
1 2 First order linear equations

The simplest PDEs have the form

auxt buy 0

a and b can be constant or can depend on the

point x y We start with the constant case

constant coefficient case

Notice that aunt buy a t b of u

a b EY u

so we have a directional derivative in the direction
a b So u is a solution ay
if a derivative of u in this
direction is 0 i.e b

g
h is constant along

a x

these lines called
the characteristic lines

of the equation



What is the equation of these lines
They have slope ba i.e EE ta
which means that z baxter

ay b xt ca

bx ay coast

so a solution u is constant along these
lines i

n Ky f bx ay

Eagle If 6 0 wit og a so we have
the PDE Ux O i.e u doesn't change
in the x direction ie u is only a

function of y
u x y f

Can be anything can be y y3 y
9 50

fancy El 33 7

If we have the auxiliary condition nay ed
then we find that also why ed is

the solution



Example let a 5 b 2

and consider the auxiliary ay
condition uh o cost

Ix
5Wx 243 0

2 j
u Ky f 2 53

is the general solution

UH D Cost f tax

substitute w 2x f w cos Y

Hence the solution is u x y cos Xt Ey

We can check
54 245 5 sin Ey 21 sin Ey 0



Variable coefficient case

We can also have more general eq of theform

ax g wat b x y uz O

These can be much more difficult to solve
in general

Strategy this comes from the directional
derivative

a Ky b k bl 25

The characteristic curves are given by the formula

b k b dx t a k b dy 0

11

If we can solve this by integrating we find
y y x so that x y x is the characteristic
curve and u is constant along these
curves u x yes const



Example consider wat cost my 0

We need to solve Ex 97
0 y feasxdx sin Xtc

Each valve c will correspond to a differed
curve so we have

uh g f c fly six

where f is any function

Check un f ly six 2 z six
J g six Osx

My f ly sing 28Cy Saux
f y six 1

Nxt essay fly six cosxtesxfbtia
0

If we are giventheauxiliarycord U ay y then

we have ye u ay fly So f la es

and UK 3 y six


