5.2 Algebra of limits

Given some functions f : R — Rand ¢ : R — R, our goal is to understand how limits

of f + ¢ might behave, as well as limits of f - g and Jé In general we should exercise
caution!

Example 5.1: Let C € R. Consider the sequences a, = n + C and b, = —n. Then:

lim a,, = +c0 lim b, = —o0
n—0oo n—->00
and
lim (g, +b,) = lim(n+C—-n)=lim C=C.
n—00 n—-00

n—-oo
This suggests that +co — oo = C for any C. The analogous example for functions would
involve f(x) = x + C and g(x) = —x.

Example 5.2: Consider the sequences a,, = 2n and b, = —n. Then:

lim a,, = + lim b, = —o0

n—oo n—0oo

and
r}im (a, +by) = nlim (2n —n) = lim n = +oo.

n—oo

Example 5.3: Consider the sequences a, = n and b, = —2n. Then:

n—0oo n—-00

and
lim (a, + b,) = lim (n — 2n) = lim (-n) = —co.
n—oo n—oo n—oo

These examples demonstrate that we should be cautious when taking limits of sums
or differences of sequences and functions. In particular, these examples show that +co—
oo is a meaningless expression. Similar absurdities can be achieved by multiplication
or division of sequences or functions. Let’s list the meaningless expressions:

Meaningless expressions N

The following expressions do not make sense:

H
g

400 — 0 — 00 4+ +00-0

) Nl

H
g

In contrast, here are the meaningful expressions:



Meaningful expressions

The following expressions do make sense:
+00+C = +oo (it CeRU {+o0})
—0+C = —oo (ifCe{-0}UR)
+00-C = oo (if C € R} U {+00})
+00-C = Foo (ifCe{-c0}UR.)
+o00
= = if C e R
T = +0 (1 S _)
< =0 (ifCeR)
+00

A more delicate meaningful expression is

,

oo (if C € {—oo} UR U {400} \ {0})

However to determine whether it is +00 or —co we need to look at the numer-
ator and the denominator in a neighborhood of the point in question. This
could lead to different left and right limits (in the case that the denominator
changes sign at the point in question).

\

Example 5.4: We start with a simple example:

f=

At x = 0, we have an expression of the form %. The constant C = 1 > 0 in this case, and
the denominator changes sign from negative (left of 0) to positive (right of 0). Hence

Iim - = -0 and

x—0" X
Example 5.5: We analyze the rational function
x—2
x2-2x+1

f() =

Numerator: x — 2 is < 0 when x < 2, = 0 when x = 2 and > 0 when x > 2.
Denominator: x> —2x + 1 = (x — 1)? is always > 0, and = 0 only at x = 1.

At x = 1 we encounter the situation % with C < 0. Near x = 1, the denominator is
> 0, so that both left and right limits must be —co and we have:

x—2 B
—2x+1
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The rules we stated allow us to state the following important theorem:

Theorem 5.5 (Algebra of Limits): Let f: R — Rand g: R — R, and let x( either be a
real number, or +oco or —oco. Suppose that as x — xp, both f and g have limits

lim f(x) = ¢¢ and lim f(x) = g

X—X0 X—X0

(these limits can be finite of infinite). Then the following equalities hold only when the
right hand side is a meaningful expression:

lim (f(x) = g(x)) = €5 + &g

xli_{gclo(f(X)'g(x)) =5
lim @ = f—f

X—Xo g(x) B fg’

where in the last case, g(x) must be nonzero for all x tending to xp, and it is possible
that there are different left and right limits (for instance, if ¢ changes sign at xy).

Proof. We prove just one case to demonstrate the idea of the proof. Let us prove that

lim (f(x) + g(x)) = £¢ + €y

X—Xg

in the case that both £ and {; are real numbers (and not +o). That is, we need to show
that for any ¢ > 0 there exists 6 = 6(¢) > 0 such that for all 0 < |x — xg| < 6, we have that

(f(0) + g(x) = (£ + L)l < e.
Fix & > 0. We start with f: since limy_,y, f(x) = (¢,

165 = 6¢(8) > 0 such that VO < |x — xo| < 67, |f(x) — €fl < &.
Similarly, for g, using the same ¢&:
464 = 64(8) > 0 such that YO < [x — xp| < 0g, g(x) — €¢l < &.
Define 6 = min{6f, 6¢}. Then forall 0 < |x — xg| <9,
(f(x) + 8(x) = (L5 + L)l = (f(x) = L) + (8(x) — L)
(triangle inequality) < |f(0) = Cel + Ig(x) — Gl
<&+ E=128.

By defining ¢ = 2¢& we are done: we have shown that for every ¢ > 0 there exists 6 > 0

such that for all 0 < |x — xo| <6, we have| (f(x)+g(x)) — ((r+{;) |<e. O
N—— e’ ———
this is the function this is the limit

An immediate corollary is this:

f

Corollary 5.6: If f and g are continuous at xg € R, then so are f £ g, f- ¢ and 2

continuous at xq (the last one only if g(xp) # 0).
Another corollary is this:
Corollary 5.7: Rational functions are continuous on their domains and polynomials

are continuous on R.
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5.3 Comparison theorems

Theorem 5.8: Let f: R — Rand g: R — Rand let xg € {—c0} UR U {+00}. Suppose
that
lim f(x) ={f and lim ¢(x) = {s.

XX X=X,

If in a neighborhood of x 0(excluding X itself) we haxole f(x) < g(x), then £¢ < (.

Proof. We skip the proof here. It can be found in the book. m|

Theorem 5.9 (Squeeze Theorem): Let f,g,h: R — Rand let xg € {—oo} UR U {+00}. If
xh_)% f(x) = xh—gclo h(x) =€ € R and f < g < hin aneighborhood of xq

(excluding x itself)

then
lim g(x) =£.
Proof. We skip the proof here. It can be found in the book. |

Example 5.6: Using this theorem we can immediately conclude that
2. (1
lim x sm(—) =0.
x—0 X
Yy

h(x) = x?

N

|—=
SN—"

g(x) = sin(

X

fx) = —x?

Example 5.7: The Squeeze Theorem justifies our computation in Example 4.12 (the
removable singularity of *3* at x = 0). In that problem we found that

sin x

cosx < — < 1
—— X N——
fx) ’ h(x)
g(x)

and used the fact that lim,_,g cosx = 1 to conclude that

sinx
=1.

lim
x—0 X
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