
5 4 completeness convergenceof Fourier series
We continue with the operators LD Ln and Lp on

the interval a b Wehave seen that
i There are no complexeigenvalues and all

eigenfunctions can be taken to be real valued
2 Any twoeigenfunctions corresponding todifferent
eigenvalues are orthogonal
There are no negativeeigenvalues

4 There are infinitely many eigenvalues
tending to to they can be ordered

as Os X E X z E X E to

Let f A be a function on Gb Let L be any of
Lo Ln or Lp Let Xn Xn be eigenvalue

eigenfunctionpairs where Xn are not necessarily chosen
to be real perhaps out of convenience we've seen

that complex eigenfunctions can be easier to work
with

Definition The Fourier coefficients of f are

An In.tn SabfXnxsdxJalXucxsI
dx

The Fourier Series of f is FA É An Xn A



Notions of convergence what does the equality
f A IEAnX I mean In other words if
we consider the partial sums SNR E AnXn
converge to f R as N to

Definition
We say that SNG converges to f pointwise
if for each X E Ca b

If Su I 0 as N D

We say that Snk converges to f uniformly
in La b if

MEI FA SN a 0 as N to

We say that Sir converges to f in the L2

sense if
gab f s n dx o as N to

Under various conditions or f there are theorems that

guarantee each of these notions of convergence
We skip that for now

Instead we focus more on the E theory



Theory Bessel's Inequality and Parserals Equality
we have seen the definitionof the inner product

g JabFA ga dx
Let us go further and define a norm

If 11 4 f f JJ Pdx
which leads to the notion of a distance metric

If g Il JJ If p g Pdx

Recall that our f is given by f x FIAnXn N
To understand the convergence we split

fA nEAnXn tEAngnyn
Ent.AnXna

EEN AnX f x Sn HEE AnX HIE life Snl

chief error

Er I f x SnIf Ja f x ÉAnXnNTdx
Jabftx12dx 2E.If AnXnxdxtEiE.Ja'AnAmxnXmdx

If 112 235Anf XD T É É AnAm Xn Xm
4112 2 E ATDXn112 EATAxnl
If112 IEATAXml

Since En is a norm it is 30 so If112 EE Ai IX 11 30

EE Ai lx n Il E If 112



This is true for any N hence all partial seems
É Aillxnl are uniformly bonded so we may take

the thot N ta to get

ZIA IX IF I If 112

This is called Bessel's inequality

Theorem The Fourier series of f converges to f in E

if and only if there's an equality in Bessel's inequality

Prof By definition Siva converge to f in the E sense

if and only if J If Six dx 0

Iisisexactly EN

However from our calculations above EN o as

N to if and only if 11711235An'llX.lt O as

N ta which is true if and only if

E Aillxn Y Ilf112

This is known as Parseval's equality



Definition The set of orthogonal functions Xix
is called complete if Parseval's equality is true

for any f with Ifl JE l fat ax s o

Theorem E convergence withoutpoof
Xix I coming from Lo Ln or Lp are complete

Therefore Parsevals equality holds whenever 141120

Them uniformconvergence
The Fourier series ÉAnna converges to fx uniformly on cab

provided that
i fx f'd exist and are continuous on Lab
a f satisfies the BCS comingfrom L

Prof we prove forthe case of the full Fourier series
on fl e with periodic Bcs To simplify further take fit

Write f tzAotElAnCos
xtBnsinCnxTflx_tzA.tEILAT as nxstBnSinCnxD

An tSif ascniiEtItfa.s.in Iinttite gAn ten
similarly we can find that Bp tf Heretheperiodicity

and continuityof f fare used



Élan coshe It IBnsinnx 1 E FICA It Bnl
It than l IntThar E not Elation D2

const E 2An Bn 7
s

his isfiniteby Parsevals inequality

Ill An as a IBn since s o

The Fourier series of f converges abbey

HEE fi IA ÉAncora Bn sink

EEE EI Ancos Nxt BnSinha

E HEE FI An us RN Bn since

II l Antti Bnl s r

THI of a convergent series so

it tends to o as Ns tr

The Fourier series converges to fix both
abbey and my forty


