
 Section 2.5 21 Show that there is no maximum

principlefor the wave equation
at

As usual let R be a

rectangle in the x t plane R
and let M be the union

r

of its bottom right and left I
sides

I 5 x

We consider the slope te sloped

problem WEE Eh xx taxes t o

he D A MexD xx axes

We know the solution

to be given by d Alembert's formula

next I lect Ect ad reads

Idea of theproof Take initial conditions
0 and x x nonzero in a small region

Call this small region Go 3 see sketch
Draw the domainsof influenceof Gat But
The domain of influence of the interval between

yo and y is shaded red Call it C
Take a small time ti smaller than when



the domain of infuewee C intersects P
Look at the small rectangle Exo x x lost

for this rectangle u o on the bottom right
left but u need not be 0 in C

Detailed proof for convenience assume that El

In the sketch above take xp X 0 and

take x X Take y tx yo IX
Take t e X X at R

Take 4 L SEE 1 Ex

take 4 0

af it
Then u must be O

outside of C
slope 1 slope I

Consider the rectangle
IX X x Lot

Then u is o on its bottom right left
However at Gt o tx we lane

uco tx LII as tax 0

This means that there is no wax principle



Section 1.5 21 consider the problem
w U x O OWL

uco u 4 0

U H O is a solution Is this solution mine or not

Does the answer depend on L

We know that the equation n u is satisfied
by sines and cosines By linearity we can take

linear combinations so a general solution will

have the form 4 A cosx t B six

Now we need to satisfy the boundary conditions

O u A
ergotBeing A A 0

So we discover that A O

B o

o nd Brinn to

sing so

B O means that v0 So we focus on sin 4 0

This can only hold if L is a multiple of it

Conclusion If Ent then any functionof the form
B sink is a solution so solutions aren't unique



If L is not a multiple of IT then v0 is
the only solution

section 1.5 22 consider the problem
u N t n'a f x o excl
u g na ta n e tales

with Fx a given function
a Is the solution unique Explain
b Does a solution necessarily exist or is there

a condition that f must satisfy for existence

a Suppose that there exist two solutions u and u

Noticing that the equation is liar w u v

will be a solution of
W x W x O O excl

w W o t w e tw o

solutions of the original problem are unique if
and only if we is the only solution of this
problem

Integrating once we find W Nt WN C
at day Wt C

Ig dx

integrate log Wtc X t D



log WE x D

exponentiate 0 Clothes et D exed

since else wtc we find that

Wtc et ED
W C exe D

Denoting C L Cz e
D

we have

W x C t Cz and w Eze

Now for the boundary conditions

we compute WH Citcz WH at Czed
w'd Cz w'd Cz e

l

we need to satisfy WHEW Et wawel

D C Cz Cz C 202

Plugging this into t e we we have

I C 2Gt Get zed Cz
which is indeed up so a holy



Conclusion WH 2C at Cz et

solwethe eq for w u v with the required
boundary conditions Hence the difference between
u and u isn't necessarily 0 so that they can

be differentfrom one another

0 The solution of the original
problem isn't unique

b Now we return to next wk fx o excl
and ask whether a solution necessarily exists There

isn't much to do with this eq other than to integrant
it from o tr e

S u x tu n dx Si f A dx

n'all t walk J f x dx

n e tnf fu tuco Jf fax
Thegiven boundary condition n n o ta Wtae

implies that the LHS of is 0

Wefind that Sff ax o is a necessary condition

for a solution to exist



Section 1.5 25 consider the equation
Nxt guy 0

u go
a For p xx show that no solution exists
b For a show that there are many solutions

This equation appears a section 1.2 of the book but
lets solve here too We know that for a first order
PDE with variable coefficients we want went to solve

day ba4y

In this case it is x Y 9 dx

integrate logy xtc

expatiate egg
etc exec

Inte this const A
so we find that y Act solves this

and gives an eq for the characteristic curves

We exrese the constant as A yet
so that

u x y f yet

is the general form of the solution of the
PDE



a Let's see what happens with 4 x

x 4 x u x o f O

This must hold for every x which is impossible
since f is some fixed number

So there are no solutions with AN ex

b Try D 1

I X u x D f o

so any web of the join UK g f yet
satisfying f I will solve the equation

There are many functions f that

satisfy this


