








































































1 1 What are Partial Differential Equations

x y independent variables
u u x y

A partial differentialequation PDE is an

equation that relates xp ulis
and partial derivatives of u wit my

The order of a PDE is the highest derivative
that appears

1 3 Examples From the World Around Us

Ex 1 Transport in AD

consider some function I WET x

and suppose it moves at speed c to the right
Then now u u x t and

M S next dx fÉÉuGtth dx

Differentiate wet b to get
Tb up t u back t th











































































Differentiating this writ h we get
3h41 at u b t 0

Inculbtch th 24Be bae 1343kcal
Ux b tch tth c tutbach t h 1

Plugging in h o we have

UtCb t t ChxCb t 0

Ex 2 Vibrating string

É
ax

write Newton's

Ftse second law É me

TK.tl for a small segment of the
string for horizontal a vertical parts separately

Horizontal Thot cost Teo t cos p 0

Cost Intent Atleast I

co sp Jetueco t A thot t











































































0 Tko t T xD
So T is independent of x We assume that
it is also independent of t

Vertical T sins simp F ma fÉgutt Gt dx

sua Van i s wants

simp e uxCxo t

T wxk.it uxko D S guzzle t dx

Replace x xoth and divide by h

ux Roth t n host If Week t dxe

As h o we get soft
TU xx SUEZ A WEE GUN

This is the wave equation and c turns out

to be the wave speed
In 2D we get Uet Cathy

3D WEE E UxTUzytUzz











































































Theorem vanishing theorem
Let openDo C IR net Let f i Do R be continuous

satisfying SJ f I de 0 for any oped Do

Then J is identically O

Ex 3 Vibrating drumhead

µ
Let Do CR be open
Suppose that the boundary 79

of Da is a frameholding
y

a membrane like a drum

Let u x y t denote the vertical

displacement of the twerubreme

at the point x y e Do at time ter

let D C Do be any open subset sometimes called

domain Let x y t be the tension and let

TCay D Cs E I Gagnitude As before the
horizontal component guarantees that T doesn't depend
on 4 y and we assume again that it doesn't depend
on t Similar to the ID case the vertical contribution
is givenby

Sp Tnds F ma Spg wet day











































































where it is the outward printing unit normal vector
to the boundary of D and Fk k Tu is the

directional derivative

By Green's theorem which is just the 2D version

of the divergence theorem aka Gauss theorem

JJ T T Tu dxdy JJ gutt dedyD

equivalently ICT Ctu putt day 0

Since D is arbitrary the vanishing theorem

implies that
T Tu putt 0

and since T is constant we have

wet C T a E uxxtuyy

where as before c In 3D

Utt C2LxxtUgytUzz

We denote An Uxxthyytuzz











































































Ex 4 Diffusion

Yo I
Fluid in a tube and dye
diffusing in it The mass of the dye between xo xi

ME SI u x t dx u is the concentration
die SI u lx E dx

The mass can only charge if dye flows in
or out of the's section of the tube So

IM
at ku x Ast ku xo t

k is a constant that takes care of units
8 We hate

gig up at dx Kuala t Knx Yost

Again letting xp xoth and dividing by h we find

WE KU xx

In 2D we get UE k xx thy
3D WE k U xx T Ust Uzz











































































Using the notation D Fit we find
the general form

Wave atthe E An

Diffusion 2h KDU

Ex 5 Heat flow

The diffusion eg also describes heat flow
Read this

Ex 6 stationary wares and diffusions

For both the wave eg and the diffusion eg
if the solution doesn't actually depend on time

then the time derivatives vanish and we're

left with
DU UxxtUzytUzz 0

This is called the Laplace of solutions are

harmonic functions


