
theorem Mean Value Property
Let u be a harmonic function in a disk D and continuous on

D DU DD Then the value of u at the center of D equals

the average of u on its circumference ID

Proof Without loss of generality assume D

that the center of D is at x y 9,01 g
FromPoisson'sformula we know that

OD

u ro GIJ at de Laf re dy
which is by definition the average of u on 2D

Theorem Strong Maximum Principle

Let D be a connected and branded open set in 122 Let UKy

be harmonic in D and continuous in D DU 2D Then the

max and min of u are attained on 2D and nowhere inside

D unless u is a constant jumtion

Prost we've seen in section 6.1 a proof
_pof theweakversion Now we can prove thestrong

version



Zooming into D
supposethere's a point pin in D where

the wax of U call it M is achieved

That is u F E u m M EM
y

for any F ED

e oh

theyD we can do this because D is open
Now we use the mean valueproperty

M u m average on circle

However theaverage cannot be more than the wax M So we

have M u pin average on circle E M

average on the circle M

If there are points on the circle where u M there must be

otherpoints where u M But this would contradict Mebeing the wax
u M on the entire circle

But we could have chosen the circle to be of any radius so long

as it is CD So u M on the entire blue shaded disk Now we

can repeatthe argumentstartingfrom any otherpoint in the blue disk
to get the red disk Eventually we can read everypoint in D

herewe use thefact
thatD isbounded and

connected

dot
dot
dot



Conclusion WE M everywhere in D

I e if u attains its max inside of D u must be

constant Otherwise the max can only be attained
on 2D

Similarly for the min

A slightly more rigorous prat

suppose the u attains its wax M at some point
pm ED Let p e D be any other point Let
M be a curve contained in D linking pin and F
Let d o be the distance between M and JD

d is positive since both pin F are in D T

is chosen to be in D and D itself is open
Let B be a disk centered at pin with radius

Then B C D By the mean value property
M n pin average of u on 2B

The average of u on any set cannot exceed M So

wehave M average on 2B E M Hence the

average must be M The value of u cant

exceed M at any point on 2B so in order for the
average to be M the value of u also cannot be or

at anypoint Hence n M on 2B



The same argument can be repeated for any disk of radius
24 around pm for any LEC D Hence u M on

the entire disk Bi
Now choose a point pier n OB u pi M

Let Ba be a disk of radius of centered at pi By
the same argument as before applied to pi instead

of poi LEM on Bz
Chose a point pie M n 2B and repeat these
arguments

Importantpoint since M is a closed curve and

all disks Bn are of a fixed radius only finitely
many are required to ever P

However p was arbitrary Be

so u M everywhere in D

Conclusion if the wax is attained in

FD then u is simply constant Otherwise
the wax would necessarily have to be on OD


