






















































5 1 The Coefficients of a Fourier Series
As we've seen in the previous section on Coe
the initial condition x was represented as

f x E An sin Mex in the Dirichlet case
Fourier sing series

Aot Ent An ersCEx in the Neumann case
Fourier cosine series

This was true for both the waves and diffusionequations

It turns out that on so e essentially any

function can be represented as a Fourier sine

series and as a Fourier cosine series

sin Ex on o D coste x on op
nel 2,3 4

here we took l it











































































That is both the sines and the cosines form a

basis for functions on 0,1 However notice that
the sines are always 0 at the endpoints and the

cosines always have a derivative which is O at the

endpoints

Compare to Rn suppose that Ivi Ui it are

two bases for Rn Then any v e R can be represented as
V É Airi and as u II bi u

uniquely

If the bass's elements are orthogonal to one another

ie Ci Vi 0 and Gi nj 0 iff i j
then we can find the coefficients

V V EI ai Vi Vi É a Vi Vi ajllvs.tl

age yz V Vj

So first we check for orthogonality of these bases
what does orthogonality even mean forfenetions on 10,1
It means that their joint integral is 0 fa ga are

orthogonal iff J FA ga dx 0





































































th f sin f sweet a
if mem

if n m

Jess hit cos lax
o if n m

f if n m

Proof We show justfor the sines It is identicalfor the
cosines Suppose that n m Using the identity

sin a simp t cos 4 p I cos xp
we have

sin f sonMel tacos tethmi tacos teams
Integrating If we find

J tacos ten mil ax an hit sin am I
a n mut Linty sing 0

For mm we use sink t t cos 22

Sj sin E ax Joe t t as nee dx

Il art sin It É
Il ant singing sing El



Fourier Sine Series Consider again
a E An since x

Proposition
We can compute the coefficients An end we have

An ZeJi 4G sinceDax

Proof Multiply by since x and integrate fol

J 4 sincex ex J E Ansincex sincex dx
I An J sincex sinceMax

Wiesman s Am tl

Am EJ 4 x sinceNdx

This expression and the proof is completelyanalogous to what
we've seen in thefinite dimensional case Rn above

Aj MHz V Vj



Fourier Cosine Series Now we consider

H I Aot Ea An ersCEx

Propsiyon The coefficients are givenby
An Zef Xx as CED ax

thisexplains why we put a ta in frontof Ao otherwise the

formula for Ao would differfrom the formulasfor An into
by a factorof 2

Proof The proof is identical to the previousproof so weskip
Wejustprove for Ao which is different

J x 1 dx f I Aot FaAncosTED l dx

J t Aoda t EnAnt cos Dex

IA T

A Sf f x dx



Full Fourier Series Now we work on El l

It turns out that on the interval the we need all the

eigenfunctions used both in the Fourier sine series and in

the Fourier essive series That is we need

sinCEN and cosCED

as well as the constantfunction 1 which is the

first term in the Fourier cosine series

So on the we can represent on as

s Aot EF An cosTEN Bn sincea

heat If Css Ex sinMEx dx O f mim 1,2

If cosCED costed ax L
if n m

e if nem

If sinCFD sinceDax L
if n m

e if n m

Stel sinceDax I l esteem ax 0

Steers E dx JI since dx toffee ax l



Theproof is as before so weskip This allows us to compute
the coefficients

Proposition The coefficients of the full Fourier series
are given by

An I Jie cos Fx dx n o 1,2

But if I 4 sincex dx n 1 2,3

Theseformulas are not identical to the ones we had before
since the interval is now tell rather than 0,1
Theproof is as before so we skip it here

Ex We shall now consider the function H X

in 3 different ways

1 Represent as a Fourier sine series on O e
2 Represent as a Fourier cosine series on 10e

3 Represent as a full Fourier series on Hold



1 We want to write x H É An sincex in Qe

We know that An IS x sinned dx
uptake 3 us Ex I FtJessCID de

Ff cos he t O t Faz sinCED I
If D t Fitz sing sing

fight 24

x It If sinCtx of sines tsin x 13sized

2 Now we write ON IA t E Anas Ex in a

An Ff x cosCIN dx

In sin CED I nt fi since Ddx
o He cos Ex I

Faces
op

o n even
4

2 n odd

A FJ x dx I l

x Il Ead mess Ttx te Less x atascent



i the
3 Finally x p x EA t FI An us 14x Basinned

A tefi x dx 0

An Iti x cosCED ax It sinceDie the es Fx Ie
I sit hesings E EGIL oosIII 0

Bn it x sink Adx te es Fx IIe tea sincea IIe
haayyy target f Ising sing
1 12,1

x E fi É sincex of sines tasu E t'ssized

Notice that this is identical to the Fourier sine

series that we found before
We will seewhy this is not surprising a bit later

Hint 4K ex is an odd function
sin CEx are oddfunctions
as ED are even functions


