
5.3 Orthogonality and General Fourier Series
We now consider some generalpropertiesof Fourterseries
NOTE THAT EVERYTHING HERE IS COMPLEX VALUED

Consider thegeneral interval a b

set f x ga be function on la bl they can be complex valued

Define an inner product a.k.a dotproduct for f g as

f g fabf Mgm ax

where an overline means thecomplexconjugate
We say that f g are orthogonal if Cf53 0

Recall the operators and boundary conditions

L negative second derivativeoperator with Dirichlet Bcs

D Life f es f a th 0

Ln negative second derivativeoperator with Neumann BCS

N Lnf A f x f af b 0

Lp negative second derivativeoperator with periodic Bcs

Q Lnfa f x f af'D flat f b

E this last BC is a new one corresponding to the

full Fourier series



Green's Second Identity Take two functions y ya on Cab

Then Ey 52 9,52 y 52 zig t gift y 5
y Tz t YiTÉ

We can integrate and use thefundamental then of calculus to get
C y 52 9,52 É SEEy 52 3,51 dx

This is called Green's second Identity

Leung Assume that both y ya satisfy
either Dirichlet or Neumann or periodic BCS Then

the LHS of is 0

Prof Lets check for Dirichlet checkNeumannyourself

LHS of yi b Ja b ty b yjb fyiabzaty.ca yslas
T T T T

O

Let's check the periodic case

uts of yibyybtn II 3 nl
the two terms I are equal withoppositesigns as are the

two terms I So we get O



Observation Let L be one of Lo Liv or Lp
Suppose that xx are an eigenvalue eigenfunction pair
LX XX Then

L X L X LX XX X X

H X are also an eigavalee eigenfunction pair

Theorem In all three cases D N or P

there are my complex eigenvalues and any eigenfunction
can be taken to be real valued

Proof In Green's Second Identity replace y ya
with some function X x Then

C X It XX É S X It XI ax

Nowsuppose that X is an eigenfunction of Lo Lar
or Lp with eigenvalue X

From the Lemma we know that the LHS 0 Hence

O S EX I xx dx SabC XXI X ET dx

X X SI X IN dx X X J IX Pdx



Since XP 30 and since X x is nottrivially 0
the integral Sab IX at dx is strictly positive why

Therefore we must have X Xt 0 which can

only be true if X E R

We need to show that Xu can be taken to be real valued

Suppose that Xx is complex valued and write it as
X D Y i ZN where Y Z are real valued Then

Y x iz'd X x XXX X Ya t it ZM

Taking real and imaginaryparts we have

Y X XYES ZED E X ZX

Weknow that X satisfies CD N or P Y and Z will satisfy
the same BC s as well check this

So Y Z are real valued eigerfections satisfying the same BCS

as X Since I has eigenvalue X X eigenvalues are real
we conclude that we can replace X E by Y Z observing that

span X I span Y Z

So we have shown that x can be taken with eigenfunctions
Y and Z which are both real rather than X X



Theorem In all three cases D N or P

any two eigenfunctions corresponding to different
eigenvalues are orthogonal

Proof We already know that all eigenvalues are real
and that eigenfunctions can be taken to be real valued
Take X N and X z corresponding to two

different eigenvalues X Xz

In Green's Second Identity replace y bz by
X X z The hits is O from the Lemmer

So we have

O S x X t X X's dx
Jab Xx X at X taxi dx

Cx xp Sab xx dx

Since Xi Xz by assumption this means that

fab xx dx 0 X X 0





Theorem In all three cases D N or P

there are infinitely many eigenvalues tending to to

O E X E X z E X z s t p

corresponding to Xn is an eigenfunction Xna which can

be chosen to be real and orthogonal to all othereigenfunctions

we take this theorem withoutproof


