
2.3 The Diffusion Equation
we now turn to the eq
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We saw that Lwave factors as

Lwave Le L c L che

With Leif De ka xx we can't do a similar

trick and that makes the diffusion equation
a more complicated equation

So we start by showing some importantproperties

Theory MaximumPrinciple
Suppose that uh t is a solution of WE Kun
Consider any rectangle the wax ofat u in the shadedR Exo X x Lto t area is attained

on one of thein space time t blue sides
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Proof Denote M wax of u oh

We need to show that M is
also the wax of u oh R

That is we need to show that u x E EM in R

Note that M is well defined is a closed
and bonded set and wht is a continuous

friction so it attains its wax on

Let E 0 Define v4 t n E ex

d

We shall first prove that r attains its Max on P
by contradiction

MIX VK.tl MY GK E Ex 2

My UG E A ma Exz
E M t E Kilt MoD

The function v satisfies
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Suppose that Vfx t attains its wax
s R qat some point G s inside R in
to 1

the interior of R I e
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Then Ve O and Vx 0

and Vets 0 and V so
at Cy s

So Vt KV xx 3 0 But this contradicts

Therefore VK.tl cannot attain its maximum inside the

interior of R We just need to rule out that the wax

is at the topedge of R

By contradiction assume that vk.tt attains a

maximum on the top side at some point z ED

at
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yBut t derivatives are trickier
R

since we only know what
to t

happens for tst but

not t St The only thing I z X X
we can say is that since Z t is a maximum

it must be 3 v6 tied for h 0

So we have
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So Vt kva 30 again in contradiction to



So the maximum of v cannot be inside the rectangle
or on the top edge Since it must be somewhere
in the closed rectangle R the maximum of a continuous

function on a closed bounded set is attained

the maximum must be attained on M

Hence VK.DE Mt Exilt ix s
Now recall that v Xt What Exz
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But this is true for any E O So it must

hold that
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Important remark We proved a theoremfor the may
of u What makes the wax of u more special than
the min of u NOTHING There's no essential

difference Indeed we can prove the same

theorem for MIWA t by applying the theorem

to UG t The wax of he is min of u


