
Conclusion If mkt solves the diffusion equation
then both the minimum and the maximum of
u in are attained on

Theorem Strong Maximum Principle
The wax resp min of u lies strictly
on and not in the interior of
with the exception of the case where u

is constant throughout

THIS IS A DIFFICULT THEOREM WHICH WE ACCEPT

WITHOUT PROOF



Theory Uniqueness of solutions
The Dirichlet problem for the diffusion equation
has a wigee solution in any rectangle

at
That is if u is specified
on the blue edges

t

it is uniquely determined
inside the shadeet
region to f X

The mathematical statement is this

There is at most one solution to

We KUN fCx XENA t to
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where f f g h are given functions



Proof We assume that there are two solutions
u us and we'll show that they are the
same by showing that u uz is identically 0

Since U and uz have the same boundary
and initial conditions their difference
W n na has homogeneous Dirichlet

boundary t initial conditions i.e O

WE KW xx 0 Xo EXEN Eat

W X to 0

wcxo.es we o ÉÉÉ

By the maximum principle the wax of
w on is s the wax of
w or where the top edge of this
rectangle can be taken at any t to

say t T But w o on so

that w so on

Because of the Remark above w also attains

its min on but this is again 0
So w is 0 everywhere in



Prof Define w as before Then

WE KWA 0

Multiply this by w This strategy is called the
ENERGY METHOD
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Integrate in x to get
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s this term is 0

so we have O diff tzwx.tfdxtkffwxe.tk

Hence dtftzwk.fdx kf.tw Efdx s 0

so É t we dx is a decreasing function
of time

But I't wk tax JI's O dx 0

So WE 0 identically



Stability of solutions In addition to uniqueness
we can show another intuitive aspectof solutions
stability That is solutions that are close

initially remain close at later times

We now consider Ut Kun 0 xxxx t t

Ergo uh 4 0 t t

and want to compare a uz that have 4,4 initially

Theorem E closeness

For any t to

I Ii Cx UNH e SE x tax dx

Mh
So if this integral to

is small initially
then this integral is small for all latertimes

Proof From the energy method we saw that we us

satisfies that Sf wk dx is a decreasingfunction
of time In particular
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