [I3] 14} 15].
In [19], Lin proved that a periodic BGK wave of arbitrary amplitude is unsta-
ble under perturbations of double the period. As previously mentioned, more
recently Lin and Strauss [21], 20] established a linear stability criterion for mono-
tone equilibrium solutions of RVM. In [22] they addressed the question of non-
linear stability in the monotone case.

Separately, some problems related to (global) existence of solutions were ad-
dressed by several authors. In 1986 Glassey and Strauss [8] proved existence
of global classical solutions to RVM in three-dimensions under the assumption
that the velocity of the plasma is uniformly bounded. Using this result, Glassey
and Schaeffer [10] proved global existence of classical solutions to the 13 di-
mensional RVM with minimal smoothness assumptions. In [II] they obtained
a similar result for the 23 dimensional RVM. In addition, in [9] they showed
global existence of the 3 dimensional RVM under an “almost neutral” initial
data assumption. It is the existence theory of [10] that we use in this paper.
In a celebrated series of results from the late 1980s, DiPerna and Lions [5 [6]
proved global existence of weak solutions to the Boltzmann equation and to VM
(and RVM). Recently, Carrillo and Labrunie [3] and later also Bostan [2] con-
sidered the problem of existence and uniqueness of a similar system that models
so called “plasma-laser interactions.” Existence of classical solutions to the full
three-dimensional RVM system with arbitrary smooth initial data is still open.

2 Setup

2.1 The Function Spaces

The function spaces we use throughout this paper are as follows: We denote
by L2 and H% the usual Sobolev spaces of P-periodic functions on R, that are
square integrable on the interval [0, P], as well as their first k derivatives. In
addition, we denote:



P
L%, = {h(x)eL%p‘/ hdmzo}
0
P
HE, = {h(:c)eHl’i‘/ hdxzo}
0

L} = {m(x v ‘ m is P-periodic in z, |m|| / / |m|*w dv dx < oo}

where w is the weight defined in (1.4). We note that L2 is independent of the
choice of sign +, since w only depends upon e which is independent of +. In
addition, we use the following notation:

| - lzz, and () £z, denote the norm and inner product in L% respectively

- |lw and (-,-). denote the norm and inner product in L? respectively
w w

2.2 The Basic Equations

In the 1% dimensional case the RVM system becomes a system of scalar equa-
tions:

O fE 4+ 010, f* £ (B + 09B)d,, T+ (By — 91B)dy, f* =0 (2.1a)

OBy =—j (2.1b)

8tE2 + GmB = *jg (210)

OB = —0,Es (2.1d)

0. F1=nog+p (2.16)

where ¢ = v/ (v) and (v) = /1 + |v|?, and

z/(f+—f_) dv (2.2a)

ji = /v (ff=f7) dv, i=1,2 (2.2b)

and the external fields are replaced by the constant external radiation ng. From
our definitions (|1.2)) of the electric and magnetic potentials, we get the second
order ODEs for ¢ and :

0o =-0.8 = —p=— [ (11~ ) dv (2.3)

0%) = 0,B = —jy — 0;Ey = — /@2 (ff=f7) dv—0:Es. (2.4)



The linearized Vlasov equation is
(0r + D*) f* = FpFo, By + 156, B F (uFog + i) B, (2.5)
where
D* =910, £ (EY + 92B°) 8, F 01B°0,,.

It is important to note that the purely magnetic assumption implies that
EY = 0, but the perturbation E; need not vanish. Since we are looking for a
(purely) growing mode with exponent A (see (L.7)), we replace everywhere 9,
by A. Thus, our equations for the P-periodic electric and magnetic (perturbed)
potentials ¢ and 1 become

along with
E2 = _)‘1/)7

which is a result of the integration of (2.1d) and setting the constant of inte-
gration to be 0, and, finally,

Ey = —0,0 — Ab,

where b € R is meant to allow F; to have a nonzero mean. Replacing 0; by A,
the linearized Vlasov equation becomes

(A+D*) [+ = £pg01(00¢p + Ab) £ 1, 010200 £ A (uS 02 + ) 00, (2.6)

along with Maxwell’s Equations

- A@w(ﬁ - )\21) = )\El = —jl (2.7&)
— A2 4 0%) = NEy + 0,B = —js (2.7b)
— 020 = 0,.E, = p. (2.7¢)

We see that in these equations there is only dependence upon derivatives
of the electric potential ¢, and never dependence upon ¢ itself. Therefore,
throughout this paper we let ¢ € L2P70. Now we introduce the particle paths
(X*(s;z,v), VE(s;2,v)) of the equilibrium state, governed by the transport
operators DT, where —0o < s < oo. They satisfy the system of ordinary
differential equations

X+ =yt (2.8a)
ViE = +V;EBY(X ) (2.8b)
Vst = FVFBY(XT), (2.8¢)

where [J = /s is the derivative along the characteristic curves, and the initial
conditions are

(Xi(O,a:,v),Vi(O,a:,v)) = (z,v). (2.9)



When there is no risk of confusion, we abbreviate X* = X*(s) = X*(s;z,v)
and VE = VE(s) = (VE(s;2,0), Vi (s;2,v)). Now we rewrite the Vlasov equa-
tion integrated along the particle paths. Here it is crucial that e* and p*, and
any function of these variables, are constant along the trajectories. This implies
that, puF and u;t are constants under s-differentiation. We multiply by
e** and notice that the left hand side becomes the perfect derivative % (e)‘s f)
Integrating the right hand side along the particle paths, one has

0
£ [ (WEVE@000%) + M) iV w(X) 4 A (15 i) 0 ds

— 00

0
=4 M (VEGo(XF) + Ap(XH)) ds F ’ A uFo(XF) ds
| e (Vo) + xo(x) £p(x*)

— 00

+ /_ R (V=00 (X*) + Mp(XF) ) ds

0
+ / ek (Vﬁb + sz/J(Xi)) ds =T+ II+1IT+1V.

— 00

Recalling that DT and D~ both reduce to 9,0, when applied to functions
of x alone (and not v), we see that the integrands in terms I and III are
e uE (Do + \¢) and e ut (Dip + M), respectively, evaluated along the ap-
propriate particle paths. Therefore, both integrands become no more than
dils (e*sufqb) and % e)‘suffw). We conclude that the terms I and I1] become
+eMuFo(r) and +e su;tz/}(m), with no boundary terms due to our decay as-
sumptions. The other terms are kept in integral form as above. Since uF are
constant along the trajectories, we may evaluate them at s = 0, and they have
no role in the integration. After dividing both sides by the exponent, we finally
have

FH(w,0) =+ pEo(e) % i b(2) (20)
0
Fut [ A [o00H(s) - V() ~ ()] d.

We simplify this expression by introducing the operators Qi R o
defined by:

0
(Q)j‘[k;) (x,v) = /_ ek (Xi(s;x,v),Vi(s;x,v)) ds

where k = k(z,v) : [0, P] x R? — R.

Remark 2.1. We note that if h(z) € L%, then h(z,v) := h(z), (z,v) €
[0, P] x R2, is clearly in L2 . Therefore, Q} act on functions in L% as well.

With our definition of @2, (2.10)) becomes

10



fraw) = +pdo(a) + () — pf Qr o + uf Q1 (029) + bud Q1 oy

fr@w) = —pgd(@) — () +pg Q¢ — pug QX (021)) — bug QX 01
(2.11)
An important quantity which we use frequently, is ft — f~. We write it
explicitly for future reference:

Fr=1m =) (nFo(@) + pr(a) — nE Qi + uE Q (i) + buF Q) 1)

+
(2.12)
We make the following two useful observations:
1. It holds that
/(ui+ﬁ2ui)dv:/a"i dv =0 (2.13)
o : 90s . .

2. The particle paths preserve volume. That is, for fixed s,

(X*(s;2,v), VE(s;2,v)) — (x,v) both have Jacobian = 1. (2.14)

Lemma 2.2 (Properties of D¥). D are skew-adjoint operators on L2. Their
null spaces ker D* consist of all functions g = g(z,v) in L2 that are constant
on each connected component in R x R? of {e = const and p* = const}. In
particular, ker D* contain all functions of e and of p*.

Proof. We show for the ‘4’ case, and drop the + superscripts. It is straightfor-
ward to verify that De = Dp = 0. Therefore ker D contains all functions of e
and of p. Skew-adjointness is easily seen due to integration by parts, as D is a
first-order differential operator. Derivatives that “hit” w vanish, since w = w(e)
is a function of e. O

Definition 2.3. We define P* to be the orthogonal projection operators of L?,
onto ker D*.

Lemma 2.4. The projection operators P+ preserve parity with respect to the
variable v .

Proof. Let us demonstrate for P* and drop the + superscript to simplify nota-
tion. The demonstration for P~ is identical. Recall that

D = D" =0, +,B°9,, — 91 B°0,,.

Now, let f = f(x,v1,v9) and let R be the operator that reverses vi: Rh(x, vy, v2) =
h(x, —v1,v2). Then

D(Rf) = —=R(18, f) = R(02B°0, f) + R(01B°0y, ) = —R(DY)

11



Therefore f € ker D if and only if Rf € ker D. This implies that one can find
a basis of even and odd functions (in the variable v1) to the space ker D. To
show that if f is even (odd) in vy then Pf is also even (odd) in vy, we let
g € ker D be, without loss of generality, even or odd. Then it must hold that
[[(f —Pf)g w dr dv = 0. In the case that f is even, we change variables
vy — —vy to get = [[(f — R(Pf))g w dx dv = 0 and, therefore, R(Pf) = Pf.
Here the 4+ depends on the parity of g. The odd case is treated in the same
way. O

Lemma 2.5 (Properties of Q1). Let 0 < \ < o0.

1. 9} map L2 — L2 with operator norm = 1. Moreover, recalling Remark
Q2 are also bounded as operators L2, — L2 .

2. For all m(z,v) € L2,, || QY m — P*m||  — 0as A — 0.

3.If ¢ > 0, then ||Q2 — Q7| = O(|A — o]) as A — o, where || - || is the
operator norm from L2 to L2

4. For all m(z,v) € L2, ||Q2m — me — 0 as A — oo.
5. Let 0 = (—v1,v) and let (x,v) = n(z,?). Then (Qim,n) = (m, QLn) .

Proof. Let us show for the ‘+’ case, and drop the + indices to simplify notation.

1. We demonstrate showing the two bounds on Q* using a dual method and
using a direct method; this shows that either method works, and each has
its benefits. Let m,n € L2,

0 P
Am,n) = e my/w s s))-(nvw)(x,v) dv dx ds m|w||n|w,
(Q*m,n) [mA /O/( Vw) (X (), V(s))-(nvw)(z,v) dv dx ds < [|ml],|n]|

where in the equality we used the fact that w = w(e) is constant along the
trajectories (this is true since e is constant along the trajectories), and the
inequality is simply the Cauchy-Schwarz Inequality. The assertion that
the operator norm is 1 is verified since Q*1 = 1 (note that 1 € L2).

Now, for the L% bound we let h(z) € L% and use (2.14) to get

P 0
||Q)‘hHi :/ /‘/ Ae*h(X (s;2,v)) ds
0 —00
2

S/OP/</OOO|>\6)‘Sh(x)|ds) w dv dx (2.15)
/OP/wdv Ih(z)? da

< (suw [wav) 1l = 1ol

2
w dv dx

12



2. We let M denote the spectral measure of the selfadjoint operator T" =
—iD in the space L2. We can therefore write, for any m = m(z,v),
m(X(s),V(s)) = eSD = ¢"Tm, so that

A = / Aerm(X ) ds = / Aes / e dM (a)m ds = / M (a)m.
A+ia

The projection P can be written as P = M({0}) = [, x dM where x(0) =
1 and x(o) = 0 for o # 0. Thus

2 2

A 4| M (a)m|

- x(a)

w

0
||Q)‘m - Pm”i} = H/ Aerm(X (s),V(s)) ds — Pm

w

due to the orthogonality of spectral projections. We use the dominated
convergence theorem to finish the proof that, indeed, this expression tends
to0as A — 0.

3. To show that [|Q} — Q%[ = O(J]A — o|) as A — o we use the fact that
(z,v) — (X, V) has Jacobian= 1:

0
1Q*m — @ mll, < / [Ae? — e | [m(X (s), V()] ds

—00

0
= / ’)\e’\s — e’ | ds||lm||w
Clln A —Ilnao| ||m]w.

IN

4. With M the same spectral measure as above, we have:

Q)‘mm—/R()\_:\ial)dM(a)m

2
d|[ M (a)mf;, — 0

Therefore

A
Am — 2</ —1
1Q@m —mil < | 1555

as A — oo, by the dominated convergence theorem.

<Q’\m,n>w = /P/Q’\(m(:mv)) n(z,v) w dv dx

/ /</ At X(S)’V(S))d5> n(z,v) w dv de
N / / / A m(a, v) n(X (=s),V(=s)) w ds dv da
[y

m QM >w,
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where for the third equality we used (2.14]) and the fact that w is invariant
under D, and for the fourth equality we used the fact that

X(*S;Iv *’01,1)2) = X(S;I,Uhvz)
—Vi(=s;x,—v1,v2) = Vi(s;z,v1,v2) (2.16)
Va(=s;2, —v1,v2) = Va(s;z,vr,v9).

This type of calculation appears often, so it is worthwhile writing in detail.

O

2.3 The Operators

In addition to the definitions of A9 and AJ in we define the following
operators depending on a real parameter 0 < A < oo, acting on L%, Lp, L,
with domains H129,07 H?%, L%, respectively:

—92h — (Z/,g dv) h+2/ufgih dv,
+ +
—02h + A2h — (Z/u% dv) h— Z/“e 0392 (02h) dv,
B*h = (Z/u;} dv> h+2/ugﬂgi(@2h) dv
+ +

As we have seen in Lemma. 2.5, Q% — P* strongly as A — 0. We also define
the following multiplication operators with domain R and range L%, depending
on the parameter 0 < A < co:

crb) = bZ/ Q2 (in)
0> [ tant Q2 (o) do
+

Ath

Ash

D(b)

and a constant depending on A:

Z/ /vlue Qi 01) dv dz,

where, for A = 0 we define

PZ/ /leiPi 01) dv dx.

14



Finally, we derive formulas for the adjoint operators of B*, C* and D*. We
begin with (B’\)*. Let h,k € L%. To simplify notation in this calculation, we
drop the summation over +. All calculations work similarly with the proper
definition that includes the =+.

P
(B, k), = / ( pp dv ) h(z ueQ}‘(vgh) dv} k(z) do
P 0

) o
_ /OP </,updv>h M(/ A T(s (())d)dv] k(z) da
_ /OP (/ v)h u(/ AP Do h(2) k(X (— ))ds> dv} dz
_ /OP< ,updv>k uevg (/ A R(X )d)dv] h(z) de

Therefore (with the +)

(B,\)*k: Z/M;TL dv) k+Z/ufﬁzQik dv.
£ +

The computation of (CA)* is much simpler. Let b € R and k € L%. One has

<C’\bk:L2—b/ (Z/ 0% (1) dv)k:()dx,

and, therefore

() k:fZ/ / (z) dv d.

The derivation of (DA)* is similar and yields
. P
(DM k = Z/ /@QM;FQi (01) k(x) dv dz.
= Jo

2.4 The Matrix Operator M*

In this section we rewrite Maxwell’s equations in terms of the the un-
knowns ¢, and b. The various operators acting on these unknowns are pre-
cisely A7, A3, B*,C* and I*. We show that Maxwell’s equations reduce to a
simple, selfadjoint matrix operator M?*, and that there exists a nontrivial solu-
tion to Maxwell’s equations if and only if M* has a nontrivial kernel. Note that
in what follows, the dependence upon f* enters through the right-hand-side of

()
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1. Rewriting Gauss’ equation (2.7d) as 92¢ + p = 0, we substitute ([2.12)), to
get

0 = 8§¢+p:ai¢+/(f+—f*>dv

= B+ Y [ ota) + g (0) — 1 Q2+ i QL (000) + b Qi) o
= 0jo+ (Z/uf dv) () — Z/uf@icb dv
+ +
+ <Z [ dv> v+ Y [ @ oa) o453 [t Qhon do
+ + +

= —AY¢+ B )+ C.
Thus, our first relation is

— Ao+ B +CMo = 0. (2.17)

2. Rewriting the second of Ampere’s equations (2.7b)) as 921 — A% + jo =0
and repeating the same procedure, we have

0 = Z¢Y—NY+j,
A — >\21/1+Z/112 pe B(@) + py () — pg QAo + pz Q4 (b29) + b Q1) dv

PR~ N+ (Z [ oan dv) o+3 [ e Q) d
+ <Z/f’2“f dv) p(z) — Z/@Qujgigb dv+b2/f;2quif;1 dv
+ + +

= —A3— (B ¢+ D.

where in the last equality we used (2.13). Our second result is
(BN ¢+ A3y — Do = 0. (2.18)

3. Finally we consider the first of Ampere’s equations (2.7a): 0 = AE; +j; =
—A02¢0 — A%b + j,. Integrating over one period, we get

A2p I/P' d
= — 71 dz.
PJ, 7!

Plugging in the expression for the particle density fT — f~ as before, we
have

16



A2b

;/Opjldx:;/op/@1(f+—f)dvdx

1 P
P Z/o /171 (Hf@s(:v) + u;t (x) — ujQ;\_ng) + Nfgi(@d}) + bﬂfgifh) do da
+

The first two terms vanish since p is even in v;. Thus we are left with

1 P R .
LSS /0 / ot (~ Qb+ Q) (0wy) +bQYn) dv da.
+
Denoting these three terms I, 11,111 respectively, we find that

P
I = —lz/ /wfgiwvdx

P = Jo
1 P 0

- _72/ / AeMopuEd(XE(s)) ds dv dx
P}y ).
1 P 0 .

= _72/ // AMVE(=s) uF () ds dv dx
P} ) o

P 0
= %Z/O // AeMVE(s)pEd(x) ds dv da
:l: — 00
1

N -2

where for the third equality we changed variables (z,v) — (X (—s),V(—s))
and used the facts that this change of variables has Jacobian =1 and that
w1 is invariant under D, and for the fourth equality we used the change of
coordinates prescribed in . Similarly,

R e
1=~ (DY) v,

and, finally,
I11 = b
by definition. Summarizing, we have
) ¢ (DY) v —Pb(\ —1") =0. (2.19)

Motivated by the three equations (2.17))-(2.19) depending upon the parameter
A, we define the matrix operator M* : L% x L% x R — L% x L3, x R
—Ap BA c*
M= (B A D>
)" —=(@) P -1

17



with domain H% x H% x R. Formally, to prove our main theorem, it suffices
to show that M?* has a nontrivial kernel for some 0 < A\ < co. Accordingly, we
also define

~AY 00
MO = 0 Ay 0
0 0 PO

Remark 2.6. As mentioned before, since ¢ only matters up to a constant,
we restrict the domain of M* and M° to Hp, x Hp x R. Indeed, making
this restriction is important. Letting (¢,1,b) = ul, = (1,0,0) we notice that
M uypiy, = 0 for any A > 0. However, us.ip is a trivial solution that is of no
interest for us, since it would generate a trivial solution (f, E, B) = (0,0,0).
Moreover, multiples of w4, are the only trivial solutions. Indeed, whenever
either v or b are nonzero, the linearized equations become nontrivial.

3 Behavior for Small and Large \

This section is the heart of this paper. To show that M* has a nontrivial kernel
for some 0 < A < 0o, we wish to show that there is some eigenvalue that crosses
0 as A increases, starting at 0. To achieve this, we must somehow be able to
keep track of the spectrum. Since we are working on the finite interval [0, P] we
do not have to worry about a continuous spectrum. However, since A7 and A3
appear with opposite signs in M?*, we expect to find eigenvalues near —oo as
well as near +o0o. Thus, to facilitate the counting, we truncate the spectrum,
and leave only a finite number of eigenvalues. The following projection is defined
so as to preserve the spectral properties of the two operators appearing along
the diagonal: A and A3.

We postpone discussing the properties of the various aforementioned opera-
tors until §7] However, these properties are used throughout this section.

Consider the eigenvalues a; < ag < -+ of A(l) in ascending order, counting
multiplicity. Let &; be unit eigenvectors associated to «; chosen to be mutually
orthonormal. We define the projection P, : L%O — R™ to be:

Pou= {8} . (3.1)
and, thus, Py : R" — L3, is given by
Pra =" a, (3.2)
i=1
where a = (a1, as,...,a,) € R". Hence,
PiPau= (u,&)ps & (3.3)

i=1
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is the projection onto the eigenspace associated with the first n eigenvalues of
AD.

Similarly, we define @,, to be the projection operator onto the eigenspace
spanned by the n eigenvectors (1, .. ., ¢, of the operator A9 associated to its first
n eigenvalues f; < B < --- < f3,. We are now ready to define the approximate
matrix operator M\:

—P, AP P.B*Q:, P.C*
Mi=1| Qu(BY) P QuAdQ, Q.0 ). (34)
@)'r" —) @ (-1
When A = 0, this definition reduces to
-P, AP 0 0
M) = 0 Q.A5Q: 0 . (3.5)
0 0 PI°

Both matrices are finite-dimensional mappings R” x R” x R — R"™ x R™ x R.
Let us list a few facts which will be useful for us later on:

1. For all A > 0 and for any n € N, M is selfadjoint.
2. Let ¥(A) denote the spectrum of the operator A. Then (M) C X (M?).

Proof. This is clearly true due to the properties of P, and @,, and the
diagonal structure of both matrix operators. 0

3. There exists some o* < 0 such that [o*,0) N X(M?) = 0.

Proof. Since the spectrum of M? is discrete (with no finite accumulation
points) for all A > 0, there exists some oy < 0 that is the greatest negative
eigenvalue of M". We can choose o* € (0¢,0) freely. O

4. For fixed n > 0, M) varies continuously in A as a mapping R” x R” x R —
R™ x R™ x R, for all A > 0.

Proof. For A > 0 this is clear, since M* varies continuously by Lemma
Thus we focus on the case A = 0. Since all norms on R¥ are equivalent,
it will suffice to check that M} — MY strongly as A — 0. Let ul =
(¢,9,b) € R® x R" x R. We need to show that ||[(M} — M%)u| — 0 as
A — 0. Since

—P,(A} — AP P.B*Q: P,C*
Mp-Mpu= | Qu(B) P Qu(A-ADQ;, —QuD
(s -(PY'Qr —P(N-1+19

it suffices to show that terms of the form |P, (A7 —A9) P | or | P, B Q|
tend to 0 for fixed n, as A — 0. This is clearly true due to the properties
of the various operators discussed in §7} O

19
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5. For fixed n > 0, P} P, is bounded both in H} and in H3.

Proof. This follows from the fact that PP, maps L% into H? and the
closed graph theorem. O

Lemma 3.1. For any g € H3, P:P,g — g in Hp and in H%, as n — o0.
Similarly, QQ,g — g in H} and in H?.

Proof. We prove for P} P,; the proof for @}, is similar. Assume that g =
>, g;& in L%, where & are eigenvectors of AV, as defined above. Since
j=19iSj P J 1

g € H3 = D(AY), we know that A% € L% and, therefore, there exist some

B; such that AYg = >oiey Bi€ with 3522, |,6’j|2 < o0. In fact, by taking the

L%-inner product of A%g with &, we easily see that Bx = gray, where ay, is the

kth eigenvalue of AY.

Using Poincaré’s Inequality (twice) and then the triangle inequality we have

Dogi&| <Clord 9| <C(AT+R) DY 9| +CIAYY 95
j=n H2 j=n L2 j=n 12 j=n

P P P

The first term tends to 0 since AJ + 82 is a bounded operator on L% (see

2
Lemma [7.2{|1)), and, therefore, this term is controlled by C’ Z;’;n gjfjH

which tends to 0 as n — oo since g € L%. The second term tends to 0 since
AV 956 = D5, 95€;, and, as mentioned above, Y777, lgjou]? < oo.
This shows strong convergence in H%. The strong convergence in Hp is due to
interpolation between L% and H3. O

Corollary 3.2. Considering the restrictions of P} P, to Hp, the lemma implies
by the uniform boundedness theorem that

sup || Py Pl g1, — i1, < 00. (3.6)
n

Lemma 3.3. The operator P} P, can be extended to H;l. The sequence of
extended operators { P¥P,}52 ; converges strongly to the identity.

Proof. Our basic tool in extending the domain of definition is the canonical
identification of L2 with a subspace of H;l via the scalar product. With that
standard definition at hand, we can now extend P} P, to H;l. For brevity,
denote J,, = P} P, : L% — H%. As noted above, the restriction to J,, : H5 —
H} is bounded. Hence the dual operator J; : Hp' — Hp' is bounded with
the same operator norm (see [I7, ITI-§3.3]). In fact, J;} is an extension of J,, to
H;l. Indeed, if g € L% and f € Hp, and using the <H113,H1§1> paring, one has

(fT29) = (Fufog) = (ufog)pp = (F.Tug) 1 - (3.7)

Finally, we must show that the sequence {J}}2%, converges strongly to the
identity in Hp' as n — oo. In view of (3.6), also sup,, ||J;§||H;1_,H;1 < 00.

20
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Therefore, it suffices to prove that J'g — g for g in a dense subset of H}§1. Since
we already know that strong convergence holds for g € L%, we are done. O

Lemma 3.4. Let ul = (¢, ¥, b,) € R"xR"xR, and suppose that (P} ¢, QX n, b,) —
ul = (¢o,v0,bo) strongly in L% x L2 x R as n — oo with P}¢,, Q% uni-

formly bounded in H3. Suppose that A, — Ao € [0,00) as n — oo. Then
MAru, — MMoug weakly, in the sense that

(Mo, Un )R o xR (MPoug, U>L% XLEL xR

for any v € L% x L% x R with v, € R" x R" x R being the projections of the
two first corrdinates of v and the identity on the third.

Proof. Let us write M} ul and M*ouq explicitly:

—P, A} P* P,B™Qr P,CAn Pn
Minun = Qn (BA")* P;: QnAg\n Q: _QnD/\" wn ( 8)
()" p: — (D) Q; —P(\2—1'") bn
_Ai\o B*o Cro b0
Moy = (B)" A Do Yo |- (3.9)
(Cr)" (D) —P (N —1) bo

We show the weak convergence term by term, by its location in the matrix.
Let us demonstrate for the first term — the rest are either similar, or simpler.

We want to show that P,.A}" Pr¢, — A3°¢° weakly. Since the sequence
Ai\" P? ¢, is uniformly bounded in L% by assumption, it suffices to test the weak
continuity by taking g € H3 which is dense in L%. We have

(Pl i, Pag), — (A06".0)

R L3

‘<P;PHA?”P;¢” - Ai\0¢079>

Ly

IN

Ly

(Pip, (4 — ) Pion.a)

F|(En - D AvEong) |

L
A *
+ ‘<A1° (Prén —¢°) 79>L%
= I+I1I+111
Terms I and I are treated very similarly:
— * An Ao * * An Ao *
1= ‘(Pmm(Al - A} )PnPng>L2‘ < 1P ull g, || (A = A) PiPag| , =0,
P P
and
1= |(Pion A (PiPu = Da) | < 1Pi0l s |42 (P22~ D], 0.
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since ||P;¢n|\L% is bounded, and since A}" — A}° tends strongly to 0 as an
operator H3 — L2 and P} P, tends strongly to I in H3 by Lemma Finally

— 0,

17 = ‘<P;;¢>n - ¢O,Ai‘°g>

L%

since P, — ¢° strongly in L% by assumption.

Lemma 3.5. For n sufficiently large, MY has exactly K,, := n — neg(A?) +
neg(A9) + neg(1°) negative eigenvalues.

Proof. Since M is diagonal, we may consider each entry along the diagonal
separately. The number of negative eigenvalues of —P, A P* equals the number
of positive eigenvalues of P, AP}, namely pos(P,, AP}). Since we assume that
ker A = {constants}, and since our domain does not include constant functions,
P, AY P’ has no null space. Therefore, pos(P, A)P}) = n—neg(P, AYP;). How-
ever, for n that is sufficiently large neg(P, A} P:) = neg(A?) by our definition of
P,,. Thus, the contribution from the first term on the diagonal is n — neg(AY).
The contribution to the negative spectrum from the next term on the diagonal is
neg(A3) = neg(Q,.A3Q:) for n that is sufficiently large. The contribution from
the last term depends upon the sign of [° and is denoted by neg(I°). Combining
these observations we get our result. O

Proposition 3.6. There exist N € N and A* > 0 such that for any n > N and
for all A € [0, \*], neg(M3)) > neg(MO) = K,,.

Proof. We show the existence of A* and N by contradiction: If they do not exist,

then for any k > 1 there exist n;y > k and A}, < ¢ for which neg(/\/lﬁ:’j) < K,,.
We choose k large enough for Lemma to hold, and fix it. Since /\/lf‘Lk is a
continuous mapping in A, its Spectr}lm varies continuously with A. Therefore,
since neg(M?Lk) = K,, > neg(/\/lf;ﬁ), at least one eigenvalue in the negative
part of $(M7) must cross 0 from left to right as A varies from 0 to A}. Since
there is no spectrum of M?Lk on the interval (¢*,0), this eigenvalue must also
cross this interval, and, in particular, it must cross o* at some value \;, € (0, \},).

To summarize this argument, our contradiction asserts that there exist ny —

oo and A\, — 0 for which
MNouy, = o uy, (3.10)

k

where 0 # ul = (¢n,, Vn,,bn,) € R™ x R™ x R. To simplify notation we drop
the “k” index and simply write A, instead of Ay and n instead of ng. Our plan
is to show that this contradicts the fact that o* is not an eigenvalue of MV,
as follows: First we show that u, has some nontrivial limit in an appropriate
space; then we use Lemma to show that the operators M)» converge (in
the weak sense defined in the statement of that lemma) to M°.

Since P and @} both have trivial kernels, we may normalize the eigenvectors
as follows

1BrbnllLs, + 1Qnnlls, + bl =1, (3.11)
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and, therefore, there exist the two weak limits in L%g and the limit in R, respec-
tively (after extracting a subsequence)

Our goal is to show that (¢, ,b) is nontrivial, and that
¢ ¢
MOy =0ty |, (3.13)
b b

thus reaching a contradiction to the fact that o* ¢ ker(M?©°). Note that we do
not have to worry about showing that (¢, ¢, b) is not a multiple of (1,0, 0), since
(1,0,0) is in the kernel of M* for all A > 0, but o* # 0. We begin by showing
that both P*¢,, and P}, are bounded in Hp. The first row of is

P, (-A?nP;qbn 4 B Qi + CA”bn) = 0" 6. (3.14)

Write ¢,, = ( Lo, ¢”), and take the inner product in R™ of (3.14]) with
Pn:

0*16u? = G- Pu(— A Pidn + BN Qi +Cb,)
(Pidn,—AY P60} |, +0u Pu (B Qutbu +CVb) = T+ 11.
P

Since 1 > [|Pionl3. = Yi_1|0k[* = |¢n|?, the left hand side of the above
P
equation is uniformly (in n) bounded. Moreover,

I = <P*¢m A,\,LP*%>

= (Pron, 2P 0n) <P*¢n,< T dv)P*% Z / " (Pron)d >
I

= —0:Proull7s + I +

2

where it is easily seen that

1] = <P:;¢n, (Z / e dv) P;:asn> < [|Bignl7z > sup / il dv < C < o
+ + T

L3,

and, as in the proof of Lemma 7 we have
/ Plén Z/ Q3 (P ¢y)dv da
0

= Anetn® £ Pron(z) Pron(XE(s)) dv da d
g/_m e /O/Mepn¢($)P¢(X(S))vxs

< 2| Brgalls, < ClIPionll72 < C < oo

[Io] =
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In addition,
[II] = |dn - Po (B Qrtbn +C by |
= [(Pion B Qutn + C¥b0)

|‘P:¢n||L%, (HBM'HL%HL% ||Q2¢n||L‘;;, + HC)\nb"HL%>
< C < oo.

IN

by Lemma Thus |0 P én| L2, is bounded uniformly in 7 in L%, so that
| P bl p, is uniformly bounded. Therefore P/, converges strongly in L3 and

weakly in Hp to ¢ by (3.12)). Similarly, we show that Q} 1, is bounded in H}
by considering the second row of ([3.10):

Qun ((B™) Piton + A" Qubn = Dby ) = 0"t (3.15)

The analysis is similar. Hence P, and P, have strong limits in L2, and
weak limits in Hp, which must be ¢ and v respectively. Due to the limit
(PXén, PXiby, by) cannot be trivial: (¢,,b) # (0,0,0).

It remains to be shown that, in fact, ¢ and ¢ lie in H3 and hence, in the
domain of M°. Consider again equation We rewrite this equation, keeping
only the Laplacian on the left-hand-side, moving all other terms to the right-
hand-side and applying P. We get

PiP,02 (Piw) = — PLP (Z [t dv) Pion+ PP, Y [ 1@ (Piw) do
+ +
— P'P,B Q! — P P,C b, + 0" P}y,

The last term may be written as ¢*P;; P, P, ¢,, so that we may denote the
entire right-hand-side as PP, h,, for brevity. Now, we know that h,, € L% has
a strong limit in L%, and PP, — I strongly in L%. Therefore, the right-hand-
side converges in L%. Using Lemma and since P} ¢,, converges weakly in H}
to ¢, the left hand side converges weakly in the HISI sense to 02¢. By elliptic
regularity one can bootstrap and deduce that, in fact, ¢ € H3.

Finally, using Lemma we know that the approximate equations (|3.10)
tend (weakly, in the sense of the lemma) to the equations M% = o*u. But
o* ¢ %(M?P). This contradiction ends the proof. O

Proposition 3.7. If the null space of A9 is trivial, then for any n > N and
for all A € [0,\*], neg(M}) = neg(M?) = K,,, where N and \* are as in
Proposition |3.6

Proof. Using the same contradiction argument as in Proposition we can
show that pos(M}) > pos(MQ) for small X and large n. We conclude that an
increase in either the number of negative eigenvalues or positive eigenvalues can
only be due to zero eigenvalues of MY that move left or right as A increases.
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However, under the assumption that the null space of AJ is trivial, MY has a
trivial kernel as well, and, therefore both neg(M;) and pos(M;) must remain
constant (and equal to their values when A = 0) for small A and large n. O

Lemma 3.8. There exists A* > A (A as in Lemma such that for every
n € N and for any A > A*, M2 has precisely n + 1 negative eigenvalues.

Proof. Since M) : R® x R"® x R — R™ x R" x R is symmetric, it has 2n + 1
eigenvalues, all real. Letting ¢ € R™, we have

0 0
<M2 vl v > = (QnAR QY ¥) g = (A3 Q11 Q) 12 > 0
0 0 R2n+1 "

(3.16)
for all A > A by Lemma This implies that M7 is positive definite on a
subspace of dimension n, and, therefore it has at least n positive eigenvalues.
Similarly, we now show that there exists a subspace of dimension n+ 1 on which
M2 is negative definite: Let (¢,0,b) € R x R” x R and consider

¢ ¢
<MQ 0|, o > =— <AfP;§¢,P,’{¢>L% +2(C*b, P;;¢>L% — P(A\2 = M2

b b R2n+1

(3.17)
We estimate the middle term as follows:
2
A * A * ||C)\b||L?> 2 * 2
2’<C baPn¢>L%D SZHC bHL% ||[:"r1¢||LfD < T‘i‘ﬁ ||Pn¢||L2P
Letting €2 = %, we have
A 4 4 Apr ) px 1Py ollzs 2 _ a2 Ap|2
Myl o), 0 < —(APi, Prd) ., + ————L2 — PN = 1MV + A [|C70]| . -
L% Y Ly
b b R2n+1

Using the fact that A7 > v > 0, for all A > A (see Lemma [7.1|(6])), this
expression is negative for all ¢ € R™ and b € R, since [* and C* are both
uniformly bounded. Therefore, there exists a A* > 0 such that for every A > A*
there exists an n + 1 dimensional subspace on which M is negative definite.
We conclude that

neg (M;\L) =n+1, forall A > A" (3.18)

Notice that A* does not depend upon n. O
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4 Limit as n — oo

Lemma 4.1. Let A*, A*, N be as above. Fix any n > N. Then there exists
An € [A*, A*] such that M) has a nontrivial kernel.

Proof. As we have seen above, A* and A* do not depend on n. We apply a
simple continuity argument: M is continuous in A for each (fixed) n in the
sense that if ¢ > 0, then there exist C,é > 0 such that

M5 = M7 < C|x ~ o]

for A € (0,00) and |X — o| < §. This follows from Lemma [7.4 By Proposition
M;\L has at least n — neg (.A(f) + neg (.Ag) + neg (lo) negative eigenvalues.
By Lemma Mﬁ* has exactly n + 1 negative eigenvalues. Since M is a

finite-dimensional operator, its set of eigenvalues varies continuously with .
Thus, if

n —neg (A7) + neg (A3) +neg (I°) >n+1 (4.1)

then at least one eigenvalue must cross 0 for some A, € (A*, A*). In particular,
the A value for which 0 is a (nontrivial) eigenvalue, has a corresponding (non-
trivial) eigenspace. Unraveling condition (4.1)), we get the equivalent criterion:

neg (A3) > neg (A7) + neg(—1°) (4.2)

which is precisely the main assumption of Theorem|[ll In the context of Theorem
one would invoke Proposition instead of invoking Proposition and get
the criterion

neg (A9) # neg (A7) + neg(—1°). (4.3)
O

Lemma 4.2. There exists 0 < A9 < oo and a nontrivial ul = (¢q, %o, by) that
is not a multiple of (1,0,0) such that

MAouy = 0. (4.4)

Proof. This proof is very similar to the proof of Proposition [3.6f We have seen
that for all n > N, M} has a nontrivial kernel when A = \,, if is satisfied.
We show that is satisfied weakly, with uy extracted by some compactness
argument from nontrivial elements in the kernel of M), denoted by u,,. As we
have seen in Lemma the equation

—P, A} P* P.BMQ* P,CM b 0

My, = Qn (BM») Pr QA Q; —Q, D v | =10
()" pr — (D) Q; —P(\—1") bn 0

(4.5)
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has a nontrivial solution for all n > N. Here 0 < A\* < A\, < A* < oo. Let us
extract a subsequence A\, — A\g. We want to show that the “limiting” equation

—AP B cro %o 0
MPoug = | (BN)" Ay —D o | = 0 | (46)
(€)= (D¥)" —P(-1%) /] \ by 0

is satisfied nontrivially. We follow the procedure of Proposition showing
that (P ¢n, Qntn,bn) = uy, — ug = (¢0,%0,bo) # (0,0,0) in Hp x Hp x R:

1. We normalize the vectors u,, as in (3.11)):

1Prdnllrz +1Qntnllrs, +[bn] = 1. (4.7)

2. We take the inner product of the first row of (4.5)) with ¢, to obtain the
equation

én - Py (—Aﬁnpmn + B Qb + C bn) —0. (4.8)

Showing uniform boundedness of P¢, in Hp is identical to the calcula-
tions performed in the lines following : We show that the L% norm
of all terms in is uniformly bounded in n (except for the Laplacian),
and, therefore, by integrating by parts we obtain the uniform H} bound.
We conclude that P} ¢, converges in L%.

3. Using the second row of (4.5 we show that Q7 ,, converges in L%.

4. We bootstrap our convergence problem, showing that, in fact, P} ¢,, con-
verges to ¢ in H2, by applying P to the first row of (4.5). Similarly, to
show that Q} 1, — ¢ in H3 we apply Q7 to the second row of ({4.5).

Moreover, since P} ¢, € H123,0 all have mean 0, so does ¢g. Therefore ug is not a
multiple of (1,0,0). The fact that the terms in the equations tend to the
terms in the equations weakly follows from Lemma This finishes the
proof.

O

5 Construction of a Growing Mode

We finish the proof of Theorem [1| by verifying that the nontrivial element wg
that we found above satisfies the linearized RVM System. For ease of notation,
we drop the “0” subscript, so that we simply have u” = (¢,,b), and A\. The
equation we verified in the previous section is

—A} B ch )
Mu=|[ (B A —D* Y | =0, (51
)" — (D) PN -1 b
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with « nontrivial and not a multiple of (1,0,0), and where 0 < A < co. We
begin by defining f*(z,v):

[H@0) = £pgd(@) £ pyo(e) F g [Qhe — Q4 (62¢) —0QL 6] . (5.2)
In addition, we define
Ey = —8,¢ — b Ey= -\ B = 8,1
and
p= [ 1) ji= [art = o, i=1,2
Lemma 5.1. Gauss’ equation holds.
Proof. We use the first row of (5.1)).
0By = —0%¢
= Z{/uf doo- [ut@odvs [ avvs [ Qi) dot [t (o) do b}
+
= zi:/ (nEd + pifp — p [Qhd — QL (Ba0) — QL 61]) dv

= [ur-rya=p

Lemma 5.2. The linearized Vlasov equation (2.5)) holds.
Proof. We recall that the linearized Vlasov equation (2.5) is
(0y + D*) f* = FuFo By £ pfion B F (oo + 1) Bo.

We let g € CL([0, P] x R?) be any test function. We show it for the electrons,
f~, and drop all “—” superscripts. Showing that the linearized Vlasov equation
holds for f* is identical. We write:

P P
| [@araar = [ [0g) (o) - i) + e [0 - @ (620) - bQ*0]) dvda
0 0
= I+II+1I14+1V+4V.
For the terms I and II we use the fact that D is skew-adjoint and that
w1 is invariant under D, to “move” the operator D over from ¢ to ¢ and

respectively. Thus we focus on the terms I11, IV, V', where the definition of Q*
is important, and the fact that (z,v) — (X, V) has Jacobian = 1.

28



P
III = D). Q¢ dv d
| [ o av as
0 P
= /Oo)\e)‘S/O /ueDg x,0)0(X (s;2,v)) dv dx ds
0 P
= / )\e/\S/O /ue V(=s))o(z) dv dx ds
0
= / //Je/ Aes ( (—s%V(—s))) ds ¢(x) dv dx
0 oo
P
= / /lje{ Ag(z —|— )\26’\3g(X( s),V(—s)) ds }gb(ac) dv dx
0
P 0
= /{ e () + ue/ NeMp(X (s),V(s)) ds }g(x,v) dv dx
0 . —00
- A/ (—ped + 1. Q) g dv de.
Similarly
P
Ve on [ [ (et 1@ ) g do do
0
and »
V= —/\/ /{—buem + b Q 1 } g dv da.
0
Thus

/OP J@ofavds /OP [ (D6 + D0} g do s

P
+A / / {116 + 1cQ ) + o2t — 120 QN (D21)) + bptehy — b QMon } g dv do
0

P
| [ M o=+ . [0 - @ (6a0) 400 ]} g do do
0

P
b [ [ s + DO+ D+ Mo+ Mg do d
0

P
[ O+ ) + 1006 + 1, D0+ s + Mg g o da
0

Therefore, weakly, f satisfies the equation
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A+D)f = —peDd— ppyDY — Apupth — ApieDath — Abpiey

_//Le'[)law¢ - Mpﬁlaz'(/) + ,upEQ - A,ue@Qw - Ab/-//eﬁl
fre®1 Er — pip01 B + (1 + peta) B,

which is precisely (2.5)). O

Lemma 5.3 (Continuity equation). The relation 9,71 + Ap = 0 holds.

Proof. Integrating the linearized Vlasov equation with respect to v, we get
[0+ D%) 1% do = [ Gutons £ 0B (uon + 1) B) dv =0,
where we use the facts that p® is even in vy, and that du*/Ovy = puFoy + u;,t
is a perfect derivative. Subtracting these two equations, replacing the time

derivative by a factor of ), and using the fact that D* consist of three terms,
of which only the first is not a v; derivative, we have:

Ozzi:/()\—i—Di)fidv:)\p—&-aw;/ﬁlfi dv = \p + D, j1.

O
Lemma 5.4. Ampere’s equations ([2.7al) and (2.7b)) hold.
Proof. We first want to show that
AE = —j1. (5.3)
Recalling the definition F1 = —0,¢ — Ab, we wish to show that
MNb = —\0pb + j1. (5.4)

Let us show equality of the derivative with respect to =, and then equality
of the integral with respect to z. Differentiating once, and using the continuity
equation, we get

1
0 = _8i¢ + Xazrjl
= —0i9—p
- —2o-Y / (16 + o — u [Q)6 — Q) (6a) — DQL01]) do
+
= At¢— B —C

which is precisely the first row of (5.1). This verifies that the derivatives are
the same.
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Now we turn to the integral of ( . Plugging in the the relation A\?b =
C)‘) ¢ — (D)‘) 1+ 1*b (which is obtained from the last row of (5.]] . ) into
é

A, it bufﬁceb to show

1

—\0p+ j1 = % ) ¢— 5 (D)4 + 170

Writing in detail the expressions for j; and for the operators on the right hand
side, we need to show that

0.0+ [ (o4 v - ut [Q20 - @ (da0) ~ bQ20n]) d

—Z/ / Q% (01) ¢ — DopF QY (01) ) + by pE QY (91)] dv da.

Since p is even in vy, we may drop the first two terms in the integral on the left
hand side. Therefore we need to show that

0,6 = 3 ot [Q16 - O} (da0) b} (00)] do
+
P
+%Z/ /uif [QX (1) ¢ — 9222 (01) ¥ + by QX (81)] dv da.
+ 0

Integrating this equation over the period P we get
P
0= 2 / / iz [QYo — Q1 (02¢) — bQY (81)] dv dr
1+ JO

P
+Z/O /Mit [Q2 (01) ¢ — 02Q% (01) ¢ + b0y Q4 (81)] dv d
T

P P
- oupg [Q1e — Qi (B2 v azx =104 (61) ¢ — 1292 (D v dx
- zi:/o / pe [Q1o — Qk (02v)] dv d +Zi:/0 /ue [Q} (01) ¢ — 02 Q% (01) ¢] dv d

which indeed holds due to the change of variables (z,v) — (X,V). Therefore,
both the derivatives and the integrals are equal. Hence holds.

Now we turn to show that the equation AE5 4+ 9, B = —jo holds. We again
recall our definitions

By= Mo, B=0w, o= /@(f+ — ) dv,

that imply that we need to show

- [t -

= _Z/f’? c O+, —pg [Qhe — QL (62¢0) — bQL1]) du.
+

— A% + 024
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But this is precisely the second row of (5.1)).

Our proof of Theorem [1|is now complete.

Proof of Theorem[Z The proof of Theorem [2is identical to the proof of Theo-
rem [I} with the only difference being that in Lemma [£.] we invoke Proposition
instead of invoking Proposition [3.6 O

6 Examples

6.1 Homogeneous Example

We start with the simple homogeneous case, where there is no x dependence.
This case is so simple, that certain properties of the operators can be calculated
explicitly. In this case e* = (v),pT = vy. Hence u* = p~, and we can therefore
drop the + in this example.

Lemma 6.1. In the homogeneous case,

Proof. This is straightforward, since D reduces to the simple differential op-
erator 010, in the homogeneous case, since there is no equilibrium magnetic
field. O

Proposition 6.2. 1. Any homogeneous equilibrium that satisfies

(a) [ ped? dv <O0.
(b) [ pe dv <0.

is unstable.
2. There exists such an equilibrium.

Proof. 1. We verify that the above conditions verify the conditions of the
first part of Theorem [I| which would imply that the solution is unstable.
Our plan is to show that the conditions listed in the proposition guarantee
19 < 0,neg (Ag) > 1, and neg (A(l)) = 0. Since p has no = dependence

2 P
1° = F/ /ueﬁﬂ?(ﬁl) dv da::2/u66177(f;1) dvzz/ueﬁf dv < 0.
0

Next, we have AYh = —02h — 2 ([ pe dv) h + 2 [ e fOP h dx dv, so that

(Alh,h) = /Op(h’)de—2(/uedv> /Ophgdx—]lj</ophdx>2
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by Hélder’s Inequality since [ pe dv < 0. Thus neg(A?) = 0. Finally, as
for A9, by Theorem 4.4 in [21] neg(A9) > 1.

This verifies that the conditions imply that neg(A9) > 1 > 0 = neg(AY),
and that [° < 0. Therefore, by Theoremsuch an equilibrium is unstable.

. We construct an explicit example. Let p(e, p) = a(e) with a(e) = y(e) +
n(e), where y(e) = e — 1 on the interval [1,2) and 0 otherwise, and n(e) =
exp [—(e — 2)?] on [2, 00) and 0 otherwise. Even though a(e) is not smooth,
it can be approximated by a smooth function that will still verify the
calculations below. We verify the conditions of the proposition one by
one:

(a) We need to verify that [ p.0% dv < 0:

/,ue@% dv:/a’ 0% dv:/(vl—i—n’) % dv.

We make the change of variables vivy — 6, so that 72 = v + v3 =
ez —1, to get

27
N (r cos 9)
/uev%dv = / / e rdrdf

2m V3.3 S r3
/ cos? 6 df / — dr—l—/ 0 ——7 dr
0 0 1—1—7“ \/g 1+T

I 11

Now:

3

IIZ/OOUIT?)dr:—/w2(m—2)exp[—(m_2)2]1:_

va o L4 V3

which, indeed, verifies the first condition.
(b) We verify that [ p. dv <0.

/uedv = /o/dv

27 \/§ ')

/ d@/ rdr+/ n rdr
0 0 V3

27r[3—/002(\/14—77“2—2)@@[—(\/14—7—2)1rdr}

2 Jus

3
2 | = — 2. .
7T|:2 9]<0

Q

Thus our assumptions are all verified. This implies instability.
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6.2 Weak Magnetic Field

Proposition 6.3. There exists an inhomogeneous, nonmonotone, purely mag-
netic equilibrium that is unstable.

Our goal is to construct an explicit purely magnetic equilibrium, for which
we can conclude, using our main result, that it is unstable. Again, we would
like to verify the conditions of Theorem

<0 and neg (A3) > neg (A7)

Therefore, we construct an equilibrium p* (e, p) for which I° < 0, neg (Ag) >
1 and neg (A(f) = 0. The main idea of the construction is to consider an
equilibrium that is almost monotone. We separate x,v space into the sets S;E

(good) and S (bad) where uF are negative or positive respectively. Then we
show that if Si° are not too big (in measure) we are essentially in the previously-
known monotone situation, and we can easily investigate the properties of the
operators A{ and AY. To choose a magnetic potential we consider the ODE
for the magnetic potential, which can be written as

9240 =2 / B ((v) 02 — ¥0(2)) dv (6.1)

using a simple change of variables, similar to the ones demonstrated in the proof
of Lemma [7.2|[2)), and recalling that u*(e,p) = u~ (e, —p). For simplicity, we
write as

9240 = g(4°).

In [21] it is shown that a sufficient condition for the existence of a purely
magnetic equilibrium is the existence of magnetic potential that solves this ODE.
Indeed, there exist periodic solutions. Moreover, assuming that pu~ (e, p) is even
in p we readily see that g(0) = 0, and assuming that [ dap, ((v),v2) dv > 0 we
see that ¢’(0) < 0. This implies that the origin is a center and that there exists
€0 > 0 for which there is a family of periodic solutions ¥?(z) with 0 < € < €
and periods Tyo depending upon €, satisfying , with

L |42 —0ase—0,

2. Tyo — P, as € — 0. Here P, = — V2m 5 () is the period associated
€ } \ [ bapp dv

with the homogeneous case ¥° = 0.

By readjusting the starting point, we may assume that 10 obtains its minimum
at 0 and at Tyo, that it has a single maximum, obtained at %ng, that it is
strictly increasing on (0, %ng) and finally that it is symmetric with respect to
%ng. We now show that for € that is small enough, and with an appropriate
choice of particle distribution = (e, p), this distribution is linearly unstable. As
discussed above, we are flexible in our choice of particle distribution p~ (e, p),
as long as the following conditions are satisfied:
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1. u(e,p) is even in p
2. [ op, ((v),v2) dv >0
3. sup p, and |Sp| satisfy the relation
2

_— .2
3P [5,] 6.2)

sup e <

where |Sp| is the measure of the set S, = {p, > 0}.

The first and third conditions are clearly easily satisfied with the right choice
of u~(e,p). As for the second condition: Since p is essentially vy (they differ
by ¥ which is a perturbation of 0), the second condition essentially states that
Ik pi, dv > 0. This is satisfied since p,, is an odd function of p.

We now show that Ay is a nonnegative operator: Recall that

Adh = —92h — (Z/uf dv) h+Z/ujPih dv
+ +

where P* are the projection operators onto ker D*. However,

D* = 4,0, + 9,B%d,, T 91B%0,,,

where BY = 9,90. Thus P* and A} both depend on e. We denote them by
P+ and A(l)’e. Let K. = ;% be the constant given by Poincaré’s Inequality,
0

€

Ty
which depends on Tyo and thus on e. This constant satisfies [, “h? dr <

T
K71 [y v (8zh)2 dz. Since Tyo depends on € continuously, so does K.. We let

Ky = 1’;—22 be the Poincaré constant associated with the homogeneous case € = 0.
We have the following;:

Claim. If (6.2]) holds then there exists some ¢’ > 0 such that A(l)’e is nonnegative
forall 0 <e< €.

Proof. We first show for ¢ = 0, and then conclude for small values of € by a
certain continuity argument. For brevity we drop the e. Letting u € H%O not
identically 0, we have:

P
<A?u,u>L2 = / (Bpu)? dz — Z// pE dvu? dr + Z// pEPE(u) u dv da
r 0 + S + S
= £ dvu? dx + // EPE(u) u dv dx
S /[ > [P

=I-II+1IT-1V+V.

We need to show that this is positive for all u. Since P+ are projection operators,
we easily have |ITI| < |II| and |V| < [IV]. Since IT has a ‘good’ sign, we have
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that —IT 4+ 111 > 0. Terms IV and V have the ‘wrong’ sign. Using Poincaré’s
inequality we can estimate:

P P
K
VI <1V = E X/iuf dv u? dx < E <mix;fet> |Sbi|/ u? dxg?OKal/ (8pu)” dz
+ /S, £ \ % 0 0

Thus (Adu,u) > I —IV +V > 11> £ Hu||i?) > 0. Finally, since K, varies

continuously with €, we conclude that there must exist an €’ as in the claim. [

Next, we turn to the operator AY. Again, one should denote Ag*f to make
clear the dependence upon e. It is shown in section 4.3 of [21I] that for e suf-
ficiently small Ag‘ has a negative eigenvalue if Ag’o has one. The same proof
still holds in our situation.

- O — 1 (T po s : .
Our last duty is to show that [”¢ = T,o Jo ' [ D1pg Pe (01) dv dz is negative.
By Lemma P preserves parity with respect to v1. Thus 0P, (01) > 0. But
since we chose p~(e,p) to be such that the domain where p_ > 0 is negligible

compared to the domain where p_ < 0 (and - is bounded by a small positive
number from above), we can clearly pick u~ (e, p) such that 1° < 0.

7 The Operators

For the sake of completeness of this paper, we prove the important properties
of our operators in full detail. These proofs appear in very similar form in
[21L 20]. One significant difference is that we cannot use u. as a weight as it
may vanish, and we therefore use the weight w introduced in the introduction.
Another notable novel part is Lemma @ concerning the positivity of A7} for
large values of A\, which has a rather lengthy proof. Most of these lemmas are
consequences of the properties of Q3 discussed in Lemma

Lemma 7.1 (Properties of A{‘, A%‘) Let 0 < A\ < 0.

1. A} is selfadjoint on L%, A3 is selfadjoint on L. Their domains are
HI%VO and H3, respectively, and their spectra are discrete.

2. For all h(z) € Hp,, | AR — .A(l’hHL?D — 0 as A — 0. The same is true for
A} with h(z) € H.

3. For i =1,2 and o > 0, it holds that || A} — A7|| = O(|]\ — o) as A — o,
where || - || is the operator norm from H% to L} in the case ¢ = 1, and
from H% to L% in the case i = 2.

4. For all h(z) € Hp, || Ath+ 92hlLz — 0 as A — oo.

5. When thought of as acting on H% (rather than HI%VO), the null spaces of
A3 and A? both contain the constant functions.
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6. There exists v > 0 such that there exists A > 0 such that for all A > A,
A} >~y >0,i=1,2.

Proof. 1. Note that as mentioned in Remark we are only interested in
the action of A9, A} on L% and not L%, but that does not matter for
the purpose of this lemma. We first show that the perturbations of the
Laplacian in A are bounded operators for i = 1,2 and all A > 0. For the
case A > 0, a typical such perturbation may be estimated as follows:

L2

P 5 1/2
Z/ufgihdv SZ(/ dx)
+ 2 + 0

<5 ([ {futa} {1t o2n )
<3 (sun [ letlaw) ([ { [ 1081020 )

5 (suw [l ) @2,
+ x

d_C*[Qin], < bl
+

/quih dv

1/2

1/2

IA

IN

due to the decay assumption and to the estimate (2.15]). Here, C is
a universal constant, depending only on the equilibrium. The case A =0
is even simpler, since the operators Q) are replaced by the projection
operators P* which clearly have operator norm = 1.

As for the symmetry: Clearly, —92 is symmetric. As for the other terms,
we use the properties of the projections P+ and the operators Q;\t to show
symmetry. In the case A = 0, an example of one of the terms is

P P +
Z/ /ufﬁzpi(@zh) dv k dx = Z/ /“—eﬁgpi(@zh)w dv k da
+ J0 + /0 w
P ik
=> / / e pE(Goh)PE (0k)w dv dx
+ /0 w

which is symmetric. (Note that in this calculation we multiply and divide
by w since the projection operators are defined in L2)). In the case A > 0,
we use the ‘almost-symmetry’ property of Qi proved in Lemma :
<Qim,n>w = <m, Q;\tﬁ>w, which is actually a symmetry property if m

and n are functions of z alone. This is precisely the case here.

The discreteness of the spectrum of Af‘, 1=1,2,A >0, is due to the fact
that —02 defined in L% has discrete spectrum, and all other terms are
bounded symmetric operators in L%, and, therefore, are relatively compact
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perturbations of —92. Thus, according to the Kato-Rellich theorem [17
V, §4.1], A7 and A3, A\ > 0, are selfadjoint with domains H}, and Hp,
respectively. Since —92 has pure point spectrum, so do the operators A2,
in view of Weyl’s theorem [I7] IV, Theorem 5.35].

. We calculate

A A= AT g, = < C|Qih=P*h|w — 0,

Z/uf (Qih —P*h)dv
+

L%

as A — 0, by Lemma , and using the fact that |uF| are bounded by
w. Here, C =" sup, ([ |uF| dv). The proof for A} follows in precisely
the same way.

. Let h(x) € H%. Then one has

lAYh—AT 2, =

> [ (Qih- oy do
+

< CY 1@ h—Q%h|w < ClInA—Ina] [|hl|,.
+

L3

Again, the proof for A2 follows in precisely the same way.

MR A+ 2R 1, = <CY Qih—hll, —0

L2 =

g/@ (QLh—h) du

as A — oo, by Lemma [2.5(). Here C =3, sup, ([ |uZ]| dv).
. This is clearly true by verifying that A1 = A}1 = 0 since Q* = 1.

. The proof for A} is straightforward: By Lemma 2.5/([1)), Q2 both have
operator norm 1. Thus, the only unbounded terms in Ay are —9% and A2,
both positive, and the claim follows.

The proof for A7 is more delicate. Since the following calculations are
quite lengthy, we drop the £, but the same proof still stands when both
species are considered. We need to show that for A sufficiently large and
for h € H3,

P P
0 < (Ath,h) = / (0:h)? dx +/ / pre (Q*h —h) hdv dz.  (7.1)
0 0 R2

Since the Laplacian on a periodic domain has a certain spectral gap G =
G(P) > 0, we need to show that

P
/ / pre (Q*h — h) h dv dz
0 R2
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Letting —oo < (8 < 0 be some constant to be chosen later, we may write

the left-hand-side of as
/ /\6)‘5/ / (s,z,v) — h(z)) h(z) dv dx ds

)\BAS

pre (Q*h — h) h dv dz| <

R2

R2

which we denote by I and IT respectively. We first analyze the term I:

|I| = ‘/i et /OP /R pe (W(X (5, 2,v) — h(z)) h(z) dv dz ds

B P
: </oo re ds) —ooca<s /0 /Rz pe(h(X (s, 2,v)) = h(z))h(z) dv dz

/OP /R fe ( / o 9eh(€) d§> h(z) dv dz .

Now, given s < 0 define

— M gup
—oco<s<3

§ := max {t| X(t,z,v) € {X(s,z,v) + mP, me€Z}}. (7.4)
Then due to the periodicity in the x variable, we can replace s by 5 in the
last integral, and we therefore have:
P X (3,z,v)
1] < e MPL sup / / Lhe / deh(€) d¢ | h(z) dv dx
—oco<s<f3 [JO R2 T
- 2
P X (3,z,v) d
—IB1| . / / / 0:h(€)] d _ @
e e sup &) de da
—oo<s<f \ Jo r2 \Jz : (1+ (v))~

Since |X| = |Vi| < 1 we claim that |X(5,2,v) — 2| < P. Indeed, by
the definition of 5 as the greatest negative ‘time’ for which X (¢,z,v) €
{X(s,z,v) + mP, m € Z}, and since x = X (0, z,v), the claim holds. We

1/2
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can therefore finally estimate

AlB| " / KEww) 2 i dv
I <e™ hllpz  su pl/2 / Och d —_— dx
n<e e s {0 ( 06h(c)| £> T

P P 1/2 2
=8| p| .2 pL/2 h(€)|? d )y
< s | f (/ (/ 2eh(€)] s) (H@))Q) :

= Pe MR 12 |0, Bl 22| (1 + (0)) 7|1

Now we turn to estimating the term I1:

(11| =

/; Ae*® /OP /R pre (h(X (s, 2,v) = h(x)) h(z) dv dz ds
< (/OOO Aets ds) ﬁsgggo
< llkllee sup (/OP[ [ (X (s,2,0) = h(z)| (1+dz)v>)ar dx) v

P X (s,z,v) dv 2 i
<ot s, ([ oo | )

We now again use the fact that |X| = [V3| < 1, deducing that | X (s,z,v)—
x| < |s| < |B|. Therefore if |3] < P, we have

Pl X (s,z,v) 2 1/2
I < ||h|| > sup / / / T oeh(e)] de — 2| dw
- o p<s<o \Jo | Jr2Ja ¢ (1+ (v))~

2
P X (s,z,v) 1/2 d
<||h su s|1/? / Oeh(€))? d @ dx
<t s | [0 [ s ( OHOP df ) T

P dv
/0 | (X (s,2,0) = h(@)| |h(@)| Gpa &

1/2

9 1/2

P P 1/2
B2 1/2 Ach(€)]? d vy
<l sp | [N [ (/ 96h(c)| 5) |

= PYV2|h| 2 |0u ] 22 | (1 + (0)) %] 1 |82,
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Combining our estimates for the two terms I and II we have:

P
[ e (@ my v de| < @+ (o) sl 0uhls (Pe P+ P2)512)
0 R2

<N+ (@) KG (PN 4 P12 5[12)

where K is the best constant given by Poincaré’s inequality on [0, P].
Recalling ([7.2), we need to choose § and A such that

PU2e=N8l L |g1/2 < 1

T+ ()| KPY2T (7.5)

This is easily satisfiable by letting |3| = A~'/2 and taking A sufficiently
large that only depends on P and a. We conclude that for for any 0 <
v < G, there exists A > 0 such that for all A > A, A} >~ > 0.

O

Lemma 7.2 (Properties of B*,C*, D*). Let 0 < \ < oo.
1. B> maps L% — L% with operator bound independent of .

2. For all h(z) € L%, HB’\hHL% — 0 as A — 0. The same is true for C*, D

3. If 0 > 0, then | B* —B°|| = O(|]\ —]) as A\ — o, where | - || is the operator
norm from L% to L%. The same is true for C*, D*.

4. For all h(z) € L%, HB’\hHL% — 0 as A — oo. The same is true for C*, D

Proof. 1. Let h,k € L%.

‘(BAh, k)| < zi: /OP (/u;,t dv) h(x)k(z) dx +zi: /OP (/ujgi(@gh) dv) k(z) dx
= I+1II

where

1< g/P (/u;: dv) ko) do < 3w (/ ] dv) 1hll s, 115, < C Al IRl

1/2

~
IA
]

P , 1/2
[t ae] ([ 1@20m) dv)dsc} Il

up [ Jut] dv) 1Q2 (01|, 1kl 2, < C N2l Kl 2, < C 1Al K2 -

IA
]
£

IN
]
/N — N —
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2. To show that B* — 0 strongly in L% we use the fact that @} — P*
strongly as shown in Lemma [2.50 We consider the two terms that make
up B* separately. As for the ﬁrst term of B, >4 f,up e,pT) dv: Since
ty (e,p*) = —p (e, —p™) one has

/ [ (e 9™) + py (e,p7)] dv = / [ty ((v), —v2 = %) + g1, ((v) 02 — ¥")] dv

The change of variables vo — —vy applied to p, (e, —p™) yields cancella-
tion. Thus the first term of B* is 0. (We note that even though this term,
which does not depend upon A, vanishes, we keep it in this paper, as it
arrises naturally from Maxwell’s equations.) The second term is slightly
more involved. As mentioned above, since Q) — P¥ strongly in L2, we

have that
Z/ Q:t U2h dv — Z/ iPi ’UQh)

strongly in L% as A — 0. Therefore, we now show that Y, [ uZP*(2h)dv =

0. Observe that since EY = 0, g(x v) € ker D~ if and only if g(x, —v) €

ker DT. Therefore P‘[g(x,v)] = g(x,v) if and only if Pt[g(z, —v)] =

g(z, —v). We conclude that P~ [g(z,v)](z, —v) = g(z, —v) = P [g(z, —v)](z,v).
Hence the second term of B h converges to

/(MZ”PJF[@zh](%U) + pig P [02h)(z,0)) dv = /(M?P_[—@zh](% —v) + g P~ [02h) (z, v)) dv
= / (—pd P~ [02h)(z, —v) + pg P~ [02h)(z,v)) dv

where in the second equality we used the linearity of P~. Now, we know
that uF (e,p*) = Q™ ((v) ,v2+9°) = Jepu™ ((v) , —v9 —1°). Therefore, by
changing variables v — —v in the first integrand we get exact cancellation
once again. Therefore, indeed, B* — 0 strongly in L%.

The fact that [|C*(b )Lz, — 0 (and similarly for D*) holds since (i) as A —

0, |Q2m—P*m]|,, — 0, as we have seen in Lemma (ii) p is even in vy,
and, finally, (iii) the projection operators P* preserve parity with respect
to the variable v; by Lemma Thus Y-, [ puZP*(v1) dv = 0. Combin-
ing these three facts, we get that ||C)‘(b)||L% — b3, [ uEPE(v) dvl|rz, =
0.

3. The proof of this fact is identical to the proof for A3.

4. By the triangle inequality:

hZ/(,u;,tva)guf)dv
¥

_|_
13

=I1+I1
L

1B*All s, <

Z/pei (Q2 (92h) — B2h) dv
+
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where [ vanishes due to (2.13]). The term I is controlled as follows:

T =< ; (/OP {/|/~Lei (QX (d2h) —@zh)|dv}2dx> -
< ; (/OP {/|u;t|dv/|u;t| !Q;(@gh)@ghfdv}dx)m
<Z ({sup/|uét|dfu} /OP {/|#e | | Q2 (t2h) — D2 dv} )1/2 <

as A — oo by Lemma

As for C*, we summarize the argument:

pEoy do =0

0 = |3 f vt etion a

as A — oo by Lemma and the fact that p is even in v;. The same
proof holds for D*.

L3,

U
Lemma 7.3 (Properties of [*). Let 0 < A\ < oo.
LM~ 1%asA—0.
2. [* is uniformly bounded in \.

Proof. 1. This is an immediate consequence of the properties of Q}. As we
have demonstrated how to use these properties above, we do not repeat
the proof.

2. This is due to the fact that Qi have operator norm = 1, the integrability
properties of uF, and the fact that |0;] < 1.
O

The following lemma lists the important properties of M?* — all of which are
inherited directly from the properties of the various operators it is made up of,
as listed in Lemma [Z1]

Lemma 7.4 (Properties of M?). To simplify notation, we write u” for a generic
element (¢,1,b) € H3 x H3 x R.

1. For all A > 0, M? is selfadjoint on L2 x L2, x R with domain H% x H3 xR.

2. Forall u” € HE x Hp xR, M u— M |12 12 xr — 0 as A — 0.
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3. If 0 > 0, then || M* — M?|| — 0 as A — o, where || - || is the operator

2 2 2 2 2
norm from HP’O x Hp x Rto Ly x Ly x Lp.

Proof. 1. This is true due to the structure of M* and the selfadjointness of

A? and A3 for A > 0.

2. We note that

A+ A B cA ¢
(M = M) u = (BA): Ay - A3 —DA 0
) — (@) —P(\—1") - P b

Thus

(M = MO ull gz ra ez < | (—AD + AY) ol + | B¢ + [[Cb]]
+ (BY) ol + 1| (A3 — AD) ¥l + |D0||

+HI(C) gl + 11 (DY) ¢l + | (=P (V-

where all norms on the right hand side are in L%. Since each of the terms
on the right hand side tends to 0 as A — 0, we are done.

We want to show that |M?* — M| — 0 as A — o. This, again, is true by
virtue of the fact that this is true for each of the entries of M* separately.
O
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