MATHEMATICAL ANALYSIS 1
HOMEWORK 3

(1) Prove the following lemma:

Lemma. Let f,g : R — R be monotonically increasing on some A C R. Then f + g is also
monotonically increasing on A. If either f or g are strictly increasing on A, then so is f + g. The
same statements hold if we replace everywhere the word ‘increasing’ with the word ‘decreasing’.

(2) Prove the following lemma:

Lemma. Let f,g: R — R. Then:

f,g are both monotone increasing = go f is monotone increasing.
f, g are both monotone decreasing = g o f is monotone increasing.
f,g are monotone of different kinds = go [ is monotone decreasing.

(3) Show that if f: A CR — R is monotone increasing on A, then —f is monotone decreasing on A.
(4) Let t. and s, be the translation and scaling functions, respectively. Let r be the reflection function.
Consider the function f(x) = 23 restricted to the interval [—1,1]. Sketch the following:
(a) fot.forec= 1 0,1
(b) teo f for c=—-1,0,1
(c) fos.fore=
(d) sco f for c=
(e) The difference f or—rof.
(5) Sketch the graphs of the following functions (choose a relevant part of the graph to sketch):
) sin(z), sin(2x), sin(—x)
b) log, z, logs z, logs(2?)
(c cos( ), cos(2x), cos(x — F)
(6) For the followmg pairs of functions f and g, compute f o g and g o f, and determine their domains:
z) =2, g(z) =z +1
() = V. g(2) = o —2
(2) = 1, g(x) = 2% +1
F(z) = sin(z), g(z) = 22

(7) For the following functions f and subsets A C dom(f), determine sup, f, inf 4 f, and whether the
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maximum and minimum are attained on A:
(a) f(x )—332 A [0,2]
(b) f(z) =2* A=(0,2)
(c) f(a:)::c 22+ 20 +1, A=10,2]
(e) f(z)= % = [1,+00)
() flz)=e", A=[-1,1]
(8) Using trlgonometric identities, simplify the following expressions:

sin(x) cos(z)
(a) cos(x) sin(x)
(b) (sin(z) + cos(x))? + (sin(z) — cos(x))?
(C) 1—cos(2z)
sin(2z)
rove the following equalities:
tan(z) + cot(z) = ﬁ

a)
b) cos(3z) = 4 cos?(x) — 3 cos(w)



Additional Practice Problems

+* These problems are for you to practice xx
+* They are not part of the homework assignment xx

(1) Sketch the graphs of the following functions (choose a relevant part of the graph to sketch):
a) sin(w—i— ), sin(z) + 1

b) Togy(2), In(—z), n(z~")

) —cos(x), cos(—z)

) tan(z), tan(2z), tan(xz + §), — tan(x)

) arcsin(zx), arcsin(2x), arcsin(—z), arcsin(z) +
) arctan(x), arctan(2x), arctan(—x), — arctan(x

(2) Sketch the graphs of the following power functions:
1/2 ,1/3 ,1/4

1 g2 g3

2/3 3/2 —1/2

T — )1/2, (:c+2)’1 2x'

3
)

() f(z) =22+ 1, gla) = Vo =1
(4) For the following functions f and subsets A C dom(f), determine sup, f, inf 4 f, and whether the
maximum and minimum are attained on A:

(a) f(z)=e", A= (=1,1)

(b) flz) =vd—a? A=(-22)
(¢) f(z)= arctan( ), A=R
(d) f(:L’) e y :[0 )
(e) flz)=2(2—-1x), A=(0,2)
() f(w)Z 1/3 A [—8,8]
() f(z)= = [1,+00)
(5) Determine whether the following functions are even, odd, or neither:
(a) f(z) —x +9€
(b) f(z)=
(c) fz)=2° +1‘
(d) flz) = z+1
(e) flz) =
() flx) = |$| +a
ing trigonometric identities, simplify the following expressions:

a) sm(x +y)sin(z —y)
b) cos*(z) — sin®(z)
(C) 1+ta112 ém))
14cot?(x
(7) Prove the following equality:

(8) Sox(eyfeontaz) = tan(22)

(8) Simplify the following expressions involving powers:
(a) (x3)1/2 .x—1/2




HOMEWORK 3 SOLUTIONS

(1) Proof. Let x,y € A with x < y. Since f and g are monotonically increasing:

Adding: (f +9)(z) = f(x) +9(z) < f(y) +9(y) = (f +9)(y)-
If either is strictly increasing, the corresponding inequality is strict, so f + g is strictly increasing.
The decreasing case follows similarly. O
(2) Proof. Let x < y.
Case 1: Both increasing

(f(y)) (since g increasing)

So g o f is increasing.
Case 2: Both decreasing

(f(y)) (since g decreasing)

So g o f is increasing.
Case 3: Different types

f(2) < f(y) (if f increasing)
>g(f(y)) (since g decreasing)

So g o f is decreasing. O
(3) Proof. Let x,y € A with 2 < y. Since f is increasing:

flx) < fly) = —f(x) > —f(y)

So —f is decreasing. O
(4) (a) fot. forc=-1,0,1:
ec=—1: fotq(x)=flx—1)=(z - 1)3
e c=0: fotg(x) = f(x) =23
e c=1: foti(e) = fz+1) = (x+1)°

(b) teo f for e =-1,0,1:
ec=—-1lt jof(x)=flx)—1=a3-1
e c=0:tyo f(z) = f(x) =23
ec=1lLtiof(x)=fla)+1=a3+1
3



(c) fos.forc=32:
e c=1: fosip(a) = f(2z) = (22)° = 823
o c=2: fosy(x)= f(x/2) = (2/2)% =23/8
| 83
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23 =13/2

(d) sco f forc= 3,2
e c= %1 sij20 f(z) = %f(m) %
o c=2: sy0 f(x) =2f(z) = 223
223
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fog(x)=(xr+1)2 dom=R
gof(r)=22+1,dom =R
fog(x) =+z—2, dom = [2,00)
gof(z):ﬁfQ, dom:[(),oo)
fog(x) z21+p dom =R

g0 f(z) = & +1, dom =R\ {0}
fog(x) =sin(2z), dom =R

go f(z) =2sin(x), dom =R

sup = 4, inf = 0, max attained at x = 2, min at x = 0
sup = 4, inf = 0, neither attained
sup = 17, inf = 1, max at £ = 2, min at =0
sup = oo, inf = 1, min attained at £ = 1, no max
sup = 1, inf = 0, max attained at z = 1, no min

sup = e, inf = e~

sinx

cosx

1

Ccos T
sinx

=tanx + cotx =

,max at x =1, min at x = —1

(sinz + cosx)? + (sinz — cosz)? = (1 + 2sinx cos )

l—cos2x __ 2sin“ x __ sinz
sin2x ~ 2sinxzcosx = cosz
tanx 4 cotx = SBEL 4 5L —

= (2cos?x — 1) cosz — 2sin

cosx sin

2

=tanz

sin® z4cos?x __

1

+

sin? ercos2 T __ 1 2
sinx cosx sin x cos x sin 2z

(1 —2sinzcosz) =2

2

sin ¢ cos «

T COST

=2cos®x — cosx — 2(1 — cos? ) cos
=2cos®x —cosz —2cosz +2cosPx =4cosPz — 3cosz

sinzcosx

cos 3x = cos(2x + x) = cos 2z cos x — sin 2z sinx

sin 2z



ADDITIONAL PRACTICE PROBLEMS SOLUTIONS

Y
sin{z < m/2)
\\\\ /// \S{l(w) n 1
~e Lo T
(1) (a)
Y
- In(=2) W(z/m
\\\ ln(a}*} .
(b)
Y
cos(—x)_|
- - x
©) } — cos(x) )




A\ .
\arcsin(—x)

\

in(2x)
Y

arctan(2z)

arctan(—x) o arctan(x)

X

™ ~ arctan(x)







(3) (a) fog(z)=e"* =2, dom = (0, +0c0)

go f(z) =In(e”) =z, dom =R

(b) fog(z)=|z—3[, dom =R
go f(z)=|z|] —3,dom =R

(¢) fog(x) =2 =|z|, dom =R
g0 f(x) = (VB = 2, dom = [0, +00)

(d) fog(x)zél_lfl z»dom R\{O 1}
gof(z)= = =2—1,dom =R\ {1}

() foglx) = (#5)/ =z, dom =R
gOfEa:g E 21/3)3 =z, dom =R

(f) fog(r)=(Vr—1)2+1=2x, dom = [1,+00)
go f(x)=+/(224+1)—1=|z|,dom =R

2

cos?  — sin? z = (cos? x — sin” x)(cos? x + sin® x) = cos 2z

(6) (
(b

1+tan T sec? _ sin x

(4) (a) sup = e, inf = e~1, neither attained
(b) sup = 2, inf =0, nelther attained
(c) sup—7r/2 inf = —7/2, neither attained
(d) sup = oo, inf = 1, min attained at z = 0, no max
(e) sup =1, mf =0, nelther attained
(f) sup = 2, inf = —2, both attained
(g) sup = 1, inf = 0, max attained at = 1, no min
(5) (a) Even: f(—2) = (—2)' + (~2)? =2 + 22 = ()
(b) Odd: f(—z) = (=2)° — (-2)’ = —2° + 2° = — f(2)
(c) Neither: f(—z) = (fx)3 + (—2)? = —a3 + 2% # £ f(z)
(d) Odd: f(~2) = %51 = iy = [ (@)
(e) Even: f(—z) = (-2)7* =27% = f(x)
(f) Neither: f(—z) = |- z|+ (—z) = |2| -z # +f(2)
a) sin (x +y) sin(z — y) = $[cos(2y) — cos(2z)] = sin® y — sin® z
)
)

= tan’z

¢ 14+cot2x = csc2xz ~ cos?z

(
(7) Proof. Using sum-to-product identities:

sinz +sin3z  2sin(2x) cosx

cosx +cos3r  2cos(2z)cosx

x3)1/2 cp /2 3/2 12 gl g,
r2/3~.’t2/2 — p2/3+1/2—(=1/6) — ,2/3+1/24+1/6 _ ,.4/3

(z~2y%)~L/2 = gly=3/2 = %/2

21/3 )3 — (213 (-2/3)3 — (p1)3 = 4
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