



















































6.1 Lalace's Equation
Wehave so far dealt primarily with the wave es Kee Eun
and the diffusion eq ME Kuxx Now we think of what happens

for largetimes when perhaps the solution hassettledto some

steady state Then if everything is steady we expect that

UFO and Meet O

In both cases this leaves us with u xx P This is called

Laplace'sequation which we shall consider a higherdimensionstoo

ID U xx x 0

2D AUX G U xx 3 tuzy x y 0

3D DUCKYF UxxKB UyRis MaK y 2 0

Theoperator Lu An is called the Laplacian

Any solution is called a harmonicfunction

Weconsiderhigher dimensions since ID is rather boring solutions

have the form H Axt B

If the right hand side is nonzero Ane f the eq
is called Poisson's eq

So now we won't have a time variable

OJust spatialvariables G b or Gyp
which will typically belong to some

F b p
open set D in RZ or 123

JD
open means that D doesn't include its boundary theboundary



haplaces eq satisfies a max principle mud like the diffusioneq
It holds in any dimension we stick to 2D forsimplicity
theorem Maximum Principle
Let Dora be a connectedopen set Let 20 be its boundary and

I D VOD its closure Let u x y be a harmonicfunction in

D that is continuous in D Then the maximum and

minimum values of u in D are attained in SD and

nowhere in D unless u is a constant function

hd

EP
I Pm Xm yin and PM Xm 3M in 20

pm
sit U m E u F E U m

F F X y E D

2 There are no points in D that satisfythis
F

2
I e there are no gun Ea e D sit

U gin E U F E UGm V E R YI ED

We prove D my similar to theproofwe've seen before and 2

will be proven later
Let e o and define p u p t Elp I where we

recall that IF x y Then

AV Aut EA 1 AUTE 2 233 x2 132
But E 2 2 1,1 48 4870

Éhtonic

At a local man pied AV F IV 2515 so sothere'smy localman



of v inside D Since v4 y is continuous in the closed

set 5 it must attain its wax and min there and

in particular these must be attained in 2D the boundary
Suppose v p attains its max at PT E OD So FEED

UK E V E E V E WENT
Elpot

This is smaller than Ngata ut This issmallerthanthesquareofthedistanceof thepoint in SDwhich is

f g farthestfromtheorigin Call thisdistance

u s YEI u t ee

This is true for any E o as small as we wish so it must

still hold true for E o i.e Ulp s Yabut YE ED
Since 2D is a closed set Ifb u is attained at

some point on the boundary call it pre 2D So

FEED UCF s Yelp uk n pm

similarly there exists pine 2D sit u m E u I VE ED

roof of a will followlater



Theorem Uniqueness of Solutions
but f in D

The Dirichlet problem for Poisson's eq uh on op
has a unique solution

Prof suppose that there exist
t

solutions u and V Let W U V

Then AW AND Du Du f f O

and w u v h h o on 2D

So w saves the problem LAY InBy
From the maximum principle we know that the wax

of w in D is achieved on 2D But W is O

there Similarly for the min of W So We everywher
O W u v u v everywhere

Invariance under rigid transformations

Proposition
The Laplacian is unaffected by translations and rotations

Proof is an exercise it is in thebook 2D p 156 3D p 158

This means thatmoving D or rotating it won'tchange the result

It also suggests to look at radial spherical symmetry



The Laplacian in 2D in polar coordinates
Let roost y reins

The Jacobsen is J 3.133
and the Jacobian for the inversetransformation is

1

8 2 cos 0 É 5 28

25 sin p f t off

To compute É and 23 we need to proceed with
caution because we can't just square these expressions
There will be cross terms It's best to try it on a function

att use of 8 28 use of 8 28 f
us part f use at sit f

8 28 useoff
8 25 8 28 f

as party as Bf 6050 Ipf 57 If
Singlose ya

apart 8 0 off safe 2 f
Cosaart 2 50 art sit 2 25 40of sin I f

Similarly 2 2 f

sin02 2 5 org ji 28 40,8 at f



Hence we get Af 2 25 f

Is sino art sin 90 2ft sinews's I f

Using the fact that siestas o l we conclude that

D Fit Fyi 2 2 t t of rt of

For functions that are radially symmetric ie do notdepend

upon 0 all 0 derivatives vanish so the operator becomes

2 2 I of Gorfunctions that are radiallysymmetric

We can easily solve thehomogeneous problem coming fromthis

MIF O

I ru checkthis run r ar art run urtrurr

tr Cud r o Cmdr O c run e

e un f
u f C lur t Cz

lur ludxtya is an extremely important
harmonicfunction in 2D



The Laplacian in 3D in spherical coordinates
we use the convention that 4 is the angle
in the Ky plane azimuthal angle and I

fx.ggP is the angle from the E axis polarangle
to be consistent with the book I

Xy D
to

Weskip the details of the derivation of the formula
for 1 in spherical coordinates try it foryourselves
and write the final expression

D 2 255 2225 Strat fait rising of sinejet rising af

In the case of a radial function i.e no P or dependence

this reduces to

E

Solutions of this are as follows Igt
0

cargo a fraud r O E r ur C

c ur É
c up ft Cz

t at'yatzz is an extremely important harmonicfunction in 3D



Examples Section 6.1 25

solve next resist in rsa with ucx.by o on r a

I U 0

In 2D we know that the Laplacian
takes the form a

Au Urrt Ur

for real functions So our guts

problem becomes

ur turn I in co a

Ua O

We've seen that urrttur turn so that our

equation is reduced to Crud 1 At run r r

to run Etc 9 8 ur E
at un TT t c burt Cz

Now we impose the boundary conditions Notice that

we only have the condition u a 0 However notice

another important aspect our domain D

includes r o the origin where lur is

not dead So we need that term to vanish
we require 9 0 Hence we're left with

WA F t Cz Imposing re a to leads to

Cz of uh r2 az


