
The Diffusion Equation

The analogousproblem yet Kuh t once t o

for the diffusion eq is Yo E uh 4 0 t o

UK o a octal

Following the same procedure we make the ausatz

UH XX TLE
This leads to XX T K X T

Dividing by text we get

E E x

as before where we have inserted a sigh
since we anticipate x to be positive
Notice that the temporal part only has a T

not T this is going to be crucial

X part As before we have X XXX
with the boundary conditions Xy Xe 0 Exactly
as before we get multiples of sin Ex

T part The Tpart is T X KT E

The generalsolution is TE A e
tht

The X part requires discrete values Xn H as before



So we find the sequence of solutions

Wak D Anette sincex

And the generalsolution is any finite sum

u x t E An et the sin Ex

and tosatisfy the initial condition we need

4 Ux D An E sincex Ansincex

comparing temporalbehavior

The temporalparts of the solutions contain

An Ws Ect Bu SiuCEet WAVE

An
t ht

DIFFUSION

This again demonstrates that solutions to the wave eq
conserveenergy sin and cos are periodic whilesolutions

to the diffusion eg have decaying energy decaying exponential



Fourier Series

The expression of a function as a sum of
sines and cosines is called a Fourier series

Joseph Fourier 1768 1830

It turns out that we can take infinite sums but
with caution

This is an extremely important concept in
all the sciences

This can be done for almost any function

When we wrote 4 In An sie CEx
then the kits is called the Fourier expansion
of 4 Since there are only sines the series

is called a Fourier sine series

Below we'll have an example with a series

of cosines That will be called a Fourier cosine

series



Comparison to Linear Algebra

Let's look again at the equation X ex x Xx

Define L to be the operator that sends a function to

its second derivative L Xx X x

Then this equation becomes

LX XX

Compare this to Ax Xx which you have seen

in linear algebra where A is an nan matrix and x is a vector

This is the same

In linear algebra a solution x is called an eigenvector
and the corresponding number x is called an eigene

Here we discovered that there are infinitely many solutions

X D since x In net net 2,3

rf
EIGENVALUESThese are called EIGENFUNCTIONS

They depend on the boundary conditions Below forthe Newmann
problem we'll see that the eigenfunctions are cosines hot sines



Let us justify the assumption that all eigenvalues tu

are positive numbers

Proposition All eigenvalues of X x xxx owl

xp X e o

are positive

Proof Let us rule out any other option

Could 4 0 be an eigenvalue
Suppose so Then we would have X x O

X x Dx C for some constants C D

Plugging in X o o o c o

Then X H o o Dl 0 D O

So X O cannot be an eigenvalue

Could X o be an eigenvalue
Suppose so Then write it as x r for some
re R Then X Jax

Xx Cash rx D sink IN
O XD C O Xfl D sink re Since

veto we have D 0

So X so cannot be an eigenvalue



Could x complex be an eigenvalue

Suppose so Denote F Ir where red
The equation X x X Xp 82 Xx has

solutions of the form Xy Cet Der
where this is the complexexponentialfunction
O XD CAD C D

o X e Cere t Dere Dere Dere
D C M ere

e re ere o ere ere
Ere L

Byproperties of the complexexponentialfunction this
implies that art is a purely complex number

and that Im 281 2in N E Z

Zit ri ah n ez r E Tt Nez

x 82 E But this is real and positive

So theonly eigenvalues are the positive numbers
Ei El El



4 2 The Neumann Condition
We now consider

The Newmann specifying the value
condition of w on the Boundary

We now consider either the wave equation

Ugly E LUNCH owe t o

Ufo E ME 4 0 t 0

Cyo des Mao yes once

or the diffusion equation

UH D KUNK E o axe t o

yo E ME4 0 t o

UK D Oval

Notice that now the boundary conditions involve
u rather than u

Usingseparation of variables 2Gt X NT we

reach the same equations for X and T as before



X part As before we have X NtpX 0

which leads to solutions of the form

Xx CassCpd DOZEN

Let's write the derivative of this which we will need

x x Cpsingsx D BOARD

Ufo 4 0 0 X 0 CpsiftDpcosy
0

Dp O D 0

ux l 4 0 X'd 0 Cpsinge O

pl ni p n net
X CE n 1,2

Xn cos CE x

These are the EIGENFUNCTIONS

for the Neumann problem





T part The Tct part will be identical to
what we saw before with the exception of the
part coming from 4 0

Diffusion equation For Xn O we again
have

T XnKT t
T Ae Xukt

For 1 0 we have T 0 TE A

So for nel 2,3 we have as before

un G An e
t
cos CED n 4,2

Notice that the sine is now a cosine

And we also have a no now the spatial
part is cos Ex I and the temporal part is
a constant which we called A above For reasons

which will become clear we call Ao 2A to find

net taAo t An ett cosCED



In addition the initial condition will have to

satisfy

he o t Ao t E Anos CE x

Wave equation For x o we get the same

behavior as we've seen before so wehave

U Gt An cos CI et Bn si CE ch Cos Ex

For 4 0 we get X x const as before For that

part we have T E Ice T t 0 so that

TE At Bt This To term goes with the
Xo term which is a constant So to conclude
the general solution has the Joven

next I A tzB.tt ZA es CE ett B SinTECH COSTEx

nd o Ao t An COSTEx

x D Mek D t Bot In c Bu es CE x


